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IS THE SLIT OF A RATIONAL SLIT MAPPING

IN S STRAIGHT?

URISREBRO

Abstract. The question in the title is answered by showing that if / is a rational

function in C and maps some disk injectively onto the complement of a set E of

empty interior, then degree(/) = 2, and £ is either a circular arc or a line segment in

C = C U {oo}.

Here S denotes the class of all univalent analytic functions/(z) = z + a2z2 + ••■

in the unit disc A={zeC:|z|<l}.A function / in S is called a slit mapping if

T = C - /(A) is a Jordan arc in C = C U {oo}.

The question in the title arose in the work of Duren, Leung and Schiffer [2]. It had

been conjectured earlier by D. Wilken that the answer to the question is positive. A

positive answer for the case/(z) = z/P(z), where P is a polynomial, follows from

The following theorem shows that the answer is always positive, as conjectured,

and that every rational slit mapping in S is necessarily of the form

'«>-fef-(i)1
for some distinct points a, b in 3A and some constant A for which f'(0) = 1, or

equivalently, / = <p ° k ° \p, where k(z) = z/(l — z)2 is the Koebe function and tp

and ^ are Möbius transformations.

Theorem. Let f be a rational function in C of degree n. Iff0 = /|A is injective and

E = C — /(A) has empty interior, then

(i) n = 2,

(ii) E is either a circular arc or a line segment in C,

(iii) f(z) = <p(((z — a)/(z — b))2) for some distinct points a, b e 3A and some

Möbius transformation <p with <p(0) = f(a) andtp(oo) = f(b).

Proof. Since / is continuous on A and a homeomorphism on A and since

int E = 0, it follows that/(3A) = 3/(A) = E. Now,/is meromorphic on 3A; hence

it has finitely many branch points on 3A, and therefore E = /(3A) is a finite union

of analytic arcs.

Let $(z) = 1/z. Then g = f ° \p o f~l [s antimeromorphic in D = /(A) and has a
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continuous extension on D = C, denoted again by g, with g(w) = w for all w e 37)

= E. Since Tí is a finite union of analytic arcs, and since g(z) is continuous on C

and meromorphic in C - E, it follows (cf. [3, p. 183]) that g(z) is meromorphic in C

and g is antimeromorphic in C. Therefore, h = g ° g is meromorphic in C, and

h(w) = w for all w e E. Hence, h(w) = w for all w e C, and thus g is an involution.

Therefore g and, consequently, /, =/|C - A are injective. But /0 is injective too.

Hence, n < 2, and since/is not a Möbius transformation, (i) follows.

It is well known that a rational function / of degree two has exactly two distinct

branch points a and b, each of order one, with/(a) # f(b). This follows from the

Riemann-Hurwitz formula or can be verified by counting the number of multiple

poles of/(z) = (az2 + bz + c)/(Az2 + Bz + C) and the number of zeros of f'(z)

and by noting that f(a) = f(b) is ruled out since degree(/) = 2. Now for <p as in

(iii), F = (¡p^1 o fis rational of degree two with a double zero at a and a double pole

at b. Hence, F(z) = A((z — a)/(z — b))2 for some A =f= 0. Clearly, a, b e 3A since

/0 and/, are injective. Thus (iii) and then (ii) follow.

Remark. When this paper was in print the author found out that an affirmative

answer to the question in the title was given already by L. Fuchs in 1874 (J. Reine

Angew. Math. 77, 339-352), that another proof was given by R. Stolzenberg in 1928

(Jber. Deutsch. Math.-Verein. 37, 64-68) and that it was rediscovered (with still

another proof) by L. Bieberbach in 1940 (Viert. Natursfor. Ges. Zürich 85,143-148).

The proof here is different from the previous ones.

Fuchs asserted in his paper that the result holds for algebraic functions. There is,

however, an error in his arguments and the question in the title with the word

"rational" replaced by the word "algebraic" remains open.
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