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A SIMPLE EVALUATION OF

ASKEY AND WILSON'S ? BETA INTEGRAL

MIZAN RAHMAN1

Abstract. By using the well-known sum of 2</)i(a. b; c; c/ab) and Sears' identity

for the sum of two nonterminating balanced 3r|>2 series, a simple evaluation is given

for Askey and Wilson's ijr-beta type integral

,1 h(x;\)h(x;-l)h(x;]/q')h(x;-xfq')       dx

7.1     h(x;a)h(x;b)h(x;c)h(x;d)      ^1 _ xi '

where max(|<?|, \a\, \b\, \c\, |rf|) < 1.

1. Introduction. The classical beta-integral

(1.1) B(x,y)=V-±^-=i\-\l-t)^dt
(x + v)       ■'0

has been extended in a number of different ways. Thomae's [8] original extension,

namely,

t") ¥tTT7T = B<{x> y) = iXtx-\qt)y-id,t,
>-q\x + y) J0

used the ^-integral

(1.3) ff(x) dqx = fl(l -q)t f(aq")q",

tb tb ft*

\ f(x) d x = / f(x) d x - I f(x) d x.
Ja J0 J0

This is another way of writing the ¿/-binomial theorem

(1 4) ^ = E ^y"

The g-gamma function can be defined by [3]

(1.5) Tq(x) = j^(l-qy-x.
\"    Joe
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The notation (a)n is an abbreviation for (a; q)n which is defined by

whether or not n is an integer, where

00

(1-7) (a). = (a;*)«, = u (1 - aq"),
n = 0

0 < q < 1, and no factor in (aq"; q)x vanishes.

Andrews and Askey [2] needed a more general extension of (1.1) than (1.2) to

serve as the weight function of a set of orthogonal polynomials, so were led to

(1.8)    /
"(qt/a)x(qt/b)x , t _ b(l - q)(q)x(bq/a)x(a/b)x(abde)c

dj =
(dt)x(et)x       " (ad)x(ae)x(bd)x(be)0

subject to the restriction that there are no zero factors in the denominators.

Al-Salam and Verma [1] pointed out that (1.8) is a special case of a more general

(/-integral

rh(qt/a)x(qt/b)x(ct)

(1.9)
K      (dt)x(et)x(ft)x       q

b(l - q)(q)x(bq/a)x(a/b)x(c/d)x(c/e)x(c/f)x ^

(ad)x(ae)x(af)x(bd)x(be)x(bf)x

where c = abdef, which is simply another way of writing Sears' identity [6, (5.2)] for

the sum of two nonterminating balanced 3<i>2 series.

Very recently another (/-extension was given by Askey and Wilson [5]

M înï    ri    h     .l\=   l   flh(x''l)h(x'-l)h{x''ïfq)h{x'>-)fq)       dx
(i.iU)   i(a,D,c,a)     2vj^     h(x;a)h(x;b)h(x;c)h(x;d)   ' Ji~Z^í

(abcd)x

(q)oo(ab)x(ac)x(ad)x(bc)x(bd)x(cd)c

provided \q\ < 1 and max(|a|, \b\, \c\, \d\) < 1, where

00

(1.11) h(x; a) = Y\ (1 - 2axq" + a2q2n)
n = 0

= (ae,e)x(ae-e)x   ifx = cosÖ.

Unlike (1.2) and (1.8), I(a, b, c, d) is not a (/-integral, but a Riemann integral. By

setting a = -b = Jq, c = qa + 1/2, d = -qß+1/2 in (1.10) and using (1.5) one can

show that (1.10) reduces to (1.1) in the limit q -* 1. However, Askey and Wilson's

original proof of (1.10) is far from elementary. They used a contour integration and

had to make a number of assumptions that had to be removed later. They gave a
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simpler evaluation of the reduced integral

n in     tin h\      l   flh(x;l)h(x;-l) _df(1.12)    J(a,b) = — /   —t-—;——    ,-
2irJ_xh(x;a)h(x;b)   /¡TT

(-c6?)c

x2

(?)«,(-?)« (a\íq)oo(-a\íq)x(b\íq)x{-b]fq) 00(^)00

by using the known sums of the bilateral series x\px and 4^4. Unhappy that this

procedure does not seem to work for the full four-parameter integral I(a, b, c, d),

Askey [4] published another proof of (1.10) by a very elementary method. Unfor-

tunately, as Askey himself observed in [4], the proof is not really an evaluation of

I(a, b, c, d), rather a verification of (1.10). Since (1.10) is a very attractive result and

contains a large number of known and previously unknown formulas as special cases

(see [5] for a full discussion), a simpler proof based on a minimum of restrictions

seems like a reasonable goal.

In this note we offer a proof that makes repeated use of (1.9) and uses very few

assumptions.

2. Proof of (1.10). The first step is to recognize that the integrand in (1.10) is an

even function of 6, where x = cos f?, so that we can write

An rt     h      a\       1   rh(x;l)h(x;-l)h(x;]/q')h(x;-^)
(2.1) I(a, b, c, d) = — I       h(x:a)h(x.b)h(x.c)h(x:d)     d6-

(2.2)

h(x;a)h(x\b)h(x\c)h(x;d)

Let us now replace c, d and e in (1.9) by 1, e'9 and e~'e, respectively, to get

h(x;l)_(fl-1)00((7-1)oc_

h(x;a)h(x;b)      b(l - q)(q)x(bq/a)x(a/b)x(ab),

(qu/a)x(uq/b)x(u)x       1
■ / du-

(u/ab)x h(x;u)

provided a # b and a nor b is of the form q1, j = 1,2,_This is not an essential

restriction because if either of a, b is of this form then we may choose c = -/q or - -/q

that will produce h(x; ± ifq) on the left instead of h(x; 1) and (■Jqa~l)x(x/qb~l)x

on the right. Next, we replace c, d and e in (1.9) by -1, e'* and e~'e, and let a, b be

replaced by c, d, respectively. This gives

h(x;-l) (~cl)x(-d-l)x
(2.3)

h(x;c)h(x;d)       d(l - q)(q)x(dq/c)x(c/d)x(cd),

rd      (qv/c)x(qv/d)x(-v)x       1
id

h   ? (-o/cd)x h(x;v)-

Finally we replace a, b, c, d and e in (1.9) by u/yfq, v/\fq, -q, \fqe'e and \fqe~'9,

respectively, and get

h(x;-yfg)    _        ]íq(-}fq/")x(-]íq/v)0o
(2.4)

h(x;u)h(x;v)       v(l - q)(q)x(vq/u)x(u/v)x(uv)0

!..

o/fid t{tq'/2/u)x(tq^2/v)x(-qt)a

u/fi   " (~tq/uv)x h(x;]fqt)
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Now,

(2.5)
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1    r hjxjfi)  ja        1    r   (fqe'9)x(fqe-*)

4vJ_„h(x;tyfq)
de j_ r \yqe >x\v

{<fqe,eU<fqe-'e)<
■de

1   f  y (£Mï3±irzA^>
= 4^ L L (a) (a) (vV),+7rA:=o/=o  \q)k\q)i

.re«k-nede   by (1.4)
•'-■JT

= \î  {t'l)Ar?k(q'2)k

k = 0 (q)k(q)>

02^1

r1,/-1

\qt<

(qt)x(qt)o

2(q)x(02)x

by [7, (IV.2), p. 247], if \-/qt\ < 1. This inequality is clearly satisfied since by (2.4), ifq t

equals either u or v which, in turn, attains values among a, b, c and d all of whom are

assumed to be numerically less than 1.

However,

(2.6)

(qt2; q)x = (qt2; q2)x(q2t2; q2)x = ({qt; q)x(-{qt; q)x(qf, q)x(-qf, q)x.

Hence the r.h.s. of (2.5) equals (qt)x/2(q)x(-qt)x({qt)x(-{qt)x. Combining

(2.2)-(2.5) we obtain

I(a,b,c,d)= -     (a-W)m(-c-WW_
2bd(l - q)\q)l(bq/a)x(a/b)(ab)x(dq/c)x(c/d)x(cd)x

,(qu/a)x(qu/b)x(u)x
■/ dqu-

(u/ab).

. fd „(w/c^w/d^i-v)«, (~\[q/u)oc(-\fq/»)c
(-v/cd)c v(vq/u)x(u/v)x(uv)c

. rv/fid t(tq'/2/u)x(tq'/2/v)x(qt)x

•W   '   (i/9i)oo(-l/?0»(-?i/'«')o0

By (1.9) the last (/-integral over t equals

"/VgÇl  - g)(g)oo(^A)oo(«A)oc(v/g)o0(-V/?)oo(-^)c

(u)x(v)^(-u)x(-v)x(-^/u)x(-{q'/v)x
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Hence

(2.8)

I{a  bcd)= (a-1Ub-l)x(-c->)x(-d-i)x(]fq)x(-yiq-)x

2bd(l - q)2(q)x(bq/a)x(a/b)x(ab)x(dq/c)x(c/d)x(cd)x

m    íi(qu/a)x(qu/b)x      rd^ v(qv/c)x(qv/d)x(-uv)x

■4   q     (~u)x(u/ab)x       I    "     (v)x(uv)x(-v/cd)x

The (/-integral over v equals

¿(1 - q)(q)x(dq/c)x(c/d)x(-l)x(-u)x(cdu)x

(c)x(d)x(-c^)x(-d-1)x(cu)x(du)x

Thus

(2.9)   «..».,,,)-C-).(*-).(^).(-^).(-D._
2¿)(1 - 9)(í)0o(^/a)oo(a/¿,)oo(^)oc(cí/)oc(c)oc(ci)QC

/>       (qu/a)x(qu/b)x(cdu)x
■fdqu

(cu)x(du)x(u/ab)x

One final application of (1.9) gives the value of the integral above as

b(l - q)(q)o;i(bq/a)x(a/b)x(d)x(c)x(abcd)x

(ac)x(ad)x(b^)x(bc)x(bd)x(a^)x

Hence

,?,m j,       . .V (-l)oc(v/g)o0(-y/g)oc(^^)oo

1       J      ^   '   '   '    '      2(q)x(ab)x(ac)x(ad)x(bc)x(bd)x(cd)x "

Since

(-VM)J-fih = 2(v^; «L(-i/fl;«)»(-?; ?)« = 2 by(2.6),
(2.10) is the same as the r.h.s. of (1.10). This completes the proof of (1.10).
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