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DECOMPOSITION OF GRADED MODULES

CARY WEBB1

ABSTRACT. In this paper, the primary objective is to obtain decomposition

theorems for graded modules over the polynomial ring k[x], where k denotes

a field. There is some overlap with recent work of Hoppner and Lenzing.

The results obtained include identification of the free, projective, and injective

modules. It is proved that a module that is either reduced and locally finite

or bounded below is a direct sum of cyclic submodules. Pure submodules are

direct summands if they are bounded below. In such case, the pure submodule

is itself a direct sum of cyclic submodules. It is also noted that Cohen and

Gluck's Stacked Bases Theorem remains true if the modules are graded.

I. Introduction. The purpose of this study is to obtain decomposition theo-

rems for graded /c[i]-modules, where k denotes a field. Such a module is a direct

sum, in the upgraded sense, of fc-vector spaces V¿ indexed over the positive and

negative integers. The operation x on V¿ is an (arbitrary) linear transformation

Xi'.Vi —» Vi+i. (Thus x actually represents a countable family of distinct linear

transformations.) The V¿'s are called the homogeneous components of V.

Our most important kind of results are those which decompose a graded k[x\-

module into a direct sum of cyclic submodules and also those results which show

how a submodule can be a direct summand. Important too but more easily derived

are the identities of injective objects and the fact that all projective objects are free.

Graded fc[x]-modules can be considered a special case in the theory of quivers

over a ring. A quiver is a directed graph, that is, a set (of vertices) together with a

set of arrows connecting (some of) the pairs of vertices. A graded fc[x]-module is a

representation of the quiver Z, the ring of integers with the edges n —► n + 1, over

the field k. The general theory considers representations of arbitrary directed sets

over arbitrary rings.

An early use of the idea of a quiver in representation theory is contained in [6].

Early appearances of quivers concern problems with finite dimensional algebras. In

this regard, the references [4, 5, 7] are also relevant.

Morphisms between graded fc[x]-modules V and V are of degree zero, sending

Vi into VJ. The graded nature of the morphisms implicitly defines which subsets

are submodules (i.e., those generated by homogeneous elements). The same sort

of comment can be made about direct summands, projectives, injectives, and free
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graded fc[x]-modules. The category of graded fc[i]-modules is readily seen to be

abelian.

It is natural to think of the origin of graded k[x]-modules to be in abelian groups

(or, slightly more generally, modules over a PID). In this regard, the presentation

in [9] is particularly relevant. In fact, it is true that the graded versions of the

lemmas and theorems on pp. 14-25 of [9] carry over to graded fc[x]-modules with

only a straightforward change in terminology in both the statements of the results

and their proofs.

There is some overlap between the approach and the results reported here and

the work of Höppner and Lenzing [8]. The overlap includes the identification of

projective and injective objects (our Propositions 1 and 2), the existence of rank 1

direct summands (our Propositions 2, 3 and 4 and Theorem 2), and the identity of

countably generated torsion-free reduced graded fc[x]-modules (our Theorem 2).

The work presented here was done during 1974-77. A partial announcement was

made in [11].

It is possible that morphisms should be allowed to be of any degree and not

merely degree zero. This would have only a small effect on the results we present

here. For instance, all rank 1 free modules would be isomorphic if the degree were

not constrained to be zero (i.e., a free module with a homogeneous generator of

degree n and one with a homogeneous generator of degree m would be isomorphic

by a morphism of degree \m-n\).

II. Frees, projectives, and injectives. Free graded fc[x]-modules have ho-

mogeneous bases. The normal things are true except, as was mentioned in the

preceding paragraph, a set of fc[x]'s can be pasted together in different ways (spec-

ified by the number of l's in the various components). Hence two free graded

modules of the same rank need not be isomorphic by a graded isomorphism. It will

be clear that the same sort of comment applies to injective graded modules.

Projective graded modules are necessarily free. This is shown in [3]. We record

this fact in the following proposition.

PROPOSITION 1.   Projective graded k[x]-modules are free.

It can be shown by a common argument (which depends on Zorn's Lemma) that

the injective objects are exactly those that are z-divisible. We represent by Pm a

copy of the injective fc[x_1], where we mean x ■ 1 = 0 and 1 is assigned degree m.

We write P if m is of no consequence. Q will denote the injective k[x,x~1]. The

next two propositions show that P and Q tell the whole story.

PROPOSITION 2. A torsion injective graded k[x]-module is a direct sum of

fc[z_1] 's. The number of copies of Pm is dimfc{t; G Vm: xv = 0}.

PROOF. If {y\,i}xLi 1S a basis for VJ — {v e V¿: xv = 0}, define y"{ inductively

for n > 0 as any solution of y™"1 = xy™ i. Then {y£ i}\,i,p<n is linearly independent

(induction on n) and spans {v G V: xnv == 0}. So if V is torsion,

V=\J{veV:x"v = 0}=®ky^
n>l î,A,m

=     0    klx-^^Qklx-1}^.
I l

l<A<a¿
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PROPOSITION 3. A torsion-free injective graded k[x]-module is a direct sum of

copies of Q = k[x,x~l\.

PROOF. If {yx} is a basis of V0, then {x^yx} is a basis of V¿. Hence V = Q(q\

where a = dim*; Vq.

All graded modules decompose as R® I, where R is reduced (i.e., contains no

injective submodule) and / is injective. It is this decomposition that allows us in

the next section to accomplish the decomposition of (reduced) locally finite modules

into the direct sum of cyclics.

III. The decomposition of reduced modules. A graded fc[i]-module is

bounded below if there is a lower bound on the degrees of the nonzero components.

For example finitely generated modules have this property.

The simple half of the proof of Theorem 1 is split off as the following lemma.

The lemma is of interest in itself.

LEMMA l.   IfV is torsion-free and bounded below, then V is free.

PROOF. For i > 0, let Vi = xVi-i ® Wi. Denote by B¿ a fc-basis of W¿ and let

Bq be a fc-basis of Vq. Then, assuming the nonzero components are bounded below

by zero, B = (Ji^o B% 1S a basis for V.

THEOREM 1. A graded k[x]-module V that is bounded below is a direct sum of

cyclic submodules.

PROOF. If T is the torsion submodule of V, then V/T is free (Lemma 1). There-

fore the problem reduces to the torsion case. In addition let us assume Vo is the

nonzero component of least degree.

Using Zorn's Lemma, choose a maximal linearly independent set So of Vo over

k[x\.
The submodule W generated by So is pure in V. We claim that W fl Vo = Vo- If

not, and v G Vo — W, let (Vo) be the submodule generated by Vo and v G [Vq)/W

the coset to which v belongs. Suppose the order of v is n. Since W is pure in

(Vo), there exists v' G (Vo) such that xv' = 0 and v' — xn~1v G W [9, Lemma

1]. We can assume v' is homogeneous of degree n — 1 and v' = xn~1v" for some

v" G Vq. All of this means So U {v"} is linearly independent, a contradiction that

yields W n V0 = V0.

Now suppose a linearly independent subset of (J¿<n ^ has been found that gen-

erates all homogeneous elements of degree < n. \ÎU is the submodule generated

by these elements, then the least possibly nonzero component of V/U is Vn/VnnU.

Choose a subset S^ of V„/Vn fl U which is a maximal independent set, as in

the previous part of this proof, and let Sn be a subset of Vn which is a set of

coset representations for S^- The union (Jn>o ^n is clearly linearly independent

and generates V.    Q.E.D.

As we shall describe after Theorem 2, the identity of countably generated graded

fc[x]-modules is completely known once we have ascertained the nature of the re-

duced torsion-free modules which are countably generated. First we need the con-

cepts of height, local finiteness, and purity.

A graded fc[z]-module is locally finite if every homogeneous component V¿ has

finite fc-dimension. The height h(v) of an element v G V is the largest integer n for
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which the equation v = xnw has a solution w. If no such n exists, we say the height

is infinite. A submodule W of V is pure if every equation w — xnz G W which has

a solution z has a solution that lies in W.

LEMMA 2. IfV is locally finite the homogeneous elements of any given degree

can assume only a finite number of different heights.

PROOF. In the homogeneous component V¿, the set of elements of height greater

than or equal to n (for any n) is a submodule. Since V¿ is finite dimensional, the

descending chain condition implies that the set of heights is finite.

THEOREM 2.   A countably generated reduced torsion-free k[x]-module V is free.

PROOF. Write V as the union of an ascending chain Vi Ç V2 Ç • • • of pure sub-

modules, where V„ has finite rank. Vn+i/Vn is reduced and locally finite. Therefore

by Lemma 2 it is finitely generated and bounded below. Theorem 1 now implies

Vn+i/V„ is a direct sum of cyclics. So by [9, Theorem 5], whose proof carries over

to the graded case, Vn is a direct summand of Vn+i. Using induction and assuming

Vn is free, this implies V„+i is also free. Hence V itself is free.    Q.E.D.

Theorem 2 tells us that, in general, a countably generated graded fc[x]-module

is the direct sum of its reduced torsion submodule, a free module, and an injective

module. The nature of countably generated reduced torsion modules is described

by Ulm's Theorem [9] whose proof carries over to the graded case. Therefore the

study of countably generated modules is complete.

Although countably generated torsion-free modules are free (Theorem 2), it is

certainly not true that uncountably generated torsion-free modules are free. The

following example illustrates this.

EXAMPLE. For integers m, let fcm be a copy of the field fc. Define V¿ to be

rim>o km if ¿ > 0 and f[m>-i kmiîi < 0. Grade the Vl's by xf. V, —► V¿+i which is
the identity if i > 0 and the canonical injection if i < 0. To be free, it is seen easily

enough, V would have to have a countable basis as a fc-space. This is manifestly

not true.

LEMMA 3. IfV is reduced and locally finite, then V has no nonzero elements

of infinite height.

PROOF. Suppose 0 ^ v G Vi and h(v) — oo. By Lemma 2, there must exist iu¿ G

Vi-i with v = xw\ and h(w\) = oo. So we have a sequence v = xw\ =s x2wi = ■ ■ ■.

This means V contains a copy of fc[x_1] or fc[a;, z_1], depending on whether v is a

torsion element or not. This contradiction establishes the lemma.

THEOREM 3. A reduced and locally finite graded k[x]-module is a direct sum of

cyclic submodules.

PROOF. If T is the torsion submodule of V, then V/T is countably generated.

V/T is also reduced for if v = xmW, then xmw = v + t for t G T and we may

assume w,v and t are homogeneous. So m must be less than or equal to the

maximum (finite) height in the homogeneous component containing v and t. Thus

v cannot have infinite height and V/T is consequently reduced. Theorem 2 now

implies V/T is free. We may assume, therefore, V is torsion. But in this case,

Lemma 3 guarantees V contains no elements of infinite height. Prüfer's theorem

[9, Theorem 11] is that a countably generated torsion module with no elements of
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infinite height is a direct sum of cyclic submodules. (The proof of the ungraded

version in [9] carries over to the graded case.) Therefore an application of Priifer's

theorem completes the proof.

REMARK. The proof actually suffices to prove the bit stronger statement wherein

not all components of the torsion submodule need be finite dimensional, but only

those whose degree is less than a certain upper bound.

IV. Pure submodules and direct summands. Torsion submodules and di-

rect summands are always pure. Other elementary properties of purity are that it

is transitive and that the union of a chain of pure submodules is pure.

An immediate corollary of Theorem 2 is that a pure submodule of a countably

generated torsion-free module is necessarily a direct summand.

In this section it is shown how pure submodules may in fact be direct summands.

Theorem 4 will tell us it is only necessary they be bounded below. Along the way,

Proposition 4 will show that uncountably generated reduced torsion-free modules

have free summands of countable rank. (Theorem 2 proved countably generated

reduced torsion-free modules are free.)

PROPOSITION 4. An uncountably generated reduced torsion-free graded k[x\-

module has free summands whose ranks exceed any integer.

PROOF. Fix an integer m. Write Vm = xVm_i © Wm. Then we can write

Vm+1 = x2Vm_! © xWm ®W'm = x2Vm_, © Wm+1,

where Wm+1 = xWm + W'm. By induction,

Vi = 2l~m+1Vm_i © Wt    for i > m,

where the submodule W generated by the Wi's, i > m, is a direct summand that

is bounded below. By Lemma 1 (or Theorem 1) W is free. Since V is reduced m

can be chosen so that the rank of W exceeds any integer.

LEMMA 4. Suppose V is torsion-free and W is a pure submodule that is bounded

below. Then W is a direct summand.

PROOF. Let us assume the nonzero homogeneous components of W are of non-

negative degree. Note that Wo fl xV_ i = 0 because W is pure. So we may write

Vo = Wo © Uo, where Uo can be chosen to contain xV-\.

Define Ui = V¿ for i < 0 and assume Uo, ■ ■ ■, Um have been chosen so that

Vi = Wi © Ui and srí7¿_i C Ut for i = -1,... ,m. Note that Wm+i n xUm = 0

since W is pure and Wm fl Um = 0. (It is here the hypothesis of torsion-freeness is

used.) So we may write Vm+i = Wm+i © t/m+1, where Um+\ contains xUm- By

induction, therefore, Vx = W% © Ui, for all i, where U = ® Í7,; is a complement of

IV in V.

REMARK. If in the Example of a nonfree reduced torsion-free module, W is the

submodule whose iih component is the direct sum of the km 's, then W is pure and

V/W is injective. Were W a summand, V would then necessarily contain a nonzero

injective submodule. This shows that the condition of boundedness in the lemma

and later in Theorem 4 is essential.
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LEMMA 5. IfV is torsion, bounded below, and W is a pure submodule, then W

is a direct summand.

PROOF. If Vo is the nonzero component of least degree in V, then it suffices

to suppose IVo is the nonzero component of least degree in W. (This small point

is justified in the proof of Theorem 4.) The proof is now just a variation of the

proof of Theorem 1. The two minor changes are to choose (1) So = Ro U To,

where Rq generates Wo, and (2) partition Sn into Rn UT„, where Rn generates the

complement in Wn of U.

THEOREM 4. IfW is bounded below and is a pure submodule of a graded k\x\-

module V, then W is a summand ofV.

PROOF. Assume without loss of generality that W0 is the nonzero component

of W of least degree. Let U be the submodule of V generated by the homogeneous

components V%, i < 0. Because W is pure and U fl W = 0, the canonical function

embeds W as a pure submodule of V/U.

If Wt and T are the torsion submodules of W and V/U respectively, then by

Lemma 1 torsion-free complements Wp and F can be chosen so that W = Wt®Wf,

V/U = T ® F, WT Q T and WF C F. That WT is a summand of T follows from

Lemma 5. That Wp is a summand of F follows from Lemma 4. Thus W embeds

as a summand of V/U, consequently W is also a summand of V.

REMARK. Theorems 1 and 4 can be unified in the following way. In doing so

we make use of the convention that a submodule may be improper, in other words,

be the whole module.

THEOREM 5. If a pure submodule of a graded k[x\-module is bounded below,

then it is a direct summand and is itself a direct sum of cyclic submodules.

V. Stacked Bases Theorem. In 1969 Cohen and Gluck proved the so-called

Stacked Bases Theorem for modules over a PID [1, 2]. This theorem asserts that

the quotient of two free modules is a direct sum of cyclic modules if and only if

there is a basis of the contained module whose elements are multiples of elements

in a subset of some basis of the containing module.

In proving the graded version of this theorem there are, in addition to Cohen and

Gluck's proof of the ungraded version, only two minor points that might be made.

(1) When selecting a basis of the containing graded module, choose a homogeneous

one. (2) The graded finite dimensional theorem is true. (The proof, cited by Cohen

and Gluck in [10], goes through verbatim.)
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