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ON DIFFERENTIABILITY OF PEANO TYPE FUNCTIONS. Ill

JACEK CICHOÑ AND MICHAfc MORAYNE

ABSTRACT. We show that for all positive natural numbers m,n the following

two sentences are equivalent: (i) 2**° < Hn; (ii) there exists an onto function

/: Rn —> Rn+m (_R the set of real numbers) such that at each point of Rn at

least n coordinates of / are differentiable.

0. Introduction. For each natural number n > 1 we present, using notions of

classical mathematical analysis, a sentence tpn equivalent to the sentence 2N° < Kn.

The last sentence is independent of ZFC. R. Solovay has shown that 2N° can be

any cardinal number the cofinality of which is uncountable (for a precise formulation

of this result see [8]). In particular, for each natural number n > 1 the theory

ZFC + 2H° = N„ is consistent (whenever the theory ZFC is consistent). Solovay's

result implies as well that the theory ZFC + 2N° > N^, is consistent (oj denotes here

the order type of the set of all natural numbers). The sentence 2K° = Ni is called

the Continuum Hypothesis, and its independence of ZFC results from the work of

K. Gödel and P. J. Cohen.

The sentence <pn proclaims that there exists an onto function /: Rn —> Rn+m

(R denotes the set of real numbers), where m is any natural number > 1, such that

at each point of fi™ at least n coordinates of / are differentiable.

We also analyse the question concerning regularity of such functions.

This paper is a continuation of [3 and 4]. Our results generalize theorems from

those papers in which the existence of onto functions f:R —* Rn, where at each

point of R at least one coordinate of / is differentiable, is analysed.

1. Auxiliary theorems. Let R denote the set of real numbers and N the set

of natural numbers, where i,j,k,l,m,n,p,r G N. For any sets A and B the set of

all functions from A to B is denoted by BA. We treat the cartesian product An as

the set A'1,44''n'. This convention enables us to consider fc-dimensional sections of

subsets of Rn more easily.

The cardinality of a set X is denoted by \X\.

Let P™ = [{1,..., m}]™ be the set of all subsets of {1,..., rn}, the cardinality of

which is n. For a fixed product Xm and A C Xm, A G Pm, a G Xm (or a G Xa),

let (A)0ia = {x G A:x(i) = a(i) for each i G A}.

A family {.Ea:A g P™} is called the (m, n)-Sierpinski partition of a set Xm if

\J{EA: A G P™} = Xm and, for every A G P™ and a G Xm, we have |(£a)o,a| < No-

W. Sierpiñski [6] investigated the existence of such partitions of Rm for small

natural numbers m,n > 0.   A general theorem about the existence of (m,n)-
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Sierpiñski partitions of Xm for an arbitrary set X was proved by R. Sikorski [7, p.

18]. We shall use a special case of this theorem.

THEOREM 1.1. Let m, n be arbitrary natural numbers such that m > n and let

X be any set. Then the following sentences are equivalent:

(1) \X\<Xn;
(2) the (m,n)-Sierpiñski partition of Xm exists.

Let A„ be Lebesgue measure in Rn. Let (A„)* and (A„)* denote inner and outer

Lebesgue measure in Rn respectively.

Let Ln be the ideal of subsets of Rn of Lebesgue measure zero.

We shall use the following theorem proved by H. G. Eggleston [1].

THEOREM 1,2. Let A be a Lebesgue measurable subset of Rn such that Xn(A) >

0. Then there are nonempty perfect sets Pi,..., P„ Ç fi such that Pi x ■ ■ ■ x Pn Ç A.

A subset A of Rn is an analytic set if there exists a continuous function /: R —>

Rn and a Borel set B Ç R such that A = f(B).

It is known that every analytic set is Lebesgue measurable (see [2, Chapter XII,

§8, Theorem 7a, p. 431]).

We shall need the following theorem of Mazurkiewicz (see [2, Chapter XIV, §3,

Theorem 3, p. 468]).

THEOREM 1.3. If B Ç Rn is a Borel set and f:B ~* Rm is continuous

there exists a coanalytic (the complement of an analytic set) selector of the family

{rl({y))--y^î(B)}.

2.   The Banach condition T2.  Now our aim is to prove Corollary 2.7, this

being a generalization of the well-known fact for the one-dimensional case.

DEFINITION 2.1. Let A Ç Rn and /: Rn -* Rm.

(1) / satisfies the Lipschitz condition on A (f G L(A)) if there exists a constant

C such that for every i,!/£iwe have \f(x) - f(y)\ < C\x - y\.

(2) / satisfies the generalized Lipschitz condition on A (f G LG(A)) if there

exists a family of sets {A^: k G N} such that IJ{Afc: k G iV} = A and, for every

k G N, we have / G L(Ak).

(3) / is differentiable at a point x G Rn (f G Diff(x)) if there exists a linear

mapping B: Rn -U Rm such that \f(x + h)- f(x) - B(h)\/\h\ -> 0 when \h\ -» 0;

(4) / is differentiable on A (/ G Diff(A)) if / G Diff(x) for each x G A.

LEMMA 2.2.   IfACRnandf:Rn-> Rm then f G Diff(A) implies f G LG (A).

PROOF. For each x G A there exists a linear mapping Bx:Rn —> Rm such that

\f(x + h) — f(x) — Bx(h)\/\h\ —> 0 when \h\ —> 0. Hence, for each x we can find

s(x) > 0 such that if \h\ < e(x) then \f(x + h) - f(x)\ < \h\(\\Bx\\ + 1), where || • ||
stands for the standard norm of a linear mapping, i.e.

||P||=sup{|P(a)|/|a|:aGfi"~{0}}.

Let us put

Sn = {xe A: \\BX\\ <n},        Tm = {x G A: e{x) > 1/m}.
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We can take a sequence of nonoverlapping cubes Q™ of diameter less than 1/m

such that Rn = {j{Q(™]:k G N}. One can easily see that / G L(Sn ilTmn QJ;m))

for each k,m,nCN and A = (j{Sn-n G N} = (}{Tm:m G N). Hence / G LG (A).

DEFINITION 2.3. A function /: Rn -> Rm satisfies the Lusin condition on a set

A Ç Rn if N G Ln implies f(N) G Lm for every N Ç A.

Notice that if A Ç fi", f:Rn ^ Rn and / G LG(A), then / satisfies the Lusin

condition on A.

DEFINITION 2.4. The function f:Rn —> Rn satisfies the Banach condition T2

on a set A Ç Rn (f G T2(A)) if {y G f(A): |/->({|r» n A| > N0} S L„.

LEMMA 2.5. //a function f:Rn —» fi" satisfies the Lipschitz condition on a

set AC Rn then f eT2(A).

PROOF. If / g L(A) we can extend continuously the function f\A (f re-

stricted to A) to the function satisfying the Lipschitz condition on the closure

of A, and therefore we can assume A is a closed set. Let us consider the fam-

ily C = {f_1(y) n A: y G Rn} and a maximal family V of pairwise disjoint Borel

measurable subselectors (i.e. subsets of selectors) of positive measure for C. Ob-

viously, V is countable, hence the set A — IJ D is Borel measurable. By Theorem

1.3 one can find a coanalytic, hence Lebesgue measurable, selector S for the family

{/~X({2/}) H (A- \JD):y € Rn}. If A„(S) > 0 then there exists a closed subset

of S of positive measure which is, of course, a subselector for C disjoint with IJ D,

and this contradicts the assumption that D is maximal. Thus A„(S) = 0. It can

easily be seen, regarding the countability of D, that S includes the selector S\ for

the family {f-l({y))f\ A: y G Y}, where Y = {y: \f-1({y})ílA\ > K0}. Obviously,
A„(5i) = 0 and /(Si) = Y. But / G L(A); hence / satisfies the Lusin condition

on A. Thus \n(Y) = 0 and, by definition, / G T2(A).

From the above lemmas we obtain the following corollaries:

COROLLARY 2.6.   If f: Rn -> Rn, AC Rn and f G LG(A), then f G T2(A).

COROLLARY 2.7.   If f:Rn -^ Rn, AC Rn and f G Diff(A), then f G T2(A).

The above corollary for the case n = 1 when A is an interval follows from

Theorem 10.1, Chapter VII, p. 234 and Theorem 6.3, Chapter IX, p. 279 in [5].

3. The main result.  We prove the theorem announced in the introduction.

Definition 3.1. Let / = (fi,...,fm)-Rn -» Rm-

(1) If A = {»'i,... ,ik} Ç {1,... ,m} then f\ is the function defined by f\ =
(fii ■ ■ ■, fik)- We consider this function as a mapping from Rn to RA.

(2) / is /c-differentiable if for each x G Rn there exists A G P™ such that

/A G Diff(x);

(3) / is fc-measurable if there exists A G P¿" such that f\ is a Lebesgue measur-

able mapping from Rn to RA.

THEOREM 3.2. For arbitrary m, n > 0 and k > 0 the following sentences are

equivalent:

(1) 2«° < Nn-_fc;

(2) there exists a function f: Rn —> Rn+m onto Rn+m which is n-differentiable

and k-measurable.
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PROOF. (I)—>(2). Hence, assume that 2N° < Nn_fc. Notice that we can assume

k < n.

Let K = n — k and L — n + m — k.

First we prove there exists an onto function h: RK —> RL which is K-differentia-

ble. Having this function we shall easily construct the needed function /.

Let us fix L different positive real numbers qi,..., qj,. Let

®i(xx,...,xK) = ((qi)1 -xi +-h (qi)K -z/cOsin^)1 • xx + • • • + (qt)K ■ xK)

and $ = ($!,...,$¿). Then §:RK -> RL.

For an arbitrary sequence of integers t'i,... ,*k> put

Ai1,...,iK = [47r¿i,47r¿i + 27r] x • • • x [4-kÍkA^Ík + 2ir}.

Let {Ai,..., At} be an enumeration of all elements of P¿. Put

•Ba3. = LM<i. :zi + ¿K = j (modT)}.

The function $ is differentiable and {Pa: A G P¿} is a family of closed and

pairwise disjoint sets. The following claim formulates an important property of $.

Claim 1. For sufficiently large t?i,..., <7l and for every A G P¡¿ and each y G RK

the set {x G Pa: $\(x) = y} is infinite.

Let A ={*i,..., ¿k}• We consider a new coordinate system:

Zl = (iii)1 ■*! +-r- (g¿,
,K XK

2/f = (^k)1 -«l +-h (?lK)K • XK.

The new axes are defined correctly, for

fe)1     •••     (O*
det

LteJ1   ■•■   (<HK\K

K

n(%-^)-n^^°-i<; j=i
We call a cube with edges of length 27r parallel to the axes OZi,..., OZk a

standard Z-cube.

Multiplying the numbers qx,..., qr, by a sufficiently large constant, we can ensure

that, for each sequence of integers ii,... ,ix, the set Aiu...¿K contains a standard Z-

cube. Thus there are standard Z-cubes with arbitrarily large coordinates contained

in the set Pa-

Let y = (yil,...,yiK). For a standard Z-cube S with sufficiently large coordi-

nates we can choose (zx,..., zk) G S such that zx sin zi = yii,... ,zk sin zk =

ytK. Thus the set {x G Pa: ®\(x) = y} 1S infinite and the claim is proved.

We now define the desired function h:RK —> RL. On the strength of the as-

sumption 2N° < N/f and by Theorem 1.1, there exists an (L, /v")-Sierpinski par-

tition {£A:A G P¿} of RL. For a G RA let {yf])A,2/?,A, • • ■} = (^a)o.a- By

Claim 1 we can choose a sequence {x$, a, xx a, ...} of different elements from the

set {x G Pa: $a(x) = a}. We put h(xf A) = j/?A for each i. For every x G RK for

which the value h(x) has not been so defined, we put h(x) = <&(x).
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Notice at first that h is a surjection onto RL. In order to see this let y G RL.

Then for some A G P¡¿ we have y G Pa- Let a = (y)A be the projection of y onto

RA. Then there exists i such that y = yf A. Hence h(x°A) = y.

Note that if x G RK - \J{BA:k G P¿} then /i(x) = $(x), and if x G PA then

/ia(x) = $a(x). Thus h is K-differentiable.

We now show how to reconstruct the function h to obtain a function /: Rn —»

fi"+m, the existence of which is postulated by sentence (2) of the theorem.

In fact it is enough to put

/ \XX , . . . , Xfc, X/c-j-i, . . . , Xnj

= (Xi, . . . , Xfe, hX[Xk + l, . . . , X„), . . . , /!„+„,_£(Xfc-|-i, ..., xn)).

It is self-evident that / has the desired properties. This completes the proof of

(l)-(2).

We now prove (2)->(l). Let / = (fx,..., /n+m): Rn -» Rn+m be an n-differen-

tiable and fc-measurable surjection onto Rn+m. We assume that the coordinates

/i,..., fk are measurable. Of course we can also assume k < n.

For A G P£+m let DA = {x E Rn:fA G Diff(x)}. By the assumption of n-

differentiability of / we have Rn = \J{DA:A. G P£+m}.

Let A = {AePn"+m:{l,...,fc} £ A} and S = {A G P"+m: {1,..., A;} ÇA}.

Claim 2. If A G A then /(Pa) G Ln+m.

Let A G A and t G {1,...,k} — A. By Lemma 2.2 /a G LG(DA). Hence there

exists a partition {Ar: r c N} of DA such that /a G L(Ar) for each r G N. Let /a,,-

be an extension of fA \ Ar to a continuous function on Ar. It is easy to see that

such an extension exists and that fA<r G L(Ar).

By Lebesgue measurability of fi and Lusin's theorem (see [5, Theorem 7.1,

Chapter III, p. 72]), we can express Rn as the sum Rn = \J{Bp:p G N}öN, where

Bp are closed sets and /¿ is continuous on Bp for each p G N and N G Ln. Let

CP = Âr n Pp and Dr - Ar n iV. The set Cp is closed and the function (fA,r,fi)is

continuous on Cp\ therefore the set Ep = (fA,r-,fi)(Cp) is a Borel set and, hence,

Lebesgue measurable.

By Corollary 2.6 applied to /a,»-, there exists a set S Ç RA of Lebesgue measure

zero such that, for y G RA — S, the set fA\({y}) fl Cp is countable. Thus the set

{z G R:(y,z) G P^} is also countable. Hence, by Fubini's theorem, Ep G Ln+Í.

This holds for each natural p and r, whence E = M   |Jr EP G Ln+i-

For each r G iV we have /a G L(Ar), whence /a satisfies the Lusin condition on

Ar and, therefore, P = (Jr(f\, fi)(Dr) G L„+i-

Hence, (fA,fi){DA) Ç EöF C Ln+i and, furthermore, /(Pa) G P„+m. This

completes the proof of Claim 2.

Let TA = {y G /A(DA): |/A 1({y})nPA| > H0} for A G B. By definition of PA we

have /a G Diff(DA)- Hence, by Corollary 2.7, fA G T^Pa) and therefore TA G Ln.

Let T = IJ{?a x ß{i..«.n+m}-A.A e ß}ij f({J{DA:A G /?}). By the above

remark and Claim 2 we obtain T G Ln+m. By virtue of Theorem 1.2 we can find

nonempty perfect sets Pi,..., Pn+m such that P\ X • • • X P„+m Ç Rn+m - T.

Let (pi,..., pfc) G Pi x • • • x Pfc and let

P' = {Pi} x •■• x {Pk} x Pfc+i x ••• x Pn+m    and    P = Pfc+i x • • • x P„+m.
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For A G P^"1^ we put

E'A = p'^f(D{i,...,k}u{l+k:leA})    and    PA = {x G P: (pi,... ,pk, x) E E'A}.

We shall show that {Pa: A G P"í™~fc} is a (m + n-k, n-A;)-Sierpiriski partition

of P.
Let a G P and A G P"^km~k. Let x G (PA)a,A- Then x G Pa and for each i G A

we have x¿ = a¿. One can see that

(pi,... ,Pk, x) G /(D{l,...,k}U{i+k:»eA})

and

In «*    ,A t£T v  p{l,...,n+m}-({l,...,fc}U{i+fc:i€A})
(Pl,---,Pfc,Z) £ i{l,...,fc}u{¿ + fc:ieA} X fi1- /    U   ,    >   J   \

It is easy to check that there are only countably many such x's. By Theorem 1.1

we have 2N° < Nn_/t. Hence the theorem is proved.

4. Discussion.

1. One can easily see that in the proof of the implication (2)—>(1) we use only

the fact that (A„+m)*(/(fin)) > 0. Thus we can formulate the following theorem.

THEOREM 3.2'. For m,n > 0 and k > 0 the following statements are equiv-

alent:

(1) 2«° < N„_*;
(2') there exists an n-differentiable and k-measurable function f: Rn —► Rn+m

such that (An+m)*(/(fin)) > 0.

In the construction of / in the proof of Theorem 3.2 we in fact construct the

function which is n-analytic (i.e. for each point x one can choose n coordinate

functions analytic at x) and has k analytic coordinate functions. So we can also

give the following version of Theorem 3.2.

THEOREM 3.2". For m,n > 0 and k > 0 the following statements are equiv-

alent:

(1) 2*° < N„_fc;
(2") there exists an onto function f: Rn —> Rn+m which is n-analytic and has at

least k analytic coordinate functions.

2. One cannot construct an onto function /: Rn —» Rn+m which is (n + 1)-

differentiable because of the following theorem.

THEOREM 4.1. If m,n > 0 and f:Rn -> Rn+m is (n + 1)-differentiable then

An+m(/(fi"))=0.

PROOF. For A G P"^7" let PA = {x: /A G Diff({x})}. By assumption

U{PA: AGPn"+r| = fi".

We shall show that f(D ¡) E L , _| „.
Let <7(xi,..., xn+i) = /a(xi, ..., xn). Then g is differentiable on the set Pa x R.

Hence g G LG(DA x R) and therefore satisfies the Lusin condition on Pa X R.

Obviously, Pa x {0} ç PA x fi and Pa x {0} G P„+i. Hence,

fA(DA) = g(DAx{0})GLn+i.

Thus fA(DA) E Ln-\-m and this completes the proof of the theorem.

If we assume /: Rn —► Rn+m xs <n — l)-differentiable, we can formulate the

following theorem.
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THEOREM 4.2. For arbitrary m,n > 0 there exists a continuous onto function

f:Rn —> Rn+m which has (n — l)-analytic coordinate functions.

PROOF. Let g be a continuous function mapping R onto Rm+1 (i.e. a Peano

function). Let /(xi,...,xn) = (xi,... ,xn-i,g(xn)). It is obvious that / has the

desired properties.

3. In Theorem 3.2' the inner Lebesgue measure appears. A natural question

arises about the outer Lebesgue measure of the image of the functions considered

in this paper. The following theorem (together with Theorems 4.1 and 4.2) provides

an answer to this question.

THEOREM 4.3. For m, n > 0 there exists a function f:Rn -» Rn+m such that

n coordinate functions of f are analytic and f(Rn) has full outer measure (i.e. for

any measurable set P C Rn+m of finite measure we have (Xn+m)*(f(Rn) fl P) =

Xn+m(P)-

PROOF. Let g:Rn —► Rm be a function which has a graph with full outer

Lebesgue measure. Such a function can be constructed in the following way:

Let {Pi}ç<21<o be an enumeration of all Borel subsets of positive measure of

Rn+m. By transfmite induction we construct the sequence of points {(x^, y^)}^<2«0

such that for each £ < 2K° we have (x^, y^) G Pc and x„ ^ xj for n < £.

Put g(xç) = yç for each £ < 2N°. For the other x'sG Rn put g(x) = 0.

Let f(xi,...,x„) = (xi,... ,xn,g(xi,... ,xn)). It is obvious that f(Rn) =

graph(g) and, hence, f(Rn) has full outer Lebesgue measure in Rn+m.
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