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DEFINABLE PRINCIPAL CONGRUENCES AND
R-STABLE IDENTITIES

G. E. SIMONS

ABSTRACT. We show that an algebra over an infinite field generates a variety
with definable principal congruences if and only if it is commutative. A similar
result is proved for polynomial rings. The main tool used is the notion from
the theory of Pl-rings of an R-stable identity.

1. Introduction. A variety V of (universal) algebras has definable principal
congruences (DPC) if there is a first order formula in the language of V that defines
principal congruences for all algebras in V. There have been a number of papers
that deal with this concept for specific types of algebras. In particular, there are
complete characterizations of the varieties of lattices with DPC [4] and the finite
groups that generate varieties with DPC [1]. See 7] for further background.

This paper and (7] deal specifically with varieties of rings with DPC. A variety
V of rings has DPC if there is a first order formula ¢(z,y) in the language of rings
such that for all rings R € V and all z,y € R, z € RyR & é(z,y), where RyR is
the two-sided ideal of R generated by y. The language of rings used is {+, —, -,0,1},
so that all rings have a 1.

Any variety of commutative rings has DPC, since ¢(z,y) := 3z(z = yz) defines
two-sided ideals (principal congruences) in such a variety. In [7] it was shown that
if a ring R generates a variety with DPC, then R is a polynomial identity (PI) ring.
Results from PI theory were used to prove that if R is a semiprime ring, then V (R)
has DPC if and only if R is commutative.

It is not true that a variety of rings has DPC only if it consists of commutative
rings, as the example in [7, Theorem 13] shows. The results of this paper were
motivated by attempts to modify this example in various ways. The example was
to take the ring F(X,Y)/({X,Y}3), where F is a finite field, F(X,Y) the free
(noncommutative) F-algebra on two generators and ({X,Y }3) the ideal generated
by all monomials in X and Y of degree 3. This ring is clearly noncommutative but
the variety it generates has DPC.

In this example, the number of indeterminates can be increased and the variety
generated still has DPC. If the ideal is changed to ({X,Y}™) with m > 3 then it
follows from [2, Theorem 2.4] that the variety generated does not have DPC. The
remainder of this paper deals with determining what happens when the finite field
F is replaced by infinite fields, such as Q or R, or by a ring such as Z.

2. R-stable identities. The criterion we use for determining if a variety of
rings has DPC is the following theorem.
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12 G. E. SIMONS

THEOREM 2.1 [2]|. If K 15 a class of rings, then V(K) has DPC if and only
if there are integers n and k, with n > k > 1, and polynomials r;(T,y,Zz) and
8(T,y,%2), where 1 < i < k, T = (z1,...,2%), § = ((y1,---,Yn) such that K
satisfies the identity

n k
Y wiva =Y ri(T,y,2)ysi(3, v, 2).
=1 =1
The example mentioned in §1 generates a variety V with DPC since it satisfies
an identity of the form

3 3 3
D zyz =y (E r(z:,y, zi)) + (Z s(zi,y, Zi)) y.
1=1 =1 =1
A first order statement ¢(z,y) defining principal two-sided ideals in this variety is
Azy,z2,21,22 (2 = E?=1 z;yz), so that z € RyR if and only if it can be written in
the form "7, z;y2;, forall z,y € Rand all R€ V.
To begin consideration of the questions of the previous section, we first examine
some special properties of polynomial identities of algebras over infinite fields.
For the remainder of the paper the term “algebra” is used in its ring-theoretic
sense.
DEFINITION (6, DEFINITION 2.3.8]. An identity f of a ring R is R-stable if f is
an identity of R[z].
We will be concerned with rings R such that all their identities are R-stable.
The following lemma gives two well-known classes of rings with this property (see,
for example, [6, Exercises 2.3.4 and 2.3.8, p. 148]).

LEMMA 2.2. (i) If A is an algebra over an infinite field, then every identity of
A 1s A-stable.
(ii) Every identity of R[z| is R|x]-stable.

For our purposes, the most useful property of R-stable identities is that they can
be decomposed into a sum of certain polynomials which are also identities of the
ring.

DEFINITION. A polynomial is completely homogeneous if each monomial is com-
posed of the same indeterminates with each indeterminate appearing the same num-
ber of times in each monomial. For example, z1z213737) + 222423 + 373222325
is a completely homogeneous polynomial. Any polynomial can be written uniquely
as a sum of (maximal) completely homogeneous polynomials, called the completely
homogeneous components of the polynomial.

LEMMA 2.3 [5, PROPOSITION 3.15, p. 14]. If f is an R-stable identity of
R, then every completely homogeneous component of f is an R-stable identity of
R.

These are all the facts we need about R-stable identities. Before stating the
main theorem, we have the following simple lemma:

LEMMA 2.4. Let A be a noncommutative algebra over a field F. If A satifies
an identity of the form

a1z7Y2 + a2x2y + azyrz + a4yzz + aszzy + agzycr = 0,

witha; € F,1=1,...,6, then a; = ag, az = a4 and a3z = ab.
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PROOF. Putting £ = y = z = 1 yields a; + a2 + a3 + a4 + a5 + ag = 0. Putting
z=1ory=1or z=1 yields the three identities
(a1 + a3 + aq)yz + (ag + a5 + ag)2y = 0,
(a1 +az + a3)$2 + (a4 + a5 + (16)2.’13 =0,
(a1 + ag + as)zy + (a3 + a4 + ag)yz = 0.
These identities are all of the form aziz2 — azory = 0 where a € F. If a # 0 then
we have z,19 — 2211 = 0 since A is an algebra over a field, but then A would be
commutative, which it is not. Thus 0 = a; +as+a4 = as+as+ag =a1+az+a3z =
a4+ as+ag = ay + as + a5 = a3z + a4 + ag; which imply that a; = ag, a2 = a4 and
asz = as.
THEOREM 2.5. Let A be an algebra over a field F. Suppose that all identities
of A are A-stable. Then V(A) has DPC if and only if A is commutative.
PROOF. Assume that V(A) has DPC and that A is noncommutative. By The-
orem 2.1, A satisfies an identity of the form
n k
Z LYz, = E Ty (Ta y,?)ysi (Tv y,f)
with n > k > 1 and 7(Z,y,2), s:(T,y,Z) polynomials with integer coefficients.
By iterating this identity as required, we can assume that n > 2k. Since all the

identities of A are A-stable, Lemma 2.3 shows that we can restrict this identity to
monomials of degree 3 that contain exactly one y. Thus A satisfies the identity

n k
E TiYyz = Z(Tz‘oysiz + Ti1YSi1 + Ti2ySio)
i=1

i=1

where 7;; is the sum of the monomials of r; of degree 7 with no y occurring, and
8i; is defined similarly. This identity can be written as

n
Y ziyz = ys(z,2) +1(Z, 2y

=1
2 k n n n n
+ Z Z,Bijxj + Z’)’ij;j Yy (Z OimTm + Z Timzm)
i=1 | \s=1 j=1 m=1 m=1

for some integers B;;,¥ij, Oim, Tim and polynomials r, s with integer coefficients.
Using Lemma. 2.3 to further restrict to only those monomials involving z;, y and
2;, 1 # J, we obtain the following identity of A

0 = $1yzizj + $2yz;Ti + P3Ti2;Y + Paz; Ty + YijTiy2z; + Aij 2, Yz,
where 9;; = an:l BmiTmj and A;; = an=1 YmjOmi- Then Lemma 2.4 shows that
1 = ¢4, d2 = ¢3, and P;; = ;5 for ¢ # 3.
Similarly considering only the monomials involving z;,y and z; we obtain the

identity

TYzi = QLYTizi + OhyziTi + G52y + D42 Ty + Viuiiyzi + MisziyT;.
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14 G. E. SIMONS

Again Lemma 2.4 shows that ¢} = ¢}, ¢5 = ¢5, i — 1 = Ajs.

Define k xn matrices 3 = (8:5), ¥ = (Vi5), ¢ = (045), T = (7i;) and n X n matrices
P = (’(b,’j), A= ()\,'j). Then ¢ — A = I, since Vij = Aij if 2 # 7 and Yij = Ay + L.
By definition ¢ = 87, A = ot~ so rank 9 < min{rank 8,rank7} < k and similarly
rank A < k. Then n = rank I,, = rank(y) — \) < rank +rank A < 2k, contradicting
our choice of n > 2k. Thus if V(A) has DPC then A must be commutative.

3. Applications. Our first result here is an immediate corollary of Theorem
2.5 that answers one of the questions from §1.

THEOREM 3.1. If A s an algebra over an infinite field, then V(A) has DPC
if and only if A is commutative.

PROOF. Lemma 2.2(i) and Theorem 2.5.

Thus if F is an infinite field and R = F(X,Y)/({X,Y}3), then V(R) does not
have DPC. To determine what happens if F is replaced by Z requires a bit more
work.

THEOREM 3.2. Let A be an algebra over an infinite integral domain D. If A
15 torsion free as a D module, then V (A) has DPC if and only if A is commutative.

PROOF. Assume that V(A) has DPC. Let A; be the localization of A at D\{0}
and let D; be the localization of D at D\{0}. Then D; is just the quotient field
of D, so it is infinite and A; is an algebra over D;. By [3, Theorem 2, p. 52] A;
satisfies all the identities of A, so by Theorem 2.1 V(A;) has DPC. By Theorem
3.1 A, is commutative. Since A is torsion free as a D module, the canonical map
A — A, is an injection, so A is commutative.

An immediate consequence of this result is that Z(X,Y)/({X,Y}?) does not
generate a variety with DPC. This answers another of the questions of §1. Similar
results can also be proved for polynomial rings.

THEOREM 3.3. Let A be an algebra over a field F. Then V(A[z]) has DPC «f
and only if A 1s commutative.

PROOF. Lemma 2.2(ii) and Theorem 2.5.
As before, we can weaken the requirement that A be an algebra over a field.

THEOREM 3.4. Let R be a ring and C the subring of R generated by 1. If
annc(R, R| =0, then V(R[z]) has DPC if and only if R 1is commutative.

PROOF. [R,R] is the commutator ideal of R, which is generated by {zy —
yz;z,y € R}. Since C C Z(R), annc(R, R] = {c € C;¢|[R, R] = 0}. It is straight-
forward to check that Lemma 2.4 and Theorem 2.5 hold with F replaced by C,
since the condition that annc[R, R] = 0 permits us to conclude that if ¢ € C and
¢(zy — yz) =0, then zy = yz.

ACKNOWLEDGEMENT. These results are part of the author’s Ph.D. thesis writ-
ten at the University of Waterloo under Professor John Lawrence.

REFERENCES

1. K. A. Baker, Definable normal closures in locally finite varieties of groups, Houston J.
Math. 7 (1981), 467-471.

2. S. Burris and J. Lawrence, Definable principal congruences in varieties of groups and
rings, Algebra Universalis 9 (1979), 152-164.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



DEFINABLE PRINCIPAL CONGRUENCES 15

3. N. Jacobson, Pl-algebras, Lecture Notes in Math., vol. 441, Springer-Verlag, New York,
1981.

4. R. McKenzie, Paraprimal varieties: A study of finite aziomatizability and definable prin-
cipal congruences in locally finite varieties, Algebra Universalis 8 (1978), 336-348.

5. C. Procesi, Rings with polynomial identities, Marcel Dekker, New York, 1973.

6. L. H. Rowen, Polynomzal identities in ring theory, Academic Press, New York, 1980.

7. G. E. Simons, Varieties of rings with definable principal congruences, Proc. Amer. Math.
Soc. 87 (1983), 397-402.

DEPARMENT OF MATHEMATICS AND COMPUTER SCIENCE, ROYAL MILITARY COLLEGE
OF CANADA, KINGSTON, ONTARIO, CANADA K7K 5L0

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



