
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 92, Number 2, October 1984

DIEUDONNE-SCHWARTZ THEOREM
IN INDUCTIVE LIMITS OF METRIZABLE SPACES

QIU JING-HUI

ABSTRACT. The Dieudonné-Schwartz Theorem for bounded sets in strict

inductive limits does not hold for general inductive limits E = indlimEn. It

does if each En C Emrn-¡ and all the En are Fréchet spaces. A counterexample

shows that this condition is not necessary. When E is a strict inductive limit

of metrizable spaces E„, this condition is equivalent to the condition that each

bounded set in E is contained in some En.

Let Ei C E2 C • • • be a sequence of locally convex spaces and

(E,t:) = mdam(En,tn)

their inductive limit with respect to the continuous identity maps id: (En, £„) —>

(En+i, £n+i)- The Dieudonné-Schwartz Theorem states that a set B C E is £-

bounded if and only if it is contained and bounded in some (En,£n), provided

that

(H-l) each En is closed in (En+i, £„+i), and

(H-2) (£„,£„) = t\n+i\En, where £„+i|-En is the topology induced in En by

(En+i,ín+i)-

We introduce some further hypotheses:

(H-3) each En is closed in (E, £);
_ip _ip

(H-7) for any n G N there is m(n) G N such that En C ¿?m(„), where En is the

closure of En in (E, £);

(H-9) for any n G N there is m(n) G N and an absolutely convex neighborhood

[/(") of 0 in (En, U) such that (JJ(n))E C Em(n);

(DS) each set B bounded in (E, £) is contained in some En; and

(DST) each set B bounded in (E, £) is contained and bounded in some (En, £n).

The implications (H-l) and (H-2)=>(H-3), (H-3)=>(DS), and (H-7)=*(DS) are
known; see [1, Chapter 2, §12; 2 and 3].

THEOREM 1.   // all (En, £„) are Fréchet spaces, then (H-7) =¡> (DST).

PROOF. By the hypotheses there is a sequence of natural numbers mi < m2 <
_E _E —E _E

••• such that E1   C Emi, E2  c Em2,...,En C £?m„,....   Since En is a closed
_IT1 _C1

subspace of the Fréchet space (Emn, £m„), (En, Çmn\En ) is a Fréchet space. Then
_E _E _E —E

(E1 ,£m1\E1 ) C (E2 ,£m2\E2 ) C • • • is a sequence of Fréchet spaces, and the

identity maps (En, £mn\En ) —► (En+ii€m„+l\En+x) are continuous. Since En is
_Ip _ E"< _C1 _C1

closed in (^„+1, c;mn+1 \En+1), we have £m„ \En = £m„+1 \En by the open mapping
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_rp _C1

theorem. Thus (E, ç) = indlim(.En, £mn \En ) is the strict inductive limit and each

En is closed in (En+X, £mn+1\En+x). By the Dieudonné-Schwartz Theorem, each

bounded set in (E, ç) is contained and bounded in some (En, £m„ \En ). Evidently,
_zp

En c En and £n D tlmn\En, so (E,Ç) D (E,ç); see [4, Chapter V, Supplement

(3)].  Let B C E be ^-bounded; then B is c-bounded.  Thus B is contained and
_jp _ip

bounded in some (En , £mn\En ) and B is contained and bounded in (Emn, £m„)-

COUNTEREXAMPLE. Let R+ = [0,+oo), En = {/ is a real-valued measurable

function on R+: /0+oc e~2nx[f(x)}2 dx < +oo}. All (En,£n) are Hubert spaces

with the inner product (/, g) t-> /0 °° e~2nx f (x)g(x) dx, Ex C E2 C ••-, and

id:   (En,£n) —> (En+i, Cn+i) are continuous.   By [5, Theorem 4], (DST) holds.
_ip

We show that (H-7) does not hold. Assume that En C Em for some m > n. Take

a, b such that b<n<m<a<m+l. Then eax G Em+i \ Em. The functions

/ eax,    0<x<k,

lk[X)-\ebx,    k<x,

all belong to En and converge in (Em+X, £m+i) to eax. Then fk converges in (E, £)

to eax, so eax GË^ c Em. This contradicts eaI ^ Em.

The counterexample shows that hypothesis (H-7) in Theorem 1 is not a necessary

condition for (DST). However, for strict inductive limits of metrizable spaces, we

have (H-7)o(DS).

LEMMA 1. Let (E, £) = ind lim(i?n, £„) be a strict inductive limit of metrizable

spaces. Then (H-7) o (H-9).

PROOF. It is obvious that (H-7)=^(H-9). Assume that [/(") is an absolutely

convex neighborhood of 0 in (En, £n) and (U )E C Eminy There is an absolutely

convex open neighborhood U of 0 in (E, £) such that {/(") D (U D En).   Then

\E  r-  ITj(n)-\E -r^E
(Uf)En)E C (U )E C Emtn). For any x G U f"l En, there is a net {xs} C En

such that x& —* x in (E, £). Since U is a neighborhood of x in (¿?, £) there is ¿o such

that xs GU for any ¿ > fS0. Then xs GU C\En for any <S > 60 and x G (U n £„)ß.

From this, U HE* C (ÜñWn)E C £m(n) and ^f = U2Li * (^ n ïf) C £m(n).
Namely, (H-9)=>(H-7).

THEOREM 2.   Lei (2£, £) = indlim(E„, £n) 6e a strict inductive limit of metriz-

able spaces.  Then (H-7) <=> (DS).

PROOF. From [3], (H-7)=>(DS). We need only prove (DS)=>(H-7). Assume (H-
_ip

7) does not hold, i.e. there is some n G N such that En is not contained in any

Em. By Lemma 1, for each absolutely convex neighborhood U^n' of 0 in (En, £„),

(Í7     )E is not contained in any Em. Let dn be a linear metric defining the topology

£n. Put U¡.n) = {x G En: dn(0,x) < 1/fc}. Then (Ukn))E is not contained in any

Em for each K G N. Thus there is Xi G (Ux   )E\Ei. Suppose xi G Em2, there is

X2 G (TJ2   )E\Em2. Suppose x2 G Em3, there is x3 G (JJ^ )E\Emz,.... We repeat

Tr(")'this process, obtaining a sequence {xfc: k G N} c E such that x¿ G (i/fc   )   \ E,

here mi = 1 < m2 < m 3 < •••.   Let (7 be any absolutely convex neighborhood
mk )
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of 0 in (E, tl); there is x'k G Uk' such that Xk G x'k + U for each k G N.  Since
k

dn(0, x'k) -* 0, {x'k: k G N} is bounded in (En, tin) and bounded in (E, tl). There

is A > 0 such that {x'k: k G N} C XU. Therefore

{xk: kGN}c {x'k: k G N} + U C XU + U = (X + 1)U.

That is, {xfc: k G N} is bounded in (E, £) and not contained in any Em.

ACKNOWLEDGEMENT. The author is grateful to the referee for many valuable

suggestions.

References

1. J. Horváth, Topological vector spaces and distributions, Vol. 1, Addision-Wesley, Reading, Mass.,

1966.

2. J. Kucera and K. McKennon, Bounded sets in inductive limits, Proc. Amer. Math. Soc. 69

(1978), 62-64.
3. J. Kucera and C. Bosch, Dieudonné-Schwartz theorem on bounded sets in inductive limits. II, Proc.

Arner. Math. Soc. 86 (1982), 392-394.
4. A. P. Robertson and W. J. Robertson, Topological vector spaces, Cambridge Univ. Press, 1964.

5. J. Kucera and K. McKennon, Dieudonné-Schwartz theorem on bounded sets in inductive limits,

Proc. Amer. Math. Soc. 78 (1980), 366-368.

beijing university of iron &; steel technology, room 404, building no. 10,
Beijing, People's Republic of China


