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A METRIC FORM OF MICROTRANSITIVITY

AARNO HOHTI

Abstract. We prove that every homogeneous compact metrizable space X has a

compatible metric for which X is Lipschitz homogeneous and for which the group

L( X) of Lipschitz homeomorphisms of X acts Lipschitz microtransitively on X.

1. Introduction. This paper gives a metric analogue to what is called the "micro-

transitivity" of the action of the homeomorphism group of a compact metrizable

homogeneous space. Homogeneous topological spaces have been studied by several

authors after their definition by W. Sierpinski in [12]. A step forward was made

possible in 1965 when Effros [2] proved a theorem concerning "smoothness" of the

actions of Polish transformation groups. After its discovery in 1975 by Ungar [13] it

has been used in several papers on homogeneous spaces written after 1975. As the

work of Hagopian [3, 4], Ungar [13, 14], Jones [7], Rogers [11], Lewis [8, 9], Phelps

[10] and Ancel [1] shows, many old problems have been solved and some old proofs

have been simplified by the use of Effros's theorem in the form of microtransitivity.

For each compact metrizable space X, the group H(X) of homeomorphisms of X

onto itself (equipped with the compact-open topology) is a Polish transformation

group on X. It follows from Effros [2, Theorem 2.1], that if G is a Polish

transformation group acting transitively on a Polish space X, then for each x g X

the map Tx: G -» X, given by Tx(g) = g(x), is open. This implies that if (X, d) is a

homogeneous compact metric space, then H(X) acts microtransitively on X: For

each 8 > 0 there is an Effros number e(8) > 0 such that if x, y e X, d(x, y) < e(8),

then f(x) = y for an / G H(X) satisfying d(f(z), z) < 8 for all z e X (i.e., / is a

S-homeomorphism).

A Lipschitz homeomorphism is a surjective map /: X -* Y of a metric space

(X,d) onto a metric space (Y, a) for which there is an L > 1 with

L~ld(x,y) < a(fx,fy) < Ld(x,y)    for all x, y G X.

The least such L is denoted by bilip(/). If bilip(/) < X, then / is called a

X-Lipschitz homeomorphism. For each X > 1, Lx(X,d) denotes the set of all

X-Lipschitz homeomorphisms of (X, d) and we put L(X,d) = \J{LX(X, d): X > 1}.

We call (X, d) Lipschitz homogeneous [15] provided that for each pair x, y of

points of X there is an / G L(X, d) such that f(x) = y. It has been shown in [6]
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that for every homogeneous compact metrizable space X there is a compatible

metric d such that ( X, d) is Lipschitz homogeneous.

Let (X,d) be a metric space. We say that the group L(X,d) acts Lipschitz

microtransitively on (X, d) if for each 5 > 0 and all x g X there is an e > 0 with the

following property: If y G X and d(x, y) < e, then there is a 5-homeomorphism

/g L(X,d) such that f(x) = y and log(bilip(/)) < 8. In particular, if X is com-

pact, then L(X, d) acts Lipschitz microtransitively on (X, d) iff for each 8 > 0 there

is an e > 0 such that the S-homeomorphisms in Ll+s(X, d) are "e-transitive" on

(X,d).

Given a Lipschitz homogeneous space (X,d), define for each pair x, y of points

of X the number

Lxy = inf{bilip(/): fGL(X,d), f(x)=y).

Thus, if L(X,d) acts Lipschitz microtransitively on (X,d), then the formula

a(x, y) = d(x, y) + log(Lxv) defines a compatible "inner" metric on X. (The

converse is true for compact X; see Proposition 3.3.) However, there are nice

compact Lipschitz homogeneous spaces (X,d) for which L(X,d) does not act

Lipschitz microtransitively on (X, d). Equip the Hubert cube Q = [-1,1]^ with the

metric d given by

d(x, y) = max(2"A'|x/l. - yk\\ k g n\.

It has been shown in [5] that (Q,d) is Lipschitz homogeneous. On the other hand, it

follows from [15, Theorem 3.4] that if /: (Q, d) -* (Q, d) is any Lipschitz homeo-

morphism mapping the corner point (1,1,1,...) to the point (0,0,0,...), then

necessarily bilip(/) > vT■ Virtually the same proof shows that for any Lipschitz

homeomorphism / G L(X,d) mapping a point (0,0,0,..., 0,1,1,1,... ) to the

point (0,0,0,...), one has bilip(/) ^ -¡2. Thus, L(Q,d) does not act Lipschitz

microtransitively on (Q, d). (However, there is an L < oo such that L < L for all

x, y g Q; see [5].) In this paper we prove that every homogeneous compact metriz-

able space X has a compatible metric d under which the action of L(X,d) is

Lipschitz microtransitive.

2. The main result. Our result will follow as a corollary to a sequence of five

consecutive lemmas. In the sequel we assume that ( X, d) is a homogeneous compact

metric space. We consider H(X) with the complete metric d given by

d(f,g) = sup{d(fx,gx) + d(f-lx,g-lx): x&X).

Let / g H(X) and let e > 0. We define the modulus of uniform continuity of / with

respect to e by setting

<of(/) = sup{6 > 0: d(x,y) < 8 implies d(fx,fy), d(f-lx,f-ly) < e}.

Note that cof is defined because each element of H(X) is uniformly continuous.

Hence, we obtain a map uf: H( X) -> R, where R denotes the set of real numbers.

2.1. Lemma. For each e > 0, the e-modulus of continuity tof: H(X) —> R is lower

semicontinuous.
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Proof. Let /g H(X) and suppose that wf(/) > t. We must find a 8 > 0 such

that d(f,g) < 8 implies uc(g) > t. Choose an a > 0 for which ue(f)>t + a. Since

X is compact, there is a 5 > 0 such that d(x, y) < o>f(/) - a implies d(fx,fy),

d(f~1x,f~ly) < e - 28. Indeed, suppose that this does not hold. Then for each

n G N we can find xn, yn & X such that d(x„, y„) < we(/) - a but either

d(fxn, fyn) > e — \/n or d(f~1xn, f~lyn) > e — \/n. By passing to a subsequence if

necessary, we can assume that d(fxn, fyn) > e — \/n for all n.

Since A" is compact, (x„) has a subsequence (*„ ) converging to a point x.

Similarly, (yn ) has a subsequence (yn ) converging to a point y. We have

d(x, y) < wf(/) - a < wP(/), but d(fx,fy) > e, which contradicts the definition of

To finish the proof, note that d(x, y) < we(/) - a implies

d{gx,gy) < d(fx,gx) + d(fx,fy) + d(fy,gy) < e

whenever d(f,g) < 8, and similarly for d(g~lx, g'ly). Thus, d(f,g) < 8 implies

Let 5 > 0. A subset F of H( X) is called 8-transitive if ¿(jc, _y) < 8 implies that

there is an / G F mapping x to y. Now let e > 0 and suppose that F is ô-transitive.

We put Xs = {(x, y) g X x X: d(x, y) < 8} and define a map a/": ^fs -» Ä by

tf(x,y)-sap{at(f):feF,f(x)-y}.

2.2. Lemma. Le/ 8 > 0 anJ /ei F /?e a« o/7en 8-transitive subset of H( X). Then for

each e > 0 the map cpf is lower semicontinuous.

Proof. The claim follows from the lower semicontinuity of wf and Effros's

theorem. To be precise, let (x, y) g Xs and let <pf(x, y)> t. We must find a

neighbourhood Uof (x, y) in Xs such that cpf(z, tv) > ? for all (z, w) g £/. It follows

from the definition of qpf that there is an / g F with wf(/) > / and f(x) = y. By

2.1 wf is lower semicontinous, and hence we can find a neighbourhood V of / in F

such that g g K implies we(g) > i. Since F is open, we can choose a neighbourhood

W of id in H(X) satisfying the condition gfh'1 G V for all g, h G IF. By Effros's

theorem U = (TJ1F] X Ty[W]) n *8 is a neighbourhood of (x, y) in Xs. Now for

all (z, w) G í/ there exist g, h G IF with g(;t) = z and /<(y) = w. Then (hfg~l){z)

= w and (A>e(hfg~l) > t. Consequently, cpE(z,H') > / for all (z,w) g U.    D

2.3. Lemma. For eac/i 5 > 0 and each 8-transitive neighbourhood U of id in H(X),

there is a compact 8-transitive subset K of H(X) such that id G K C U.

Proof. We can assume that U is open. Since Xs is compact and <p2 i is lower

semicontinous by 2.2, we have

rl-tbd{i%-,(x,y):(x,y)eXt) > 0.

Let U1 = {/g f/: co2i(/) >/"!}. Since w2-i is lower semicontinuous, Í/, is open,

and certainly id g £/,   because wa(g) < wa(id) for all a > 0 and g g //(A). It

immediately follows from the definition of Ul that Ul is ¿S-transitive.

We proceed inductively and assume that U„ is defined. Let

rm+l-±mt{&.Ax,y)'>(x,y)eX,}>Q,
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andputt/„ + 1 = {/g U„: u2„-¡(f) > rn+l}. In this way we obtain a sequence (£/„)

of open ô-transitive neighbourhoods of id in H(X).

Given (x, y) g A"s, there is, for each « g A7, an fn g U„ with f(x) = y. By

construction the sequence (/„) is equicontinuous. (Indeed, let e > 0. Choose an

m g N for which 2~m < e. Then d(z,w) < rm implies d(fkz,fkw)<e for all

k > m. For each i e {l,...,m — 1) choose an a, > 0 such that d(z,w) < a,

implies d(f¡z,fw)<e. Let a = min{/-m,a,,.. .,a„,_i}. Then a witnesses the

equicontinuity of (/„) with respect to e.) By Ascoli's theorem the sequence (/„) is

relatively compact as a subset of H(X), and thus there exist a subsequence (/„ >

and an / g H( X) such that /„ -» /. Clearly f(x) = y. Therefore, if we let K consist

of all limits of sequences (/„), where /g Vn, then AT is a 5-transitive closed subset

of H(X). Since ua(g) < coa(id) for all a > 0 and g g nix), we have id g f]{V„:

n G N} c K. Finally, K is equicontinuous. In fact, let s > 0, let / g K and let (/„)

be a sequence such that fn G Vn and /„ —>/. Choose an m G A7 with 2"' < e/3.

There is an n > w such that d(f„, f) < e/3. But ii(x, ^) < rm implies

d(fx,fy) < ¿(A,/.*) + d(f„x,fny) + d(fny,fy) < e,

and thus rm witnesses the equicontinuity of K with respect to e.

For each finite sequence /,,..., in of elements of N, let

«(/,,. ..,,J = (l + 2-'.)-1---(l + 2-'.)"1.

We assume that the metric c/ on X is bounded above by 1. For each n > 0, let />„

be a positive integer such that (1 + 2~")p" < \/n. The proof of the following lemma

is due to the referee and shortens the original proof given by the author.

2.4. Lemma. There is a sequence (Kn) of compact symmetric subsets of H(X) such

that each Ki contains the identity map and

(1) AT, is 8¡-transitive for some positive 8t,

(2) for each e > 0, the union of all Ki ■■■ K¡ such that a(i1, ...,/„) > e is

equicontinuous.

Proof. For each r > 0, let G(r) = {feH(X): d(f,id) < r). By induction we

construct sequences (/■„) and (X„) of positive real numbers and a sequence (Kn) of

compact symmetric subsets of H(X) with the following properties.

(a)2/y„ < min{/>„_,/•„_,, \m_ltl/n}.

(b) id g K„ c G(rH), and Kn is S„-transitive for some 8„ > 0.

(c) If /, g ATj u • • • UKn for 1 ^ i < />n, g, g G(X J for 1 < i «s />„ + 1, and

h = g\°f\° ■■■ °gp„°fp„°gp„ + v then d(x,y)^X„ implies d(A(jc), Ä(j)) < 1/n
for all x, y g X.

To begin, set r, = 1 and use Lemma 2.3 to obtain KY satisfying (b). Set X, = 1.

Since d is bounded above by 1, condition (c) is satisfied.

Now let n > 1 and inductively assume that we already have defined r„ Kj and X,

for 1 < /' < n — 1. First choose r„ > 0 to satisfy (a). Next use Lemma 2.3 to choose

Kn that satisfies (b). We select X„ as follows. The equicontinuity of A-, U • • • UAT„
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allows us to choose a decreasing sequence u0, ul,..., ap¡ of positive real numbers

with the following properties:

(d) p0 = \/n.

(e) For 1 < /' < pn and for each /g A", U • • • UK„, d(x, y) < ¡il implies

d(f(x),f(y)) < f»,_i/3 whenever x, y g X.

Now set X„ = ¡i /3. It is easily seen that (c) is valid for this choice of X„. This

completes the inductive step and shows that the sequences (/•„), (Kn) and (X„) can

be constructed as desired. Notice that (a) implies r„ < \/n; hence the claim that

K„cG(l/n) follows from (b).

For each n > 0, set Ln = \J{Kii ••• K¡: a(iv...,ir) > 1/«}. We prove the

second contention of 2.4 by first establishing the weaker result that for every

h g L„, d(x, y) < X„ implies d(h(x), h(y)) < 1/« for all x, y G X

Thus, let /i g L„. Then h g AT, • • ■ A", where a(/',,...,/',.) > 1/«. Since (1 +

2"') < (1 + 2~") < (l/n)1/p" for 1 < /' < «, there are at most pn indices it for

which ij < «. Therefore h decomposes as h = g, °/, ° • • ■ ° gp° fPn° gPn + \, where

/A G A"j U • • • U A"„ for 1 < k < />„ and each gk is the composition of a set of

elements from A"„ + 1 U A"n + 2 U • • • for 1 < k </»„ + 1. For each t > « the condi-

tion (1 + 2~')p' < \/i < \/n implies that there are at most p¡ numbers (1 + 2"'')

(1 <7 < r) for which z = /'. Hence, for each i > n, each gk has at most p¡ factors

from K¡. Also A", c G (/■,■) for i > n. Since d(gk, id) < the sum of the distance from

the factors of gk to id, we have

00

d(gk,id) <    £    p,rt    for 1 < k < />„ + 1.
i' - n + 1

Condition (a) implies that

00

i - n +1

Thus 1 < /c < /?„ + 1 implies g¿ g G(Xn). Now our assertion follows from condition

(c).

To conclude the proof, let e > 0 and set L = U{ A", • • • AT, : a(/,,... ,ir) ^ e}.

We must prove that L is equicontinuous. Let jti > 0. Choose n > 1 so that

1/« < min(e, a). Then L c Ln. Let h e Ln. The assertion proved above implies

that if x, >• G X and ¿(x, >>) < X„, then d(h(x), h(y)) < \/n ^ ju. We conclude

that L is equicontinuous.

2.5. Lemma. Let (Kn) be as in 2.4. Then there is a compatible metric a of X such

that the elements of Kn are (1 + 2~")-Lipschitz homeomorphisms in (A",a) for all

n g N.

Proof. For each finite sequence /',,..., in of positive integers, we define a

pseudometric a, ... ¡ by the formula

"u-i^y) = sup{d(fx,fy): /e A",, ••• K,}.
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Since K¡   ■■■ K¡    is compact and thus equicontinuous,  a, ...,    is a continuous

pseudometric on X. On the other hand, id G K¡   • • • K¡, and, hence, in fact, a, ...,

is a metric. Let

a(x,y) = sup{iz(z,.in)ah ...in(x,y): ilt...,in, n g N }.

Obviously a is a metric of X, stronger than d. To show that a is compatible with the

topology of X, we must prove that for each e > 0 there is a 8 > 0 such that

d(x, y) < 8 implies a(x, y) < e. By 2.4 there is a 8 > 0 such that if a(iv.... z'„) ̂

e/diamiA) and /gA", • ■ Ki, then d(x, y) < 8 implies d(fx,fy)<e. Thus,

d(x,y) < 8 implies a(iv ..., in)a¡ ..., (x, y) < e for all /',, ...,/'„ G N, as desired.

Let / g A",,, let x, y g X and let a > 0. Choose /',,..., im e N such that

a(fx,fy) < a(i1,...,zm)o,.i...1Jfxjy) + a.

We have

^,...,m(A,/>') = sup{^(gA,g/7):gGA-,i ■•• A-,J

< sup{d(hx,hy): h g A"(i ••• A",mA"„}.

Thus,

a(fx,fy) < ——J1111J-^—-(«(/!,...,/„,, «)o,.      ■     (jc,^)) +a

< (1 + 2-")a(x,y) + a.

Since A",,  is symmetric (i.e, Kn = K~l; this follows from the fact that coa(g) =

coa(g_1) for all g g H(X)), we infer that each element of Kn is a (1 + 2~")-Lipschitz

homoemorphism of (X, a).   D

2.6. Theorem. For each homogeneous compact metrizable space X there is a

compatible metric a such that L(X,a) acts Lipschitz microtransitively on (X,a).

Proof. Let (A"„) be the sequence promised by 2.4. Note that the proof of 2.4

shows that we can assume K„ c Gn, where (G„) is a neighbourhood base of id in

H(X). Let a be the metric given in 2.5. For every e > 0 we can find an n such that

the elements of Kn are e-homeomorphisms of (X, a) and 2"" < e. Since X is

compact and a is compatible with the topology of X, Kn is ô-transitive for some

8 > 0. Thus, a(x, y) < 8 implies that there is an e-homemorphism / g Kn such that

f(x) = y and bilip(/) < 1 + 2" < 1 + e.    D

3. Topological microtransitivity. The reader might wonder whether the first half of

Lipschitz microtransitivity, the topological microtransitivity of the group of Lipschitz

homeomorphisms, is true for all compact Lipschitz homogeneous spaces. The answer

is positive even though Effros's theorem cannot be applied, since, in general,

L( X, d) is not Polish for a compact (Lipschitz homogeneous) metric space ( X, d).

3.1. Theorem. Let (X,d) be a Lipschitz homogeneous compact metric space. Then

for each x G X, the map Tx: L(X, d) -» X is open.
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Proof. Let U be a nonempty open subset of L(X,d). To show that TX[U\ is

open, let y g Tx[U] with f(x)=y,fs U. Choose a symmetric neighbourhood Kof

id such that (V2)f c U. Since L(X,d) is separable and metrizable, there exists a

sequence </„) of elements of L(X,d) such that L(X,d) = U{/„F: « G A7}. Since

( A", ¿/) is Lipschitz homogeneous, we have TX[L( X, d)] = X and thus

X = \j{Ty[f„V]:neN}=ö{f„[Ty[V]]:nGN}.

Now A is of the second category in itself, and hence one of the sets /„[FJF]] is of

the second category in A. Since the maps /„ are homeomorphisms, it follows that

TV[V] is of the second category in A. Now V = U{V nL„( A, d): «el.). By

Ascoli's theorem and the compactness of A each Ln( X, d) is a compact subset of

L( X, d), and hence TV[V] is a-compact. There is m such that Ty[V DLm(X, d)\ is a

(closed) second category subset of A, and thus int^FJK] ¥= 0. Choose a g g F for

which g(y) g intA.7'l,[J/]. Then W — g"1[intA-T'l,[F]] is an open neighbourhood of y

and y G W <z TV[V2] - Tx[V2f] c TJ/7], which shows that TX[U] is open. D

Given an x g A", denote by LX(X, d) the stabilizer of x in L( A, d); i.e.,

LX(A,¿)= {/G L(A,¿):/(*) = *}.

The natural map L(X,d) -+ L(X,d)/Lx(X,d) is open, and if (A, d) is compact

and Lipschitz homogeneous, then by 3.1 the map Fx: L(X, d)/Lx(X, d) -» A given

by Fx(gLx(X,d)) = g(x) is open. Therefore, we obtain the following corollary (see

[13, Theorem 3.2]).

3.2. Corollary. Let (X,d) be a Lipschitz homogeneous compact metric space and

let x G A. Then X is a quotient of L{X, d) by Lx(X, d):

L(X,d)/Lx(X,d) = X.

Now suppose that ( A, d) is a compact metric space and that for every r > 0 there

is a 5r > 0 such that Ll + r(X,d) acts 5r-transitively on ( A, d). As in the proof of

3.1, one can show that for each neighbourhood U of id in L(X,d) and for every

x G A", Tx[Lï+r(X, d) n Í/] is a neighbourhood of jc in A. This yields a proof of

the following

3.3. Proposition. Let (X,d) be a compact metric space. Then L(X,d) acts

Lipschitz microtransitively on (X,d) iff the formula a(x, y) = d(x, y)+ logLxv

defines a compatible metric of X.
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