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ON NONLINEAR EVOLUTION OPERATORS ASSOCIATED WITH
SOME NONLINEAR DISPERSIVE EQUATIONS

SHINNOSUKE OHARU1 AND TADAYASU TAKAHASHI

ABSTRACT. The initial-boundary value problem for a nonlinear dispersive

system with time-dependent boundary condition is discussed in the Sobolev

space H1 from the point of view of the theory of nonlinear evolution operators.

A notion of weak solution to the problem is introduced and the associated

family of solution operators is constructed in such a way that it gives rise to a

nonlinear evolution operator with time-dependent domain. Various qualitative

properties as well as regularity of the weak solutions are investigated through

those of the constructed evolution operator.

Introduction. This paper is concerned with the initial-boundary value problem

for the nonlinear dispersive equation

(1) ut + (4>(u))x - uxxt =0, 0 < t < T,    0 < x < 1,

(2) u(0,x) =uo(x), 0<x<l,

(3) u(t,0) = ho(t), u(t,l) = hi(t),        0<t<T,

where T > 0, hi, i = 0,1, are given functions of class C^fO, T]; <\> is a nonlinear

function of class C1 (R) satisfying 0(0) = 0 and the growth condition

(4) limsup|^)|/|e|2<co;

and the initial function tin is supposed to satisfy the compatibility condition uq (0) =

ho(0), uq(1) = hi(0). Equation (1) is regarded as a mathematical model for long

waves of small amplitude. A precise exposition on the derivation of equation (1)

was given in [1] for the particular case </>(£) = £ + f2/2, and so far various problems

related to (1) have been treated in [2,3,6,9]. In particular, the work of Showalter

[10] contains a more general treatment of nonlinear dispersive systems. In the

previous paper [6] we indicated that an operator-theoretic approach was efficient

for the case in which (3) is replaced by the periodic boundary condition: u(t, 0) =

u(t, 1), 0 < t < T, and that the problem was minutely investigated in terms of

nonlinear semigroup theory. Here we put the growth condition (4) on the nonlinear

function (j) and discuss the global solvability as well as various qualitative properties

of solutions of (1) under the nonperiodic boundary condition (3). It is fairly easy to

see that the problem (l)-(3) has a local (weak) solution even if condition (4) is not

assumed.  However, we do not know at this moment whether or not the problem
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admits a solution on all of the given interval [0, T] without restrictions on <j> such

as (4).

In this note we convert under condition (4) the problem (l)-(3) into the Cauchy

problem for a time-dependent evolution equation of the form

(5) u'(t) = A(t)u(t),        0 < t < T,

in the Sobolev space üx(0,1) and apply a recent result [7] on time-dependent

nonlinear evolution equations to obtain a nonlinear evolution operator it in üx(0,1)

which provides C^solutions of (5).

For each t G [0, T] we define a closed convex subset K(t) of Ü^O, 1) by

(6) K(t) = {vG Hx(0,1): v(0) = h0(t),v(l) = hi(t)}.

We shall show (in Theorem 3.1) that the evolution operator it is obtained as a family

of nonlinear operators {U(t, s): 0 < s < t < T} in Ü^O, 1) with the properties:

(El) For r,s,t£ [0, T] with r < s < t, the operator U(t, s) maps K(s) into K(t),

U(s, s) = I on K(s), and U(t, s)U(s,r) = U(t, r) on K(r).

(E2) For s G [0,T) and z G K(s), the ii1 (0, l)-valued function U(-,s)z is

continuously differentiable on [s,T] and satisfies equation (5) on (s,T). Hence

u(t) = U(t,0)uo gives a C1-solution of (5) satisfying

(7) u(0) = «o G K(0).

Following [7], the evolution operator il is said to be constrained in the family

Â — {K(t):t G [0,T]} and is understood to be defined on a noncylindrical domain

|J0<s<T({s} x K(s)) since K(s) D K(t) = 0 if h%(s) ^ ht(t). Various properties of

the solutions of (l)-(3) are obtained through those of il.

1. The evolution equation in ü1(0,1). In this section we derive an evolution

equation (5) that is equivalent in ü1(0,1) to the equation (1) with the boundary

condition (3).

We begin by introducing some necessary spaces and operators. For each nonneg-

ative integer k, Hk denotes the Sobolev space Hk(0,1) with inner product (•, -)k

and norm | • |fc. In particular, H° is the Lebesgue space I? = L2(0,1). The following

closed subspace of H1 plays an important role:

H0l = {vGH1:v(0)=v(l) =0}.

We shall use the fact that any element v in Ü1 can be identified with an absolutely

continuous function on [0,1] and satisfies supx \v(x)\ < 3\v\i.

By D we denote the differential operator djdx in L2 with domain H1. The

operator D is skew-symmetric in the sense that

(1.1) (Dv,w)o = -(v,Dw)0

holds for [v, w] G ü1 x ü¿ • In order to treat the nonlinear term on equation (1) we

employ the composition operator $ defined by [$v](a:) = <j>(v(x)) for x G [0,1] and

v G H1. The operator $ maps H1 into itself and is locally Lipschitz continuous

with respect to the L2-norm in the sense that

(1.2) |$vi - $v2|o < Mr\vi - v2\o

for Vi G Ü1 with |vj|i < r, i = 1,2 and r > 0, where

(1.3) Mr = sup{|^(0|:|í|<3r},        r > 0.
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Finally, in addition to the sets K(t), t G [0, T], we define K'(t) = {w G

H2:w(0) = h'0(t), w(l) = h[(t)} for t G [0,T]. In view of (3) the set K(0) is

understood to be the class of initial data.

We now give a notion of (weak) solution of (l)-(3). A function u(t, x) on [0, T] x

[0,1] is said to be a (weak) solution of (l)-(3) if the mapping t —> u(t) = u(t, ■),

viewed as an unvalued function on [0,T], satisfies u(0) = uo, u(t) G K(t) for

t.G[0,T],«(-)GC,1([0,r];u1) and

(1.4) (u'(t),w)i +(D$u(t),w)0 = 0     for t G (0,T) and wG#0\

where u'(t) stands for the strong derivative in H1 of u(t). Equation (1.4) is a

generalized form of Equation (1) and this observation leads us to

DEFINITION 1.1. For each t G [0,T] we define an operator A(t) by setting

w = A(t)v if v G K(t) and it; is a solution of the boundary value problem

(1.5) w"-w = (cj)(v))';        w(0) = h'o(t),    w(l) = hx(t).

Each of A(t) is well-defined as a single-valued operator from K(t) into H2 since

(1.5) has a unique solution w in H2 which is represented as

(1.6) w(x) = h'0(t)p(x) + h\(t)q(x) + í  K(x, í)<p(v(i)) di,
Jo

where x, £ G [0,1],

p(x) = (e2-* - e*)/(e2 - 1),        q(x) = (e1+x - e1~x)/(e2 - 1),

K(x, 0 = \-ex+i - sgn(:r - 0e|x_íl + e2^x+^ + sgn(x - i)e2^x-^}/2(e2 - 1).

Formula (1.6) gives an integral representation of the operator A(t).

By means of the operators defined above, the problem (l)-(3) is reduced to the

Cauchy problem (5), (7) in the following sense:

PROPOSITION 1.2. An H1 -valued function u(-) on [0,T] is a C1 -solution of

(5) iffu(0) = u0, u(-) G CUM;if1), "(0 G K(t), u'(t) G K'(t) for t G [0,T],
and (1.4) holds for t G (0, T) and w G H¿.

2. Properties of the operators A(t). We begin by defining an H1 -valued

function g(-) on [0, T] by

[g(t)}(x) = h0(t)p(x) + hi(t)q(x)     for t G [0,T] and x G [0,1].

As is easily seen, g(-) G C^&T^H1) and [g'(t)}(x) = h'0(t)p(x) + h'x(t)q(x) for

t G [0, T] and x G [0,1]. Now the operators A(t), t G [0,T], have two remarkable

properties listed below.

LEMMA 2.1. (i) \A(s)v-A(t)w\i < \<¡>v-$w\0 + \g'(s)-g'(t)\i for s,t G [0,T],
v G K(s) andw G K(t).

(ii) There are continuous functions a, ß, 7: [0, T) —> [0,00) such that

(A(t)v - g'(t),v- g(t))i < a(t)\v - g(t)\\ + ß(t)\v - g(t)\i + 7(i)

for t G [0,T] andve K(t).

PROOF, (i) Let s,te[0,T],v& K(s) and w G K(t). If r G [0, T] and z G K(r),
then A(r)z = D2A(r)z - D$z and A(r)z - g'(r) G H¿. Also, (I - D2)g'(r) = 0 for
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r G [0, T]. Hence the application of (1.1) yields

\A(s)v - A(t)w - g'(s) + g'(t)\\ = ($v - $w, D[A(s)v - A(t)w - g'(s) + g'(t)})0

< \$v - $w\o\D[A(s)v - A(t)w - g'(s) + g'(t)}\0.

From this estimate Assertion (i) follows.

(ii) In view of the growth condition (4) one finds nonnegative numbers a, b, c such

that !</>(£)! < a\£\2+b\£\+c for £ G R. Let w = A(t)v. Noting that w = D2w-D$v,

g'(t) = D2g'(t) and v - g(t) G #0\ we have

(w-g'(t),v-g(t))i = ($v,D(v-g(t)))0= f        </>(£)d£ - ($v,Dg(t))0
Jho(t)

< (a ■ max\[Dg(t)](x)\)\v - g(t)\2 + (a\Dg2(t)\0 + b\Dg(t)\0)\v - g(t)\0

rhi(t)

+ (a|g2(í)|0 + %(í)|o + c)|£>í?(í)lo /    m
Jh0(t)

di

where g2(-) denotes the unvalued function on [0,T] defined by  [<72(£)](:r)   =

[g(t)}(x)2. Hence the desired functions a,ß,7 are obtained as follows:

a(t) = a ■ max |¡Dg(t)](x)\,        ß(t) = a\Dg2(t)\0 + b\Dg(t)\0,

hi(t)(2.1)
Tf(i) = (a\g2(t)\0 + b\g(t)\0 + c)\Dg(t)\Q + [     <Kt)di Q.E.D.

REMARK 2.2. The choice of the numbers a, b, c depends upon the nonlinearity

of <j>: If 4>(Ç) = Ç2/2 + £, then a = 1/2, 6=1 and c = 0. If <pis Lipschitz continuous,
then a = 0, b = Lip(0) and c = 0. Further, if (p is bounded, then a = b = 0 and

c = sup |0(OI- We do not know whether or not Assertion (ii) is still valid without

the growth condition (4).

REMARK 2.3. Assertion (i) of Lemma 2.1 implies the following facts:

(a) Although K(s) D K(t) = 0 for s,t G [0,T] with hi(s) ¿ hi(t), the mapping

(t,v) —y A(t)v is continuous in the sense that tn —> t in [0,T], vn G K(tn), and

vn -y v G K(t) in H1 imply A(tn)vn — A(t)v in H1.

(b) For each t G [0,T], the operator A(t) is Lipschitz continuous on the intersec-

tion of K(t) and the closed ball Br(0) = {v G H1: \v\i < r} for each r > 0.

LEMMA 2.4. Given an r > 0 i/iere exz'sis a constant Xo — Xo(r) > 0 suc/i that

for t G [0,T), A G (0,A0) D (0,T - t] and v G K(t) with \v\x < r one finds an

element v\ G K(t + X) with the following properties:

(i) ^ - AA(i + X)vx =v + g(t + X)- g(t) - Xg'(t + A),

(1 - Xa(t + A))max{l, \vx - g(t + A)|,}
(»)

< max{l, \v - g(t)\x} + X(ß(t + X) + 7(í + A)).

PROOF. We begin by defining a nonnegative nondecreasing function p(-) on

[0,31 by p(0 = sup{\g'(s) - g'(t)\i:s,te [0,T], \s-t\< O for £ G [0,T], Then
limaop(f) = 0 since g'(-) G ^([O,^;^"1).   Let t G [0,T), r > 0 and let v G
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K(t) n Br(0). Choose any A, > 0 so that />(£) < 1 for £ G (0, Ai), set R = r + 2,

and define An = Ao(r) by

(2.2) A0 = min{A1,l/(i2Mñ+sup|0'(í)|1)}.

Let A G (0, Ao) and set w = v + g(t + X) -g(t) — Xg'(t + X). We show that w belongs

to the range R(I — XA(t + A)) of the operator I — XA(t + X). To this end we define a

mapping T: K(t + X)nBR(0) -► H1 by Tz = w + XA(t+X)z for z G K(t + X)nBR(0).
It is easy to see that the mapping T maps K(t + X) into itself. Next we see in a way

similar to the proof of Lemma 2.1(i) that |A(s)z|i < |$z|o + !<?'(s)|i for s G [0,T]

and z G K(s). Hence we infer from (1.2), (2.2) and the definition of R that

\Tz\i < Hi + X\A(t + X)z\i < \w\i + A|$z|n + X\g'(t + X)\i

<r + p(X) + X0[RMr + sup\g'(t)\i] <R

provided z G K(t + X) fl Br(0). Moreover Lemma 2.1(i) and (1.2) together imply

that \Tz - Yz\i < XMR\z - z\0 for z,z G K(t + X) n ßß(0). Therefore T has a
unique fixed point v\ in if(i + A) n ßn(0) and

v + g(t + X) - g(t) - Xg'(t + A) = w = vx - XA(t + X)vx,

which proves Assertion (i).

To show (ii) we recall that

(A(t + X)vx -g'(t + A), vx - g(t + X))i

< a(t + X)\vx - g(t + X)\i + ß(t + X)\vx -g(t + X)\x+ 7(i + A)

by Lemma 2.1 (ii). Using this relation we have

\vx - g(t + \)\l = (v - g(t) + XA(t + X)vx - Xg'(t + X),vx- g(t + X))i

<\v- g(t)\i\vx - g(t + X)\i + Xa(t + X)\vx - g(t + A)|?

+ Xß(t + X)\vx -g(t + X)\i + A7(i + A),

from which we obtain Assertion (ii).    Q.E.D.

REMARK 2.5. Lemma 2.4 states that the operators A(t), t G [0,T], satisfy the

"tangency condition"

(2.3) limA-1d(v,.R(i-AA(i + A))) = 0     for v € K(t).

However the domain K(t) of A(t) is not necessarily contained in R(I - XA(t + A)).

In fact, suppose z — XA(t + X)z = v and A(t + X)z = w. Then z(0) = hr,(t + A),

z(l) = hi(t + A), w(0) — h'0(t + X) and w(l) = h[(t + X), and hence we would have

the relations /i¿(í + A) - Xh'^t + X) — hi(t), i = 0,1. But this is not the case in

general.
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3. The evolution operator U. Applying Lemmas 2.1 and 2.4, we obtain

THEOREM 3.1.   There exists a nonlinear evolution operator il = {U(t,s):0 <

s <t <T} constrained in ñ = {K(s):0 < s <T} with the following properties:

(a) U(t, s)z = z + ¡I A(t)U(t, s)z dr for 0 < s < t < T and z G K(s).

(b) \U(t,s)z - g(t)\¡ < exp(/; a(r) dr)[max{l, \z - g(s)\i} + />(r) + 7(t)) dr]

forO<s<t<T andzeK(s).
(c) Let s G [0,T), r > 0, and let

R = exp r + 1 2sup|ff(0|l+   f     (ß(T)+!(T))dT
Jo

Then \U(t, s)z-U(t, s)z\k < exp(MR(t-s))\z-z\k for z,zE K(s)<lBr(0), t G [s,T]

and k = 0,1, where Mr is defined by (1.3).
(d) For ito G K(0), the Hl -valued function u(t) = U(t,0)uo on [0, T] is a unique

solution of the problem (l)-(3).

PROOF. Let s G [0,T), r0 > 0 and z G K(s) D Bro(0). Let r G R satisfy

r >exp(2r-supa(i))[ro + l + 2 sup \g(t)\x +T-sup(ß(t) + i(t))\, and define A0 by

(2.2). Let no be such that (T-s)/no < min{A0, l/2supa(i)} and set hn — (T-s)/n

and tn = s + jhn for j, n with 0 < j < n and n > no- Then Lemma 2.4 ensures

that for each n > no one finds a finite sequence (zj)^=0 in H1 such that Zq = z,

Znj G K(tj),

(3.1) zj - hnA(tf)z* = z]_x + g(t-) - g(t^i) - hng'(t-),

\^-9(tf)\i

(3.2) <fl(l-hna(t1)Y
= i

max{l, \z - g(s)\i} + £ hn(ß(t?) + lW))

for 1 < j < n. Since we have an a priori estimate (3.2) as well as |z"|i <

exp(2T ■ sup a(í))[|z|i + 1 + 2sup \g(t)\i + T ■ sup(^(i) + 7(i))] < r, one can proceed

with an induction argument to obtain the finite sequence as mentioned above. Set

e™ = h~l(g(t,f) - g(t-_x)) - g'(Vf). Then (3.1) can be written as

(3.3) z? -z^i= hn[A(q)z? + £?],        j = l,2,...,n; z% = z.

The form (3.3) is regarded as an approximating discrete scheme for (5), and each

éf is understood to be an error term at the j'th step and is estimated as

¡\\Wf(3.4) |e?|i</   \g'(Qtn3+(l-Q)tn3_x)-g'(^)\ide<p(hn),
Jo

where p is the function defined at the beginning of the proof of Lemma 2.4.

Hence lim^oo sup1<J<n |e!?|i = 0, and the convergence theorem due to Kobayasi,

Kobayashi and Oharu [7, Theorem 3.5] can be applied to conclude that there is an

unvalued, continuous function u(t; s, z) on [s, T] and that zj converges to u(t; s, z)

as n —> oo and Vf —» t G [s, T]. Since ¿^ G K(Vf) for 1 < j < n and n > 1, it is seen

that u(t; s, z) G K(t) for t G [s, T]. We now define a family il of operators U(t, z),

0 < s < t < T, by

U(t, s)z = u(t; s, z)    for s, t G [0, T] with s < t and z G K(s).
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It can be shown without difficulty (see Theorem 4.1 of [7]) that the family il forms

a nonlinear evolution operator constrained in the family ñ. In view of (3.3) and

Lemma 2.1(i) we see that u(t; s, z) = z+J A(t)u(t; s, z) dr for t G [s, T], from which

the first assertion (a) follows. Assertion (b) is obtained by using (3.2). Assertion

(c) is deduced from (a), (b), Lemma 2.1(i) and (1.2). Assertion (d) is a consequence

of (a) and Proposition 1.2.    Q.E.D.

REMARK 3.2. In the above proof one can also apply a result of Pavel [11, Theo-

rem 3.1] instead of [7, Theorem 3.5]. Let un G K(0) and set u(t,x) = [U(t,Q)uo](x)

for (t,x) G [0, T] x [0,1]. Then Assertion (a) and the integral representation (1.6)

together imply that u satisfies the integral equation

u(t,x) = u0(x) + (h0(t) - ho(0))p(x) + (hi(t) - hi(0))q(x)

+   [    [     K(X,0<t>(u(T,0)dSdT
Jo Jo

for (t,x) G [0, T] x [0,1]. From this it follows that if u0 G C2[0,1], then u satisfies

equation (1) on all of (0, T) x (0,1). Further regularity properties of u are obtained

through this integral equation (cf. [3,6]).

REMARK 3.3. As is seen from Remark 2.5 and the proof of Theorem 3.1, it is

required to employ an approximating discrete scheme (3.3) which includes "error

terms". The above evolution operator il gives an example of nonlinear evolution

operators defined on noncylindrical domains. In comparison with the evolution

operators discussed in [4,5,8,10], this suggests the usefulness of the theory of

evolution operators with time-dependent domains.

REFERENCES

1. T. Benjamin, J. Bona and J. Mahony, Model equations for long waves in nonlinear dis-

persive systems, Philos. Trans. Roy. Soc. London Ser. A 272 (1972), 47-78.

2. J. Bona and P. Bryant, A mathematical model for long waves generated by wavemakers

in nonlinear dispersive systems, Proc. Cambridge Philos. Soc. 73 (1973), 391-405.

3. J. Bona and V. Dougalis, An initial- and boundary-value problem for a model equation

for propagation of long waves, J. Math. Anal. Appl. 75 (1980), 503-522.

4. M. Crandall and A. Pazy, Nonlinear evolution equations in Banach spaces, Israel J. Math.

11 (1972), 57-94.

5. L. Evans, Nonlinear evolution equations in an arbitrary Banach space, Israel J. Math. 26

(1977), 1-42.
6. T. Iwamiya, S. Oharu and T. Takahashi, On the semigroup approach to some nonlinear

dispersive equations, Lecture Notes in Numer. Appl. Anal., vol. 1, Kinokuniya Book Store

Co., Tokyo, 1979, pp. 95-134.
7. K. Kobayasi, Y. Kobayashi and S. Oharu, Nonlinear evolution operators %n Banach spaces,

Osaka J. Math. 21 (1984), 281-310.
8. _, Nonlinear evolution operators in Banach spaces. II, Hiroshima Math. J. (to appear).

9. L. Medeiros and M. Miranda, Weak solutions for a nonlinear dispersive equation, J. Math.

Anal. Appl. 59 (1977), 432-441.
10. R. E. Showalter, Sobolev equations for nonlinear dispersive systems, Applicable Anal. 7

(1978), 297-308.
11. N. Pavel, Nonlinear evolution equations governed by f- quasi- dissipative operators, Non-

linear Anal. 5 (1981), 449-468.

DEPARTMENT OF MATHEMATICS, HIROSHIMA UNIVERSITY, HIROSHIMA, JAPAN

NATIONAL AEROSPACE LABORATORY, CHOFU, TOKYO, JAPAN


