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ASYMPTOTICS OF DIFFERENTIAL SYSTEMS
WITH DEVIATING ARGUMENTS

WILLIAM F. TRENCH

ABSTRACT. Conditions are given which imply that a system X'(t) =
F[t, X(g(t))] has a solution with some components which approach given limits
with specified orders of convergence as t — oo, while the other components
have specified orders of magnitude. The integral smallness conditions on F
permit conditional convergence of some of the improper integrals that occur,
and it is not required that lim: .o g(t) = 0.

1. Introduction. We consider the n X n system with deviating argument
(1) zi(t) = filt, X(g(®)), 1<i<n,

where X = (z1,...,z,). The following assumption holds throughout.

ASSUMPTION A. %y,...,%, are positive and continuous on [a,c0), and g is
continuous on (0, 00), with
(2) lim ¢g(t) =Tp >a >0.

t—oo
The sets A and B form a partition of {1,...,n}, and (a) if 7 € A, then either ¢); = 1
or ¥;(7) tends monotonically to zero as 7 — oo, (b) if € B, then ¢;(r) tends
monotonically to infinity as 7 — oco. All quantities are real, and C = (cy,...,¢p) is
a given constant vector.

We say that X = X(t) is a solution of (1) on [tg,00) if X is continuous for
t > min{to,to}, where o = inf{g(s) | s > to}, and satisfies (1) for t > to. We
give conditions implying that if ¢ is sufficiently large, then (1) has a solution X on
[to, 0), such that

Ti(t) = ¢; + O(¥i(t)), 1€ 4,
®) {fi(to) —¢ and m(t) =O@Wi(t), i, 7%
where “O” may be replaced by “0” in some cases.

Our integral smallness conditions on fi,..., f, permit conditional convergence
of some of the improper integrals that occur. This continues a theme developed in
[5] with g(¢) = ¢t and A = {1,...,n}. (For earlier results on systems of ordinary
differential equations subject to possibly conditional integral smallness conditions,
see Hallam [1, 2].)

Although much has been written on the asymptotic properties of systems of
ordinary differential equations, and on scalar equations with deviating arguments,
relatively little has been published on systems with deviating arguments. (For
examples, see Kitamura and Kusano (3, 4].)
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2. The main theorem. If hy,...,h, are locally integrable on [r,00) and
T>1>a,let
oo
I(t:he) = {/ hi(s)ds|, i€ 4
t
t
I(t:h) = / hi(s)ds|, i€ B.
T
We will state assumptions below of the form
(4) tm (i) H(th) =a; <00, 1<i<n.
—00

In all cases it is implicitly assumed that [ h;(s)ds converges for ¢ € A, perhaps
conditionally if h; is not eventually sign constant. Obviously, a; = 0if i € A and
¥ = L.

REMARK 1. The constants aq,...,a, in (4) are independent of T. This is
obvious if ¢ € 4; if « € B, it follows from the assumption that lim;_,o, ¥;(t) = oo.
If ¢ > 0 and 7 € B, then (4) implies that there is a to > T such that

/tt hi(s)ds

and the two may be dropped if h; is sign constant on [T, c0).

< 2(ai +)¥ilt), t 2 to,

THEOREM 1. Suppose there are constants T, My, ..., M, such that

(5) a<T<Ty; M; >0, 1<i<nm,

g(t) >a (t>T), and f1,..., fn are continuous and satisfy

(6) |[fi(t,Y) = fi(t,C)| < wi(t,|lyr —c1l,- -+, [yn — Cal)s 1<i<n,
on the set

™) Q= {(LY) [ ¢2 Tily, - e;] < My (9t), 1< 5 <n),

where w; = w;(t,&1,...,8&) 18 continuous for t > T, { >0 (1 < 5 < n), and
nondecreasing i 1, ..., En. Define

(8) 0i(t) = wi(t, Mih1(g(t)), . .., Mnpn(9(t))), t2=T.
Suppose also that

9) Jim (i(8)) M (E fi(5C)) = Ai <00,  1Zi<nm,
and

(10) ti_i'_%o(Mizpi(t))‘II(t; o)) =0;<1, 1<i<n,
where

(11) M; >A’i/(1_0i)a 1€ A4 M; >2Ai/(1_0i), 1€ B.
Then, if to is sufficiently large, (1) has a solution X on [tg,00) such that
(12)  |Zi(t) —cil < Mapi(t), t>to, 1<e<m; Zi(to) = s, 1 € B;

and

(13) t@o(d),(t))_llfz(t) - cil < A; + M6;, 1<21<n.
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PROOF. Choose tg > T so that

(14) g(t) > T, t2>1o
(see (2) and (5)), and so that the functions
/ oi(s)ds+ / fi(s,C)ds|, 1€ A4,
(15) pi(t) = e H
/ oi(s)ds + (s,C)ds|, 1€ B,
to
satisfy the inequalities
(16) pi(t) < Mii(t),  t>to.

This is possible because of (9)-(11). (See Remark 1.) Let Cr be the space of
continuous n-vector functions on [T, 00) with the topology of uniform convergence
on finite intervals, and let

1n - X ={Xe€Cr||zir) —cil < Mi(7), 7>T, 1<i<n}.
Define the transformation X = TX by

- /toof,' [s,X(g(s))]ds, t>to,

(18) z,(t) = 1€ 4;
fils, X(g(s))]ds, T <t <to,
to
(19) B(t) = ¢ +/t fils, X(g(s))] ds, t > to, icB.
Ciy ’ T <t <to,

We will use the Schauder-Tychonoff theorem to show that X = T X for some X in
¥, and then verify that X has the stated properties.

Clearly ¥ is a closed convex subset of the Fréchet space C. If X € ¥, then (14)
and (17) imply that (¢, X(g(t))) € Q for t > to, so the functions h;(t) = f;[t, X (g(t)))
are continuous on [tg,00), and (6), (7), and the monotonicity of w; imply that
(20)  |filt, X(g(t)] = fi(t, O) S 0i(t),  t=to, 1<i<m, XEN.

By writing

/fz'[s,X(g(S))] d3=/(fi[3,X(g(S))] - fi(s,C)) ds+/f,~(s, C)ds,
it is easily seen from (15), (18), (19), and (20) that
(21) 12:(t) — cil < pat) < Myhi(t), t>to, 1<i<nm,

where the second inequality comes from (16). Since ¥;(t) > vi(to) if T < t < to
and i € 4, (21) and the definition of X on this interval imply that X € ¥; thus, T

maps ¥ into itself.
If X and X are in ¥, then

(22)  12:5() - &:(t)] < /too |fils, X;(g(s))) — fils, X(g(s))llds,  t>T,
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if 1 € A (see (18)), and

(23)  [85(t) — &:(t)] < / s X5 (0(9)]) - fils, X(g(s))] | ds, T <t<ty,

if ¢ € B (see (19)). From (20), 20,(s) majorizes the integrands in (22) and
(23); hence, (10) and Lebesgue’s dominated convergence theorem imply that if
lim;_o X;(t) = X(t) (t > T), then lim; o Z;;(t) = £i(t) (¢ > T) with uniform
convergence on [T, 00) if ¢ € A and on [T, t,] for every t; > T if ¢ € B. Therefore,
T is continuous on ¥.

If X € X, then (18) and (19) imply that z = 0 on [T, t¢|, and

|z ()] = Ifilt, X(g())]] S 0s(t) + |fult, C),  t2to, 1<t <m

(see (20)). Hence, the family T (¥) is equicontinuous on compact subsets of [T, 00).
Since T(¥) C X, (17) implies that T(¥) is uniformly bounded on such subsets.
Therefore, the Arzela-Ascoli theorem implies that T (¥) has compact closure.

" The Schauder-Tychonov theorem now implies that X = T X for some X in ¥.
Setting z; = #; = Z; in (18) and (19) shows that X is a solution of (1) on [to, c0)
and Z;(tg) = ¢; if © € B. For (13), we observe that |Z;(t) — ¢;| < u;i(t), because of
(21) with 2; = 7;, and that lim;—, oo (v:()) ~1u:(t) < A; + M6;, because of (9), (10),
and (15). This completes the proof.

3. An application to a linear system. The linear system
(24) zi(t) = ) aij();(g(0) + hi(t),  1<i<n,
7=1

is of the form (1), with

(25) fit,Y) =) ais(t)y; + ha(t).
j=1
Let
(26) Ai(t) = laii (8)[w;(g(t))-
7=1

THEOREM 2. Suppose that a;;, h; € C(0,00) and (9) holds, with f; as in (25).
Suppose also that

(27) tm (Pi(8)) "M (4 0) = 60; < 1, 1<i<n.
—00
Then (24) has a solution X on [tg, 00) which satisfies (3), provided to is sufficiently

large; moreover, if A; = 6; =0 for some i, then “O” may be replaced by “0” in (3)
for that 1.

PROOF. In this case (6) holds on (0,00) x R™, with

wi(t7 {17 sy En) = Z |a7'](t)|§.'l
7j=1



DEVIATING ARGUMENTS 223

Let T be in (a,To) and M; = --- = M, = M, where M is chosen to satisfy (11);
then (8) becomes o;(t) = MA;(t) (see (26)), so (27) implies (10). Now Theorem 1
implies the conclusion.

EXAMPLE. Consider the system

7 (t) 2t~ 2sint ¢! (t) 6t~!
(28) [ I;(t)l [ t—im t~ 3smt} l:i;(t“)} + l: —2t_3} ’

where v > 0. Here \; and A2 in (26) are

(29) M(t) = 2t %[sintly(t7) + o (tY),
(30) A2(t) = t 7391 (t¥) + t 73| sint|ya(t¥).
If C = (c1,¢3), then

(31) /Tt f1(,C) ds = (3 + 6) log ¢ + O(1)
and

(32) /oo f1(5,0)ds = O(t™2) ifcy = —
In any case, t

(33) / fals,C)ds = LD )t_ +0(t?).

We first apply Theorem 2 with A = {2} and B = {1}. If ¢, (t) = logt, then (31)
implies (9) for z = 1 and (30) implies that

/ No(s)ds = 21 logt + O(t7?)

if 9o is any nonincreasing function. Therefore, (27) holds for ¢ = 2 if v < 2
and o(t) = t~2logt, or if v > 2 and 2(t) = t~2**logt, where « is any positive
number; moreover, §2 = 0 in the second case. Since (27) holds for : = 1 with ; =0
in either case (if we assume, without loss of generality, that o < 2), Theorem 2
implies that if to is sufficiently large, then (28) has a solution X on [ty, o) such
that Z;(to) = c1, Z1(t) = O(logt), and Z2(t) = co + O(t2logt) if v < 2, or
Za(t) = ca + o(t 2+ logt) if v > 2.

If c; = —6, we can apply Theorem 2 with @ = {1,2} and B empty. From (32) and
(33), it seems reasonable to let 1 (t) = ¢t~ and ¥2(t) = t~°, with a and b as large as
possible. If ¢; # 2, then (32) and (33) dictate that a < 2 and b < 2. If A; and A2 in
(29) and (30) are to satisfy (27), then we must have va+1 > a, vb > a, va+2 > b,
and vb+2 > b. If v > 1, let a = b = 2; then (27) holds with ; = 6, = 0, and
so (28) has a solution X such that Z;(t) = ¢; + O(t~2) and Z2(t) = —6 + O(t~2).
If v <1, let a = 2v and b = 2; then (27) holds with §; = iv and 6; = 0, so
(28) has a solution X such that Z;(t) = ¢; + O(t~2") and Za(t) = —6 + O(t™2)
if1/2<v < 1. If0 < v <1/2and a > 0, then (28) has a solution X such
that Z;(t) = ¢y + o(t~2***) and Z2(t) = —6 + O(t~2). Sharper estimates can be
obtained for the case where C' = (2, —6), but we omit the details.
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