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SHORTER NOTES

The purpose of this department is to publish very short papers of unusu-

ally polished character, for which there is no other outlet.

A UNIQUENESS THEOREM FOR MONIC BLASCHKE PRODUCTS

ALAN L. HORWITZ AND LEE A. RUBEL1

Abstract. If two monic Blaschke products of order n agree at n points of the open

unit disc D, then they must be identical.

Theorem. Let

Z-bj

7=1   V        ajZ 7 = 1   1   - bj

with Oj and bj G D = (|z| < 1} for j = l,...,n. Suppose that A(Xj) = B(Xj) for n

distinct points Xv... ,Xn in D. Then A = B.

Remark. The restriction that A and B be monic (i.e. that the normalizing

constants be 1) is essential, as the following simple example shows. Take |c| = 1,

c # 1 and let

"     z - a, z - ca,     "    z - a :
A{z) = c\\--=¿-    and   B(z) = z-z^- U ï-=£-,

jJi 1 — ajZ 1 - caxz -_2 1 - a}z

supposing now that a} # 0 for all j. Then A(a/) = B(üj) for j = 2,...,n and

,4(0) = B(0) but A * B. Indeed, A m kB for any constant k.

Lemma. Let A(z) and B(z) be as in the statement of the Theorem. ThenA(X) = B(X)

for some X with \X\ = 1.

Proof. For A(z) = B(z) iff

"   I z - a,    1 - fl,z \

J = 1 \z-Dj     1 - b:Z )
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and if \z\ = 1, this says

(2) n
7 = 1 *m

Now w/w = exp2/argw, so we will be done if we can prove that, for some

determination of the argument, for some z with |z| = 1, and for some integer m,

"   z -a,
(3) arg H T"T = wm-

7 = 1 z     °j

But this is easy. Let

"   z - a,

(4) F(z)=n^-r-
7=1   Z °J

Then F(z) is analytic and zero-free for \z\ > 1 — S for some positive 5. Hence there

is (see [1, p. 204]) an analytic branch of H(z) = log F(z) for |z| > 1 - 8 (which

includes the point at infinity.) Furthermore, F(co) = 1, so we may choose //(oo) = 0.

By the Gauss mean-value property of harmonic functions (after the change of

variables z -* 1/z, perhaps), we see that Im H(X) = 0 for some X on |A| = 1. But it

is easy to see that the harmonic function Im H(z) is a branch of arg F(z). Since any

two continuous branches of arg F(z) differ by a constant integer multiple of 2m, the

lemma is proved.

Remark. The assertion (3) has an appealing geometric interpretation, so it seems

likely that there is a purely geometric proof of it. Place any finite number of directed

line segments L = a-¿>- in the unit disc D, j = l,...,n. There is no restriction on

their number, their length, or their placement. Let <p = <p(6) be the (directed) angle

the union of these segments subtends from the point e'e on the unit circle. That is,

»(*)- ê[arg(eifl-ô,)-arg(e"-a,)]

7 = 1

for some continuous determination of the argument, as 6 runs from 0 to 2 -n - . Then

there must be at least one value of 0 in this range for which <p(0) is an integral

multiple of it.

Proof of Theorem. Let R(z) = A(z)/B(z). Since \R(z)\ = 1 for all |z| = 1, we

have

R(z)R(\/z) = l

first on {|z| = 1} and then for all z on the Riemann sphere, by analytic continua-

tion. Since R(Xj) = 1, we have R(l/X¡) = 1 for j = l,...,n. By the Lemma,

R(X) = 1 for some X on |A| = 1. Thus the rational function R(z), of degree 2n,

takes on the value 1 at the 2« + 1 distinct points A, \1;..., A„, 1/X1,..., 1/X„ on the

Riemann sphere. (Since each |A -| < 1, each |l/Ay| > 1.) Hence R(z) = 1, and

A(z) = B(z) as desired.

It seems natural in the context of our Theorem to guess that a value Ay with

\Xj\ = 1 is "worth half" a Xj with |Ay| < 1, but this just is not so. Choose a and b
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with 0 < a < b < 1, and let A(z) = (z - a)/(l - az), B(z) = (z - b)/(l - bz).

Then A(l) = 5(1) and A( -1) = B( -1) yet surely not A = B. This is the case n = \.

For general n, we let w- run through the «th roots of 1 and Oj run through the nth

roots of -1, and then let a¡ = aw- and bj = bwj, and define A(z) and 5(z) as earlier.

Then A(wj) = B(wj) for each j — 1,2,...,«, and A(v/) = B(vj) for each 7 =

1,2,... ,n, making 2« distinct points of coincidence of A and B on 3D. Yet A & B.

The details of the computations are easy, and are left to the reader.

The above "paradox" disappears on further considering our proof of the Theo-

rem. If all the \ are taken to lie inside D, then Lemma 1 produces an extra point X

of coincidence on the boundary. But if some Ay lies on the boundary of D, then we

might well have A = A;, so that no extra point is produced.
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