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ON COLLECTIONWISE NORMALITY
OF PRODUCT SPACES. I

KEIKO CHIBA

ABSTRACT. In this paper the following result will be obtained: Let X be

a collectionwise normal E-space (in the sense of Nagami [9]) and Y a para-

compact first countable P-space (in the sense of Morita [8]). Then X x Y is

collectionwise normal.

1. Introduction. Throughout this paper all spaces are Hausdorff spaces.

On collectionwise normality of a product space X x Y, the following theorems

are known.

(I) (KOMBAROV [5]). Let X be a normal countably compact space and Y a

paracompact sequential space.  Then X xY is collectionwise normal.

(II) (YAJIMA [14]). Let X be a collectionwise normal space which has a en-

closure preserving closed cover by countably compact sets and Y a paracompact first

countable space.  Then X xY is collectionwise normal.

We shall consider another condition of X and Y such that X x Y is collectionwise

normal. The following are known.

(III) (NAGAMI [9]). Let X be a paracompact Espace and Y a paracompact

P-space.  Then X xY is paracompact.

(IV) [2]. Let X be a normal M-space and Y a paracompact first countable

P-space.  Then X x Y is normal.

(V) [2]. There exist a normal o-space X and a compact first countable space

Y such that X xY is not normal (see §3, Example 3).

In this paper we shall prove the following theorem which contains (IV).

THEOREM. Let X be a collectionwise normal E-space and Y a paracompact first

countable P-space.  Then X xY is collectionwise normal.

The definitions of E-spaces are due to Nagami [9], P-spaces and M-spaces are

due to Morita [8], and cr-spaces are due to Okuyama [10].

2. Proof of Theorem.  For the proof, we shall use the following facts.

FACT 1.  Let 21 = {A-J7 G l} be a discrete collection of closed subsets of X.

If there exists a normal open cover of X each of whose members meets at most
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one A-,, then there are open sets H^ of X such that H^ D A1 for each 7 G V and

H1DHtí = <pii1yífi.
Fact 1 is well known.

FACT 2 [9, Lemma 1.4]. Let X be a E-space. Then X has a E-net {S„|n =

1,2,...} which satisfies the following conditions:

(Ni) $„ = {P(ai,..., a„)|ai,... ,a„ € 5}.

(N2) Every P(gji, ..., an) = U{^(ai> ■■■.«n, an+i)|an+i G E}.

(N3) For every x G X, there exists a sequence 0:1,0:2, • ■ - such that {P(ai,..., an)\

n — 1,2,...} is a net of C(i).

Here C(x) = Ç){C(x,%n)\n = 1,2, ...}, C(x,S„) = D{í> 6Í6 Sn}.
PROOF OF THEOREM. x This proof is a modification of that of (III) (Theo-

rem 4.1 in [9]). Let A" be a collectionwise normal E-space and Y a paracompact

first countable P-space. Let {Sn|n = 1,2,...} be a E-net of X satisfying the con-

ditions (Ni)-(N3) in Fact 2. Since 9n is a locally finite closed cover of X and

X is strongly normal, by Katëtov [4], there exists a locally finite cozero-set cover

Sjn = {H(ai,... ,an)\ai,... ,an G S} such that

F(ai,... ,an) C H(al,...,an)    for each o¡i,...,an G S.

Let 21 be a discrete family of closed subsets of X x Y. Let 2U(qi ,..., an) = {U\ x

^A (7^ 0) |A G A(í*i, ... ,an)} be the maximal collection satisfying the following

conditions:

(1) Each U\ is a finite union of cozero-sets {U\¿\1 < j < m(X)} of X such that

F(ai,...,an) C Ux C H(ati,... ,a„).

(2) Each V\ is an open set of Y.

(3) Each memeber of 3a = {U\ j x V\\l < j < m(A)} meets at most one member

of 21.
Let us put V(ai,..., a„) = U{^a|A G A(ai,... ,a„)}. Then V(ai,...,an) C

V(ai,..., an, an+i) for each ax, ■ ■ ■, cxn, an+i G H. Since y is a P-space, for each

ai,..., an G 5, there exists a closed set K(ax, ■ ■ ■, an) of Y such that

(4) K(a1, ...,an)c V(c*i,..., an).

(5) If lX=:i V"(ai,..., a„) — Y, then Un=i ^(ai> • • • 1 an) = Y, where w denotes
the first infinite ordinal.

Since Y is paracompact, for each ax,...,an G 5, there exists a locally finite

collection {V^|A G A(qi, ..., an)} of cozero-sets in Y such that:

(6) VI C Va for each À G A(ai,..., an).

(7) K(au ...,an)c \J{V{\\ G A(ai,..., o„)}.
Let us put <5„ = {Uxj x V^|À e A(ai,... ,an), «i,... ,an € E, 1 < j < m(X)}

for each n = 1,2,..., and put 0 = IJ{<5n|n = 1,2,...}.

Then we have:

(8) Each <5n is locally finite in X x Y.

(9) Each member of Ô meets at most one member of 21.

(10) Each member of 0 is a cozero-set in X x Y.

(11) <S is a cover of X x Y.

(8)-(10) are clear.

xThe author first proved this theorem by another method. Y. Yajima pointed out that we can

give a simpler proof by modifying the proof of (III).
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PROOF OF ( 11 ). Let (x, y) G XxY be an arbitrary element. Let «i,..., an,...

G E be elements such that {F(ai,... ,an)\n = 1,2,...} is a net of C(x). Then

we have (Jn=i ^(ai,... ,a„) = Y. To show this, let y' be an arbitrary element

of Y. Then, since C(x) is countably compact [9] and the family 21 is discrete,

{Aj G 2l| (C(z) X {y1}) n A$ ^ 0} is finite. Therefore, by using the first countability

of Y, there is a finite family {Mj\j = 1,2, ...,&} of open sets in X and an open set

G in F such that:

(i2) ci» c u U M^ y'e G-
(13) Each Mj x G meets at one member of 21.

By Lemma 2.1 in [14], there are cozero-sets M' in X such that M' C Mj and C(x) c

LT)=i M'j. Then P(a1,...,a¿) c (Jj=i Mj for some *'• Let us Put U3 = Mj n

H(a\,..., ai). Then Uj are cozero-sets in X and (lj, = i Uj) x G € 2ÏÏ(o:i,..., a%)

by the maximality of QB(oji, ..., ec¿). Thus y' G V(a\,..., q¿).

Therefore we have Un=i ^(ai> • • • > an) — Y by (5). Hence y G K(ai,..., an)

for some n. By (7), y GV^ for some A G A(ai,..., an). Then

(x, y) G C(x) x {y} C F(au ..., an) x VA' C Ux x V{.

Since x G U\,j for some j < m(X), (x, y) G U\¿ x V{ G ©n C <ß.

By (8)—(11), (Ö is a normal open cover oflxY, each of whose members meets

at most one element of 21. By Fact 1, there exists a disjoint family {P¿|A G 21} of

open sets in X x Y such that Ha 3 A for each A G 21. Hence X X Y is collectionwise

normal. The proof of the Theorem is complete.

3. Remarks and examples.

REMARK 1. Our Theorem is neither contained in (I) nor (II) in §1. In fact, let

X be the space of irrationals of R with the euclidean topology where R is the real

line and Y the Michael line [6]; then F is a paracompact first countable space and

X x Y is not normal [6]. Therefore X does not satisfy the condition in (II). Also

X is not countably compact. But X is a collectionwise normal E-space.

Moreover, this example shows that the condition "Yis a P-space" cannot be

dropped in the Theorem

REMARK 2. We cannot weaken the condition uYis first countable" to the con-

dition "for each y G Y is a G s-set. In fact the following example exists.

EXAMPLE 1 [2]. Let X = [0, wi) = {a\a < u>\} with the order topology where u>i

is the first uncountable ordinal. Then it is well known that X is a normal countably

compact space. Let Y = ([0,w) x [0,wi)) U {(w,wi)} with the topology as follows:

{([a, w] x.[jS,wi])nY|a < w, ß < wi} is a neighborhood base of (w,u>i) and for each

y G Y — {(w,o;i)}, y is an isolated point of Y. Then F is a paracompact perfectly

normal space but Y is not first countable. Also X x Y is not normal [2].

REMARK 3. The paracompactness of Y cannot be weakened to the condition

"collectionwise normal". In fact the following example exists.

EXAMPLE 2. There exists a compact space X and a collectionwise normal per-

fectly normal first countable space Y such that X x Y is not normal. Let Y be the

space constructed by R. Pol in [11]. Then Y has the above properties, but Y is not

paracompact. Therefore, by the Theorem of Tamaño [13], there exists a compact

space X such that X x Y is not normal.
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REMARK 4. The condition aX is a E-space" cannot be replaced by the condition

"A is a P-space". In fact, let X be the Sorgenfrey line [12]; then X is a paracompact

first countable P-space such that X2 = X x X is not normal.

EXAMPLE 3 [2]. There exists a normal a-space X and a compact first countable

space Y such that X x Y is not normal. Let Y be the "two arrow space" i.e.,

let E be the unit square with lexicographic order (cf. [7, Example 10.4]). Let

Y = ({y\ 0 < y < 1} x {0}) U ({y\ 0 < y < 1} x {1}) with the subspace topology

of E. Then F is a compact first countable space. Let X be the space in Bing's

Example H [1] constructed by a suitable set P. Then X is a normal <x-space and

X x F is not normal (this follows from the proof of Theorem 1 in [3] because F is

separable and not metrizable; also see p. 6 in [2]).

REMARK 5. This author does not know whether we can generalize the condition

"F is first countable" to "F is sequentiaF or not.
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