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ON THE INJECTIVITY OF THE
ATTENUATED RADON TRANSFORM

ALEXANDER HERTLE

ABSTRACT. We show that the attenuated (exponential) Radon transform ÄM,

where p is assumed to be linear in the space variable, is injective on compactly

supported distributions. Moreover, a limited angle reconstruction is possible

and a hole theorem holds. We review the well-known special case of constant

attenuation.

Introduction. Let p, G C°°(S1 x R2) be given. The attenuated Radon trans-

form is the operator Rß: CC°°(R2) -» C¡°(Sl x R), defined by

(0.1) RM">P)= [        To(x)e^xUx,

where dx denotes the Lebesgue measure on the line oj ■ x  = p.    The adjoint

R^. C°°(S1 x R) -► C°°(R2) of Ru is given by

Rtip(x)= f   ^(w,w-^Mdw.
Js1

As in the classical case p = 0 (cf. [2]), we extend R^ from £'(R2) into Í'(S1 x R)

via (Ruu, tp) = (u,Rlip), where u G £"(R2) and tp G C™(SX x R).

The case p(u>, x) = (const)w1- • x, where uj-1 = (—W2,<jJi), is known as constant

attenuation (see e.g.  Tretiak and Metz [9]).   In this note we assume throughout

that p is linear in i, i.e.  there exists a C°° vector field v = (^1,^2): S1 —► R2,

such that

(0.2) p(oj, x) = x ■ v(uf) = xivi(0) + X2^(ö),

where 9 G [0,2ir] and w = (cos6,sinö). Thus (0.2) can be regarded as a first order

approximation to a general /z G C°°.

The results of this paper (except for the limited angle reconstruction) are known

for constant attenuation. Tretiak and Metz [9] and Markoe [3] gave inversion

formulae, and Quinto [6] proved the hole theorem in this case (his proof is not

related to ours). Further, Quinto [6] inverted rotation invariant Radon transforms.

But (0.1) is not rotation invariant, and in such cases only local invertibility results

are known so far (Markoe and Quinto [4]).

Transforms of type (0.1) appear in problems pertaining to emission computed

tomography, see e.g. Tretiak [8]. Of course, our injectivity result (§1) only demon-

strates that a subclass (0.2) of such transforms can in principle be inverted. The

limited angle theorem and the hole theorem (§2) are at least of theoretical interest

(they are of even practical interest for the classical Radon transform).
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1. Injectivity and limited angle reconstruction. Let u G if'(R2) and p as

in (0.2). Then for w G S1 and p e R

(1.1) û(poj + iv(uj)) = (const)(R)iu)'~'(ijj,p),

where ù is the Fourier transform of u and (R^u)^ the Fourier transform of Ruu

w.r.t. the second variable. This projection theorem is verified as in the classical or

constantly attenuated case (cf. Natterer [5]). Now let / be a nonvoid open interval

in [0, 2tt}. Because of relation (1.1) we are interested in the surface

(1.2) MfJ, = {z = pu + iv(uj): pGR, 6gI} CC2,

where again u; = (cosö, sinö). For z G Mß let TZMU be the real-linear span of

dz/dp and dz/dO:

TzMu = (dz/dp,dz/dO).

Since û is entire, by (1.1) injectivity of Ru means essentially the existence of points

z in Mß without complex tangents in TzM^, i.e. the complexification TzMß ® C of

TzMß is whole of C2. In particular, at such points, dz/dp and dz/dB form a basis

ofC2(cf. [10, §17]).

PROPOSITION 1.1.   Mu is a set of uniqueness for entire functions on C2. In-

deed, if z G Mß with p ^ 0 then dim^M^) = 2 and

(1.3) T,M/1niTaM/i = {0})

i.e. the Taylor coefficients at z of an entire function can be reconstructed from its

values on a neighborhood of z in Mß.

PROOF. First note that

dz/dp = (cos6»,sinö),    dz/dB = (-p sin0,p cos9) + ¿K(0),i/2(0)).

Henee condition (1.3) gives rise to a homogeneous system of four linear equations,

which matrix A is given by

/    0 -v[(0) cos0 -psin0\

0 -«4(0) sin0 pcos0

cos0 -psin0       0 v[(6)

V sin0 pcos0        0 u'2\e)    )

The determinant of A is immediately computed to

det(A) = p2 + (u'2 cos0 - u[ sin0)2,

which means det(A) ^ 0 if p ^ 0. This proves dim(TzMAi) = 2 as well as equation

(1.3) for p t¿ 0. The rest of the proposition is now clear by the following remark. D

REMARK. How can an entire function / on C2 be recovered explicitly in the

situation of Proposition 1.1?—To this purpose, let z° G Mß and assume we know

/ in a neighbourhood of z° on Mß. Then we know its partial derivatives in the

(complex) directions v = dz/dp and w — dz/dO, which (by Proposition 1.1) form

a basis of C2. Let A be a regular complex-linear map on C2, such that

Av = (l,0)    and    Aw = (0,1).
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Applying Taylor's formula to the entire function f o A  1, we obtain for z G C2

a+/3=0     'H'

where a = Az° G C2. Thus we know / everywhere on C2.

The following theorems are an easy consequence of Proposition 1.1.

THEOREM 1.2.   Ru: £'(R2) :-> ¿'(S1 x R) ¿8 infective.

Theorem 1.3 (limited angle theorem). If u g <f'(R2) then Rßu is
determined by its values on any set ilxR, where Q is nonvoid and open in S1.

REMARK. For a submanifold M of C2 and its tangent space TZM, condition

(1.3) is known as M being totally real at z. In general we do not know that Mß is

a submanifold. But for constant attenuation a more precise description of Mß is

possible, see §3.

2. The hole theorem. Recall that p, is of the form (0.2), but for this section it

suffices that v. S1 —► R2 is a C1 vector field.—The proof of the following theorem

is in its idea a variant of Helgason's proof for the classical case [2], of which a short

presentation was given by Strichartz in [7].

THEOREM 2.1 (HOLE THEOREM). Let <p be a Lipschitz continuous function

of compact support on R2.  Then for r > 0

avpp(Ru<p) C {\p\ < r} => supp(y?) c {|i| < r},

where supp denotes the supports of the respective functions.

PROOF. We assume that Ruf is supported by {(w,p): \p\ < r}. It suffices to

show that ip vanishes on every line x\=p with p> r; since if U is a rotation, then

Rß<p(Uu,p) = Ru><pu(uj,p),

where p'(u>,x) = x-U~l(v(Uu)) and <pu(x) = <p(Ux), i.e. pf is again of type (0.2).

Thus it remains to prove

(2.1) It<p(p,t)exp(pui(0) +ii/2(0))di = 0,

then (by induction) we can replace the factor t in (2.1) by any polynomial in p

and t, and the Weierstrass theorem finally gives <p(p,-) = 0. To show (2.1) let

U$(p,t) = (p cos0 + í sin0, -p sin0 + t cos0) be a rotation by the angle 0. By

assumption we know

(2.2) I<p(Ue(p, t))exp(U0(p, t) ■ v(e*e)) dt = 0

for all 0. Differentiating (2.2) with respect to 0 and putting 0 = 0 yields

i<p(p,r.)exp(pi/i(0) + tv2(G))(pv[(0) + tv'2(Ö) + tvi(0) - pfa(0)) dt

(2.3)
+ / (tdtp/dp - pd<p/dt)exp(pi^1(0) + ii/2(0)) dt = 0.



204 ALEXANDER HERTLE

Since <p is Lipschitz continuous, integration by parts shows

dip/dt exp(pi/i(0) + tu2(0)) dt = 0,
/*

using (2.2) with 0 = 0. Applying (2.2) also to the first integral in (2.3) we obtain

therefore

/"p(p,t)exp(pi/i(0) +tu2(0))t(4(0) + i/i(0))di

(2.4) J
+ / td>p/dpexp(pvl(0) + tV2(0)) eft = 0.

We put a = i/2(0) + i^i (0) and divide by exp(pi/i(0)) in (2.4). Thus

(a + d/$p) y í^(p, í)exp(íi^(0)) dt = 0,

for p > r. But this implies

(2.5) / tip(p, t)exp(tu2(0)) dt = (const)e"ap

for all p > r.  Since <p has compact support, the integral in (2.5) must vanish for

large p, i.e. const = 0. This shows (2.1) and the theorem is proved.    D

REMARK 2.2. Theorem 2.1 also implies the injectivity of Rß on C^(R2). Our

proof does not show directly whether the hole theorem holds on £'(R2) for Rß (as

in the classical [2] or rotation invariant [6] case).

3. The case of constant attenuation. We finally study Mß (cf. §1) in the

case of constant attenuation. A precise description of Mß is possible then, and

if p, t¿ 0 the location of MM in C2 shows an interesting difference to the classical

situation MM = R2. As usual, for z — (z\,z2) G C2 we write z\ — x\ + 1x3 and

z2 = x2 + IX4.

THEOREM 3.1. If p(w, x) = cx-uj1, c ^ 0, then Mß is an algebraic submanifold

ofC2, given by the equations

(3.1) x2 + x\ - c2 = 0    and   X1X3 + x2X4 — 0.

A point z G Mß is not totally real if and only if x\ = x2 = 0, i.e. if p = 0 in (1.2).

PROOF. The proof is straightforward if we observe that a point of a manifold

M = {pi(x) — p2(x) = 0} is totally real if and only if det(dpm/dzj) ^ 0 at this

point, see Cirka [1]. In fact, in our case we have from (3.1) that det(dpm/dzj) —

cp/2.    D
In particular, if c / 0, Mu contains points z at which not all Taylor coefficients

of an entire function on C2 can be reconstructed (from a neighbourhood of 2 in

Mp).
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