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CRITERIA FOR CLOSEDNESS OF VECTOR MEASURES

W. RICKER

ABSTRACT. It is shown that there is a large class of locally convex spaces,

which includes, for example, all spaces which are metrizable or Suslin or have

the strict Mackey convergence property as well as many dual spaces, with the

property that any vector measure assuming its values in such a space is a

closed measure.

The success of the classical (Lebesgue) integration is based mainly on the fact

that the space L1 of integrable functions is complete in its natural topology; that

is, the topology of uniform convergence of indefinite integrals. Accordingly, it is

desirable to have available criteria which guarantee that a vector measure generates

a complete L1 space. Such vector measures, introduced by I. Kluvánek in (4], are

called closed. Their properties are systematically exposed in the monograph [6];

see also [2].

Let X be a locally convex Hausdorff space. Its dual space will be denoted by X'.

In this note it is shown that the closedness of an X-valued measure depends only on

the duality between X and X'. It is also shown that an an X-valued measure whose

range is metrizable for the relative topology induced by X is a closed measure. This

is a slight extension of a result due to Kluvánek [6, IV, Theorem 7.1]. These results

are then used to present various sufficient conditions which guarantee that a given

vector measure is closed.

1. Preliminaries. An X-valued vector measure is a cr-additive map m: M —> X

whose domain M is a cr-algebra of subsets of a nonempty set Q. For each x' E X',

the complex-valued measure E i—> (m(E),x'), E E M, is denoted by (m,x').

If g is a continuous seminorm on X, then B° denotes the polar of the closed unit

ball, q-1([0, 1]), of q.  The g-semivariation, q(m), of m is the set function defined

by

g(m)(F)=sup{|(m,x')|(F); x'E B°},    E E At.

For each E E M, the inequalities

(1)
sup{g(m(F)); F E M, F C E} < q(m)(E) < 4sup{ç(m(F)); F E M, F Ç E}

hold [6, II, Lemma 1.2].

A complex-valued, M-measurable function / on il is said to be m-integrable if

it is integrable with respect to every measure (m,x'},  x' E X', and if, for every
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E E M, there exists an element jE f dm of X such that

f dm,x' j =  I  f d(m,x')
e /Je

for each x' E X'. If f is an m-integrable function, then the mapping fm: M —> X

specified by

(fm){E)= [ fdm,     EEM,
Je

is called the indefinite integral of the function / with respect to the measure m.

The Orlicz-Pettis lemma implies that it is a vector measure.

The set of all m-integrable functions is denoted by L(m). Members of M are

freely identified with their characteristic function. An m-integrable function is said

to be m-null if its indefinite inttegral is the zero vector measure. Two m-integrable

functions / and g are m-equivalent if |/ — g\ is m-null. The class of all m-integrable

functions equivalent to a function / E L(m) is denoted by [f]m-

Let ç be a continuous seminorm on X. If / is an m-integrable function, then

the ç-upper integral, q(m)(f), of / is defined by q(m)(f) = q(fm)(U). For any

continuous seminorm q on X the relation

(2) q(m)(f) = sup IJ \f\d\(m,x)\; x'EB°A, f E L(m),

is valid [6, II, Lemma 2.2]. Furthermore, the function defined by

(3) f^q(m)(f),        fEL(m),

is a seminorm on L(m).

Denote by r(m) the topology on L(m) which is defined by the family of semi-

norms (3), for every continuous seminorm q on X or, at least, for enough seminorms

q on X to induce the topology on X. The resulting locally convex space is not nec-

essarily Hausdorff. The quotient space of L(m) with respect to the subspace of all

m-null functions is denoted by L1(m).

A set E E M is said to be m-null if its characteristic function xe is m-null. Two

sets E,F E M are m-equivalent if their characteristic functions are m-equivalent.

Since \xe — Xf\ = Xeaf where EAF = (E\JF)\EC\F, this is soif and only if xeaf
is m-null. The set of all equivalence classes of M with respect to m-equivalence is

denoted by M(m).

The set M(m) can be identified with the subset {[xß]m; E E M} of Lx(m).

Furthermore, as

q(m)(E) = q(m)(xE),        E E M,

for each continuous seminorm q on X, the topology and uniform structure r(m)

has a natural restriction to M(m) which is again denoted by r(m). The topology

of M{m) is given by the family of pseudo-metrics

dq([E]m, [F]m) = q(m)(EAF),        E, F E M,

for enough continuous seminorms q and X to induce the topology on X.

A vector measure m is said to be closed [4] if M(m) is a complete space with

respect to the topology r(m).
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PROPOSITION 1. Let X be a locally convex space and m: M —♦ X a vector

measure. If range m(M) = {m(E)\ E E M} of m is metrizable for the relative

topology induced by X, then m is a closed measure.

PROOF. Choose a sequence Vn, n = 1,2,..., of closed convex balanced neigh-

bourhoods of zero in X with the property that for any zero neighbourhood V in X

there exists a positive integer n such that m(M) f)Vn Ç m(M) C\V; see for example

the proof of [9, Theorem 2.1]. Then the topology T(m) on M{m) is given by the

sequence of pseudo-metrics

dn{[E]m, [F]m) = q{m)(EAF),        E,FeM,

for each n = 1,2,..., where qn is the gauge functional induced by Vn. Hence, M(m)

is metrizable.

As m(M) is a bounded set in X, it is clear from (1) that there exist constants

an >■ 1, n = 1,2,..., such that dn is bounded on M(m) by an, for each n = 1,2,_

Accordingly, a metric inducing the topology of M(m) is given by

oo

(4) d(\E}m,[F}m) = ^2a-12-nqn(m)(EAF),        E,FeM.
71=1

Let {[FV],«}^, be a Cauchy sequence in M(m). By passing to a subsequence if

necessary, we may assume that the sequence {[FVjmjJilj satisfies the inequalities

(5) d(\Er\m, \Er+i)m)<2-T,        r=l,2,...'.

Let E = lim sup ET. The proof is completed by showing that [E]m is the limit of

the sequence [Er}m, r = 1, 2,..., for which it suffices to show, by (5), that

oo

d([E}m, [Er}m)<J2d{[Es], [E.+i]m),
s~r

for each r = 1,2,_This inequality follows from the countable subadditivity of

semivariation, the formula (4) and the inclusion EAEr Ç \J^_r EsAEs+i, valid for

each r = 1,2,_    G

If p is any locally convex topology on X, then Xp will denote the space X

equipped with the topology p. Let m: M —> X be a vector measure. If p is a locally

convex topology on X consistent with the duality between X and X', then the

Orlicz-Pettis lemma implies that the set function mp: W^Ip given by mp(E) =

m(E), E E M, is also a vector measure. We will say that m is closed for the

topology p if mp is a closed measure.

PROPOSITION 2. Let X be a locally convex space and m: M —> X a vector

measure. Then m is a closed measure if and only if m is a closed measure for every

locally convex topology on X consistent with the duality between X and X'.

PROOF. Let o denote the weak topology, o(X, X'), on X. It suffices to show that

a closed measure m: M —* X induces a closed measure mCT : M —> X„ and secondly

that if a measure m: M —> X is closed for the weak topology on X, then m is also

closed for any locally convex topology on X consistent with the duality between X

and X.
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Suppose then that m is closed. There exists a localizable measure A on M such

that the measure (m, x') is absolutely continuous with respect to A for each x' E X'

[5, Corollary 13]. Since Xa has the same dual space as X, it follows from [6, IV,

Theorem 7.3] applied to the space Xa that m is closed for the weak topology on X.

Now suppose that ma is closed. Let p be a locally convex topology on X consis-

tent with the duality between X and X'. Clearly L1(mp) and F1(m(T) are equal as

vector spaces; denote this space simply by L1. Since the seminorms determining the

topology of Xa are a subfamily of those which determine the topology of Xp, it is

clear that r(ma) induces a weaker topology on L1 than T(mp). If q is a continuous

seminorm on Xp, then it follows from (2) that

{fEL1;q(mp)(f)<l}=    f|   í/eL1;   Í \f\d\(m,x')\ < l]

is valid. Hence, L1 has a base of neighbourhoods of zero with respect to r(mp) which

are r(mo-)-closed. It follows that if a T(mp) Cauchy net {fa}aeA has a r(ma)

limit /, then also / = limQ fa with respect to r(mp); see, for example, [7, §18,

Proposition 4.4]. This observation together with the fact that M(m) is identified

with the subset {[xE}m',E E M} of L1 implies that M(mp) is complete.    □

2. Sufficient conditions for closedness. It is well known that the range

of a vector measure with values in a quasicomplete space is a relatively weakly

compact set. Furthermore, a large class of locally convex spaces have the property

that weakly compact subsets are metrizable for the weak topology. These two

observations together with the results of §1 provide an effective means for verifying

the closedness of a large class of vector measures. Recall that a locally convex

Hausdorff space is Suslin if it is the continuous image of a Polish space [1, Chapter

9, §6.2].

PROPOSITION 3. Let X be a quasicomplete locally convex space and m: M —> X

a vector measure. Each of the following conditions is sufficient to guarantee that

m is a closed measure.

(i) X is metrizable.

(ii) X has the strict Mackey convergence property.

(iii) X is a Suslin space.

(iv) X' is weak-* separable.

PROOF, (i) is immediate from Proposition 1; see also [6, IV, Theorem 7.1].

(ii) Such spaces have the property that bounded sets are metrizable for the

relative topology; see, for example, [9] and the references therein. The result then

follows from Proposition 1.

(iii) Let bcom(M) denote the closed convex balanced hull of the range of m.

Since X is Suslin for the weak topology [10] and bcom(Ai) is weakly compact, it

follows that bcom(M) is Suslin and compact in Xa and hence, is metrizable (for

the weak topology) [1, Chapitre 9, Appendice 1, Corollaire 2 to Proposition 3].

Propositions 1 and 2 then imply the m is closed.

(iv) Since bcom(Ai) is weakly compact it is metrizable for the weak topology [3,

Proposition 3.2). Again Propositions 1 and 2 imply that m is closed.    D
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PROPOSITION 4. Let X be a locally convex space and X' be equipped with some

locally convex topology. Each of the following conditions is sufficient to guarantee

that a vector measure m: M —> X' is closed.

(i) X is separable and barrelled and the topology on X' is consistent with the

duality between X and X'.

(ii) X is separable and bornological and X' has a quasicomplete topology which

is consistent with the duality between X and X'.

(iii) X is quasicomplete, barrelled and nuclear and X' has the strong dual topol-

ogy-

PROOF, (i) Since bcom(M) is o(X',X) bounded it follows that bcom(M) is

equicontinuous in X' and hence, is metrizable for o(X',X); see, for example, [7,

§21, Proposition 3.4]. Propositions 1 and 2 then imply the result.

(ii) As X is bornological and bcom(Al) is balanced, convex and o~(X',X) com-

pact, it follows that bcom(M) is an equicontinuous part of X'. The proof can then

be completed as in (i).

(iii) Since bcom(M) is a bounded set in X'g and X is a subspace of the dual of

X'ß, it follows that bcom(M) is o(X',X) bounded. Accordingly, bcom(M) is an

equicontinuous part of X'. It follows that bcom(M) is metrizable (and compact)

for the relative topology induced by XÓ [11, Proposition 50.2]. Proposition 1 then

implies that m is closed.    D

In [8], the theory of integration with respect to closed spectral measures was used

to obtain results in operator theory. Applications of this kind make it desirable to

have available criteria for the closedness of operator-valued measures.

Let X and Y be locally convex spaces. The space of all continuous linear op-

erators from X into Y, equipped with the topology of pointwise convergence, is

denoted by L(X,Y).

An L(X, Y)-valued measure is said to be equicontinuous if its range is an equicon-

tinuous part of L(X, Y).

PROPOSITION 5. Let the space X be separable and the space Y be metrizable.

Then any equicontinuous L(X,Y)-valued measure is closed.

In particular, if X is a separable Fréchet space, then any L(X, X)-valued measure

is closed.

PROOF. The proof follows from Proposition 1 since equicontinuous subsets of

L(X, Y) are metrizable for the relative topology induced by L(X,Y); see [11, Ex-

ercise 32.8].

The second statement follows from the fact that if X is a Fréchet space, then

any L(X, X)-valued measure is equicontinuous. The statement also follows from

Proposition 3(iii) since L(X,X) is a Suslin space [10].    D

The author wishes to thank Professors I. Kluvánek and S. Okada for valuable

discussions.
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