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HOLOMORPHIC SEPARATION AND THE UNION PROBLEM

GIUSEPPE VIGNA SURIA

Abstract. We give a sufficient condition for an increasing union of holomorphically

separated analytic spaces to be holomorphically separated. Furthermore, an example

of J. E. Fornaess is investigated in order to show that a union as above is not always

holomorphically separated.

Introduction. An increasing sequence of analytic spaces is a countable family

{ X,■ }/e/v OI spaces each contained as an open set in the next. The union problem for

Stein spaces asks:

If { Xj) is an increasing sequence of Stein spaces, is the union X = U,eArX¡ Stein?

The problem is almost completely solved: precisely, the answer is: yes under either

of the following supplementary hypotheses: (a) each X¡ is Runge in Xj+1, (b) X is

open in a larger Stein manifold, (c) the cohomology group H1(X,0) vanishes;

unknown when X is open in a larger Stein space; no, in general, even for manifolds,

as shown by a beautiful counterexample due to Fornaess, which seems to avoid

falling into cases (a) and (b) by as little as possible.

It is reasonable to ask a similar question for holomorphic separation: precisely

If ( X¡} is an increasing sequence of holomorphically separated spaces is their

union X still holomorphically separated?

Mutatis mutandis it is trivial to see that the answer is yes again in case (a), it is

meaningless in case (b), while as for (c), the vanishing of cohomology does not seem

to be the right thing to compare with holomorphic separation.

Moreover it is shown here that the counterexample of Fornaess also provides a

negative answer to the general union problem for holomorphically separated spaces

or manifolds.

Proposition. Let{Xj}i&N be an increasing sequence of holomorphically separated

spaces, and suppose that each X¡ is Runge in X¡+1. Then X = oieNX¡ is holomorphi-

cally separated.

Proof. Trivial: We know that, since X¡ is Runge in Xi+l V/', every X¡ is Runge in

X [AG, Proposition 20], i.e. for every compact K ç X„ f g 0(X¡) and e > 0 there is

a g 6 Í>(I) s.t. sup^ \f — g\ < e. Take x =£ y in X and choose i so large that
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x, y g X¡. Since X¡ is holomorphically separated there is/in 0(X/) s.t.f(x) = 0 and

f(y) = 2; now apply the above with K = [x, y} and e = 1; g will separate x from v.

D

The Runge hypothesis is necessary, as shown by a little consideration on Fornaess'

counterexample to the union problem for Stein manifolds [F]. I briefly remind the

reader how it is constructed.

For every positive integer n take the Stein submanifold of C3, Xn = {(z, w, n) G C3

s.t WTj = n¡J=1 (z - 1/k)}: the function yn: Xn -* Xn + 1, which sends (z, w, tj) into

(z, w, v(z — l/(n + 1))), is analytic injective and open. Therefore X = lim Xn is an

analytic manifold of dimension 2. Call [z, w, tj] the class in X of (z, w, tj) in Xn; the

projection it: C3 -» C2 sending (z, w, tj) to (z, w) induces an analytic map rr:

X -» C2, which, restricted to X - [w = 0} = : {[z, w, Tj]s.t. w + 0}, establishes an

analytic isomorphism onto C X C* = {(z,w) g C2 s.t. w + 0), while it~1(z,0) is

empty if z ^ 1/w and 7r_1(l/n,0) = C, for n = 1,2,3,_

I claim that w*: 0(C2) -» O(X), given by ir*(f)=f°ir V/g0(C2), is an

isomorphism. This would imply that every h & @(X) is constant on w_1(l/n, 0), V«,

and thus the points above (l/n,0) are not separated by any global holomorphic

function on X.

To prove the claim, i.e. that ®(X) ç tt*((D(C2)) (the rest is trivial), take any

h G O(X) and restrict it to X— (w = 0}; since here it is an isomorphism there

exists a g G 0(C X C*) s.t. h[z, w, n] = g(z, w) V[z, w, tj], w # 0.

The crucial remark is that such a g may be written uniquely as a convergent

Laurent series of the form g(z, w) = E°l_00g,(z)vv', where g, g 0(C) V/', and such a

series extends to C2 precisely when g, = 0 for /' < 0; it is precisely our case, in fact,

V«,

aÂ^IIÎ'a^'ïK^0*= -00
«    A:

=   lim /i
/c—* 00 n   k

= h l°'° < oo.

But this means that g¡(l/n) = 0 Vj < 0, Vn; by the uniqueness of the analytic

extension in one variable we get g, = 0 for /' < 0. Therefore g is actually a function

on C2 and the claim is proved.

Remark. Fornaess proves that X is not Stein by showing that holomorphic

convexity fads: this can be seen very neatly after the above claim. In fact if K is a

compact of X, clearly Kx = tt~1(tt(K)c2), so if we take K = 7r_1((|z| < 1, |w| = 1}),

then n(K)C2 is the unit polydisc by the maximum principle, so Kx contains the

discrete sequence [\, \, 0], k = 1,2,..., and so is not compact.

Holomorphic separation is requested for Stein spaces, but the psychologically

striking feature of Steinness is holomorphic convexity: in this respect, Fornaess'

example comes out a little impoverished: it would surely be interesting to see a proof

or a counterexample to the following:

If {Xj} is an increasing sequence of Stein spaces (manifolds) with X = \JX¡

holomorphically separated, is X Stein?
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