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EXAMPLES OF TOPOLOGICAL GROUPS HOMEOMORPHIC TO l{

TADEUSZ DOBROWOLSKI

Abstract. We prove that the following spaces are homeomorphic to 12'- (1) the

group of piecewise continuous autotransformations of [-1,1] preserving Lebesgue

measure, and (2) certain subgroups obtained as group spans of linearly independent

arcs in linear spaces. These are consequences of our discussion of the problem

whether o-fd-compact locally contractible metric groups must be either finite-dimen-

sional or locally homeomorphic to l{.

1. Introduction. We are concerned with the question of whether every infinite-

dimensional, a-fd-compact (the countable union of finite-dimensional compacta),

contractible (resp. locally contractible) metrizable topological group G is homeomor-

phic (resp. locally homeomorphic) to l{. Here l{ stands for the linear subspace

consisting of all finite sequences of the Hilbert space l2. According to a result of

Mogilski [15], a a-fd-compact metric space is (locally) homeomorphic to l{ if and

only if the following three conditions are met:

(1) A- is an AR (an ANR).

(2) X satisfies the discrete approximation property.

(3) X is strongly universal for finite-dimensional compacta.

To use this result, we first note

Proposition 1. Every (locally) contractible, a-fd-compact, metrizable topological

group is an AR (an ANR).

Proposition 1 is a consequence of the observation that contractible groups are also

locally contractible [7] and a result of Haver [11] that a-fd-compact locally contract-

ible spaces are ANRs.

A space X has the discrete approximation property if each map /: © J° /" -* X of

the discrete union of «-dimensional cubes can be strongly approximated by g:

©J0/" -» X such that the collection {g(/n)}"_i is discrete; see [17]. Using a result

of K. H. Hofmann [12] concerning a local topological structure of locally compact

groups and a result of [8] we are able to prove

Proposition 2. Let G be an infinite-dimensional metrizable topological group. If G

is strongly LCX (i.e. every neighborhood U of 1 contains a neighborhood V <z U of 1

such that spheres of all dimensions in V are contractible in U), then G satisfies the

discrete approximation property.
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A space X is strongly universal for finite-dimensional compacta [15] if every map of

a finite-dimensional compactum into X which restricts to an embedding on some

subcompactum can be approximated by an embedding into X extending the

restricted embedding. By Propositions 1 and 2 the question we are concerned with

reduces to detecting the strong universal property of G. We do not provide an

answer in general. We are not even able to prove or disprove whether G is universal

for all finite-dimensional (or two-dimensional) compacta. In some instances, how-

ever, dealing with "concrete" groups it is possible to verify the strong universal

property. In §§4 and 5 we show that (1) the group of piecewise continuous bijections

that preserve Lebesgue measure on the interval [-1,1], and (2) certain additive

subgroups obtained as group spans of linearly independent arcs in metric linear

spaces are homeomorphic to l2. The proofs rely on a skeletal version of the strong

universal property adopted from the case of convex sets [6] to the case of contract-

ible groups. The natural equiconnected structure in convex sets is replaced by an

equiconnected structure in contractible groups induced by a contracting homotopy.

2. Proof of Proposition 2. The proof is an immediate consequence of the two facts

below; the proof of the second one is contained in [8].

Lemma 1. Let G be a metrizable topological group. If G is strongly LCX and

contains a neighborhood totally bounded in the right structure of G, then G is

finite-dimensional.

Lemma 2. Let G be a locally path-connected metrizable topological group. If G

contains no totally bounded neighborhoods of 1 in the right structure of G, then G

satisfies the discrete approximation property.

Proof of Lemma 1. Let d be a right-invariant metric on G. Write d*(x, y) =

d(x, y) + d(x~l, v"1), x, y e\ G. It is known that the completion G of the group G

with respect to the metric d* is a complete-metrizable topological group (see [14, p.

212]). Now assume U0 is a symmetric neighborhood of 1 in G that is totally bounded

with respect to d and consequently its closure U in G is symmetric and totally

bounded in the right structure of G. We infer from Lemma 2 of [8] that G is locally

compact. We shall show below that G is strongly LC°°. If we assume this, then by a

result of K. H. Hofmann [12] stating that strongly LC°° locally compact groups are

finite-dimensional G, and consequently G, is finite-dimensional.

Claim (cf. [9]). If X0 c X is a dense set which is strongly LCX uniformly with

respect to a metric of X, then X is also strongly LC00.

Proof. Since X0 is strongly LCX uniformly with respect to a metric of X, for

every x e\ X and each neighborhood U in X, there exists an open neighborhood

V c ¡J of x such that spheres of all dimensions in X0 n V contract in X0 n U. Let

<p: dlk —> V be a map of /c-dimensional sphere. By a result of Toruhczyk [16],

X \ X0 is locally homotopy negligible in X. In particular, there exists a homotopy

(4>,): dlk -* V such that <p0 = 4> and <px(dlk) c X0 n V. Hence <f>, can be homo-

topied to a point in X0 n U.
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Corollary 1. Let G be a metric separable topological group. If G is an ANR, then

G can be embedded as a dense subspace of a Hubert space manifold M such that M\G

is locally homotopy negligible in M.

Proof. First, note that the following converse of the assertion of Lemma 1 holds.

If an LC°° metrizable topological group G is finite-dimensional, then it contains a

neighborhood of 1 totally bounded in the right structure of G. If this was not true,

then by Lemma 2 G would satisfy the discrete approximation property. The latter

would imply the existence of e-maps of «-dimensional cubes into G for arbitrary n

and e > 0 (see [5, Proposition 6.5]). Therefore G would be infinite-dimensional.

Hence, if G is finite-dimensional, then by the proof of Lemma 1, the completion G

is a strongly LC°°, locally compact topological group. Moreover, G \ G is locally

homotopy negligible. The result of Hofmann implies that G is finite-dimensional.

Consequently, G is a Lie group. On the other hand, if G is infinite-dimensional and

d is a right invariant metric on G, then by Lemma 1 no neighborhood of 1 is totally

bounded in the metric d. Let Y be the completion of (G,d). By a result of

Toruhczyk [16], there exists an ANR Z c Y, so that Z is a Gs-set in Y and Z\ G is

locally homotopy negligible. By Lemma 1 of [8], Z satisfies the discrete approxima-

tion property. Applying Toruhczyk's characterization of /2-manifolds [17], we infer

that Z is homeomorphic to a Hubert space manifold.

Corollary 1 corresponds to a result of Curtis [4], proved in its final version of

Bowers [2], stating that nowhere totally compact separable metric spaces densely

embed into l2. It would be useful to characterize these spaces (necessary nowhere

locally compact ANRs) that are remainders of locally homotopy negligible sets in

Hilbert space (or Hilbert cube) manifolds. Observe that a complete metrizable AR X

is a remainder of a locally homotopy negligible set in a Hilbert cube (Hilbert space)

iff X is homeomorphic to an infinite-dimensional convex set ( X is homeomorphic to

l2). Let us finally note that we do not know whether there exists a space M of

Corollary 1 that carries a topological group structure.

3. Skeletoids in contractible groups. Following [6], we say that a tower of subsets

Xx c X2 c • • • in A' is strongly universal for finite-dimensional compacta if, for every

pair of finite-dimensional compacta (A, B) and every map /: A -> X such that f\B

is an embedding into some Xm and every e > 0, there exists an embedding v:

A -> X„ for some « > m such that v\B = f\B and d(f, v) < e. We refer to Uf X¡ as

a skeletoid in X. We will deal with skeletoids in spaces admitting an equiconnected

structure. Let us recall that a homotopy (ct): V -> X defined on a neighborhood

V = dom(c,) (dom(cr) = domain of the homotopy (c,)) of the diagonal in X X X is

called a local equiconnecting map if c0(xx, x2) = xx, cx(xx, x2) = x2, and c,(x, x) =

x for all (xx, x2) e V, x e X and t e [0,1]. The word "local" is dropped if V =

XXX.

In Proposition 3 we extend the method of constructing skeletoids in convex sets

[6] to spaces admitting a local equiconnecting map. Following Curtis [5], a tower

(Xj) of X is finitely expansive if for each m there exists a one-to-one map um:

Xm X [0,1] -» Xn for some « ^ m satisfying um(x,0) = x for all x e X .
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Proposition 3. Let X be a metric space and let (c,) be a local equiconnecting map

on X. Suppose that (i) (X¡) is a finitely expansive tower in X, (ii) Uf X¡ is dense in X,

and (iii) for each m the condition xx,x2 e dom(cr), (xx,x2) e\ XmX Xm implies

c,(xx,x2) g Xn for some « ^ m and all t. Then (X¡) is strongly universal for

finite-dimensional compacta.

We will employ two lemmas; the proofs will be given following that of Proposition

3.

Lemma 3. For every map f: A -» X of a finite-dimensional compactum and every

e > 0, there exists for some n a map f: A -* Xn with d(f, f) < e.

Lemma 4. Every map f: B -> Xm of a closed subset B of a finite-dimensional

compactum A extends to a map f: U -* Xn for some n > m, where U is a neighbor-

hood of B in A.

Proof of Proposition 3. Given a map /: A -* X of a finite-dimensional

compactum A and a closed subset B of A such that f\B: B -» Xm is an embedding,

by Lemma 3, / can be approximated by /,: A -* Xn for some «, > m. Lemma 4

yields an extension f2: U -* Xn , n2 ^ nx, of f\B. Pick a map X: A -* [0,1] with

X\B = 1 and X = 0 outside a suitable small neighborhood of B in A. Then, clearly

the map f(a) = cX(a)(fx(a),f2(a)), a G A, closely approximates /, and satisfies

f\B = f\B and f(A) c Xk for some k > m. Let e: A -» P be a map such that

e-1{(0,0, ...,0)} = B and e\A\B is one-to-one. Since (X¡) is finitely expansive,

there exists

u: Xk X[0,1]/' -> Xn,        n>k,

so that for all x 6¡(A), diam(u({jc} x I")) is small and u(x,(0,Q,...,0)) = x. Set

v(a) = u(f(a),e(a)),a e\ A. Clearly v is a one-to-one map into Xn approximating /

and extending f\B = f\B.

Proofs of Lemmas 3 and 4 are routine. The second one requires repeating a

Dugundji argument (cf. [3, Theorem 2.4]) and will be omitted. We include the first

one to emphasize the assumption that \JfLxX¡ is dense in X.

Proof of Lemma 3. Given ô > 0, let {xx,x2,...,xk} c Uf X¡ be a ô-net of

f(A). Since A is finite-dimensional, there exists a cover {U¡}k-X of finite order such

that L/c [ae\A: d(f(a),x¡) <o}. Let

X,(a) = dist(a,A\U¡)/ max fdistia, X\ U,)\.

Write f0(a) = x0 for some x0 e X, and /¡(a) - cX/(#)(/-_i(ö), ■«,) for i — 1,2,..., fc.

Note that for each a e\ A, there exists an i such that X¡(a) = 1; hence /(a) = x¡.

Consequently, if o is small the map f = fk is well defined and does not depend on

x0. It is easily seen that if 5 is sufficiently small then d(f, f) < e.

The following theorem will be our main tool in applications. It summarizes the

facts of Propositions 1, 2, and 3 concerning locally contractible a-fd-compact

groups.
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Theorem 1. Let G be a a-fd-compact metrizable topological group and let (G¡) be a

tower of subgroups of G so that U^ G, is dense in G. Suppose there exists a homotopy

(<j>,) contracting a neighborhood Uofltol in G such that for each m, <p,(Gm H U) c Gn

for some « > m and all t. Moreover, suppose that for each m there exists for some

« > m a path pm = p: [0,1] -* G„ such that p(0) = 1, p(l) G Gm, and {p(t)(p(s))'1:

0 < /, s < 1} n Gm= (1). Then G is locally homeomorphic to /{.

Proof. It is easy to see that c,(gx,g2) = g2 ■ (<p,(l))_1 ' <t>t(gîl ' gi) defines a

local equiconnecting map. To apply Proposition 3 it suffices to show that (G¡) is

finitely expansive. We may assume that p is an arc. Let um(g, t) = g ■ p(t),

(g,i)GGmX[0,l]. If um(gx,t) = um(g2,s), then p(t)(p(s))-1 s Gm. Hence

p(t)(p(s))'1 = 1 and consequently t = s and gx = g2. This shows that um is

one-to-one. Since pm(0) = 1, um(g,0) = g. Thus Proposition 3 ensures that UG, is a

skeletoid. The existence of (<p,) implies the local contractibility of G, so that

Proposition 1 is applicable and G is an ANR. Proposition 2 yields the discrete

approximation property (note that G is infinite-dimensional). The discrete ap-

proximation property in turn implies that every compact subset of G is a Z-set.

Finally the strong universal property follows from [6, Proposition 2.2]. By a result of

Mogilski [15], G is locally homeomorphic to l{.

Note 1. If G is abelian and q: [0,1] -* G„, « > m, is a path such that q(0) g Gm,

q(l) É Gm and (q(t) - q(s): 0 < t, s < 1) n Gm = {!}, then p(t) = q(t) - q(0)

may serve as a required path in Theorem 1.

Note 2. Assume additionally in Theorem 1 that G is a dense subgroup of a

complete-metrizable topological group G. If G is an ANR then there is an /^-mani-

fold M and an /{-manifold N such that (G, G) is homeomorphic to (M, N). This is

a consequence of a result of [8] and the fact that G is a skeletoid in G (see [1]).

4. The group of piecewise continuous measure preserving transformations of [-1,1].

Let / denote Lebesgue measure on [-1,1]. Consider the group H of all /-equivalence

classes of /-measurable bijections of [-1,1] that preserve the measure /. The group H

will be endowed with the weak topology, i.e., the subbasis of neighborhoods of

g € H is the collection consisting of (« g H: l(gAAhA)<e}, where A is a

measurable set. It is known [10] that H is a complete-metrizable separable topologi-

cal group. It is conjectured that H is homeomorphic to l2 (equivalently [8] H is an

AR). Let G denote the subgroup of H consisting of all /-equivalence classes of

piecewise continuous transformations. We always represent an element g G G by a

left continuous transformation.

Theorem 2. The group G is homeomorphic to l{. Moreover, the pairs (H,G) and

(l2, l2) are homeomorphic provided H is an AR.

First, we shall show that G is contractible. The contractibility of H was demon-

strated by Keane [13]. However, Keane's method of induced transformations is not

applicable in the case of G. We replace it by the Alexander trick. To describe it, we

find it convenient to identify an element g g H with a measure preserving transfor-

mation g of the reals which is the extension of g by the identity off [-1,1]. Given

gei/andie (0,1], let </>,(g) = tg(Clx), x g [-1,1], and let <p0(g) = 1 g H.
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Lemma 5. The function (</>,) and its restriction to G are homotopies contracting H

and G toi, respectively.

Proof. Clearly, if g g H then <p,(g) is a measure preserving transformation, and

if g g G then <p,(g) g G. First we check the continuity of (</>,) at t = 0. Let

(gn, O -* (g>°) in H X [0,1]. Since <$>,n(g„) is the identity outside [-*„, t„], for every

closed set F C [-1,1] with 0ÍF there exists «0 such that <P,n(gn) is the identity on

F for all « > «0. This yields the continuity of (<pt) at t = 0. Next, let (g„, r„) -> (g, t),

t # 0. For any metrizable subset /I of [-1,1] we have

/(<PJg)^A<í»í(g)^) < l{<pt{gn)AA^(gn)A) + l{<p,(gn)AA<pt(g)A).

Since g„ -» g, we have l(gn(t~lA) a g(r_1/l)) -+ 0. The latter implies that

/(</>,(g„MA<p,(g)^) = /(/g„(rl4)Arg(rl4)) - 0.

Since each gn is a measure preserving transformation and tn -» t, we get

/(g„(i„-l4)Ag„(rl4)) = /(g„(^ArU)) = /(/„-^a/-1^) - 0.

We conclude that

l{<pin(g„)AA<pi(g)A) = /(r„g„(rl4)Aig„(rl4)) - 0;

and continuity of (<>,) follows.

Lemma 6. 77ie group G « a-fd-compact.

Proof. Let Kt, = {g g G: is discontinuous at most at i points}. We claim that A",

is a finite-dimensional compactum. Since G = O™ K¡, the lemma will follow. First

we show the compactness of Kt. Pick a sequence {g„} c A', and let g„ be

discontinuous at a), < a;; < •■• < a'n. Passing to subsequences we may assume that

{a{} and [g„(aJ„)} converge for j = 1,2,...,»', and for each j the collection

{^«|[an 1'a«)}i>=i nas a fixed orientation. We let a°n = -1, a'„+1 and we only

consider such « that [a{~1, a{) # 0. Let lim„a¿ = a0 and lim„g„(â^) = b¿. Since,

for every n, aJn — aJ„~l = \b¿~x - b¿\, we also have a¿ - aJ0~l = \b¿~1 = b¿\. There

exists g0 g Kn such that g0([a¿_1, a¿)) is the segment joining b¿~1 and b¿ with the

orientation of {g„\[ajn~x, a{)}. Since for every closed subsete Pc (a^"1,/^) we

have l(g„F a g0F) -* 0, we infer that gn -» g0.

Let L, = {g g G: g is discontinuous at exactly /' points}. Fix g g G and let

a1 < a2 < •■• <a'be the discontinuity points of g. The sequence of orientations

of {g\[ajl,aj)} represents an element of S, the space of (i + l)-sequences of

{ + ,-}. Assign to g a sequence t>(g)= {(aJ, g(aJ))}'j=0 g (R x R)'+l. Consider

v(g) as an element of the discrete union Z= ©eS(PxP)'+1in such a way that

the sequence s e\ S oí orientations of {g|[a7_1, aj)} determines a summand in Z.

We claim that v: L, -> Z is an embedding. The continuity of v follows from the fact

we have just proved, that if g„ -> g0 g L¡c K¡, then there exists a subsequence

{gk} such that v(gk) -» v(g0). On the other hand if v(gn) -* v(g0), then every

subsequence of {g„} contains a convergent subsequence whose limit g belongs to

Kj. Since lim¡;(gM) = v(g0), we conclude that g g L, and g = g0. This shows that v
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is an embedding and that L, is finite-dimensional. Finally K¡ as a finite union of

finite-dimensional sets is finite-dimensional itself.

Proof of Theorem 2. Let G, = {g g G: g(x) = x for |jc| > 1 — 1//}. By

Lemma 5, Uf G, is dense in G. Moreover, the homotopy (<f>,) contracting G to 1

satisfies the condition <f>,(Gm) c Gm for all t. Pick g g Gm+x\Gm such that g(x) = x

for x < 1 — 1/m and write p(t) = L~1<p,(g)L, where L is the linear map with

L(l - 1/m) = -1 and L(l - l/(m + 1)) = 1. It is easily seen that all the assump-

tions of Theorem 1 are satisfied: consequently G is homeomorphic to /{. Finally, by

a result of Halmos [10], G is dense in H; so if H is an AR, then by Note 2, the pairs

(H,G) and (l2,l{) are homeomorphic.

5. Groups spanned by linearly independent arcs. By a function space on [0,1] we

mean (cf. [7]) a metric linear space (E,\\ ■ ||) of /-equivalence classes of real

/-measurable functions on [0,1] satisfying the following conditions:

(i) If l/l < |g| a.e. and g g E, then / g E and || |/| || < || |g| ||,

(ii) f(x) m 1 G E,

(iii) Given {/„} c E, |/„| < |/| a.e., « = 1,2,..., with 0</gL, we have

11/„I I -» 0 iff /„ -» 0 in measure.

Theorem 3. Let G = gr{ X[o,<]: 0 < / < 1} fee the group span of indicator functions

X[o,t] m a function space E. Then G is homeomorphic to l{. If E is complete and G is

the closure of G, then the pairs (G, G) and (l2, l{) are homeomorphic.

Lemma 7. The formula </>r(g) = X[o,t] ' g defines a homotopy contracting G to 0.

Proof. Since G consists of all finite sums £«,X/.. where («,) are integers and (/,)

subintervals of [0,1], <b,(g) G G for every g G G. The continuity of (<#>,) was shown

in [7].

We need the following fact whose proof, imitating an argument of [1, p. 282], can

be easily provided.

Lemma 8. The group span of a linearly independent finite-dimensional compactum in

an abelian topological group is a-fd-compact.

Proof of Theorem 3. Let G, = {X[o,i-i/;]£: g g G}. We have (¡>,(Gm) c Gm. If

g = X[i-i/m,i-i/(m+i)]>then we set pm(t) = (p,(g). Theorem 1 is now applicable and

G is homeomorphic to /{. To get the second assertion note that G consists of all

integer-valued functions of E. By [7], G is an AR, hence Note 2 is applicable and

(G, G) is homeomorphic to (l2, l{).

Let ££ denote the measure algebra of /-equivalence classes of /-measurable subsets

of [0,1]. Endowed with (A, B) -> A a B as an addition and d(A, B) = ¡(A a B) as a

metric, J? is an abelian metrizable topological group.

Theorem 4. Let £C0 = gr{[0, t]: 0 < t < 1} c if. Then the pairs (£?, ¿?0) and

(l2,l2) are homeomorphic.

Proof. Identify £C with the space of all indicator functions of L2[0,1]; see [1, p.

200]. Since iP0 is a closed subset of gr{X[o,í])o<í<i in ^["ML it is a-fd-compact.

The formula of Lemma 7 defines a homotopy (d>t) contracting áC0   to 0. Letting
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&i = {X[o,i-i/,]g; g e -^o) we see that $,(&„) g ¿?m for all t. Let pm be as in the

proof of Theorem 3. Now, the assertion follows from Theorem 1 and the fact [1] that

i? is homeomorphic to /2.

Below we deal with a group spanned by an arc in a sequence space. Consider the

map a: [0,1) -» l2 given by a(s) = (s, s2, s3,... ). Note that

(a) a(0,1) c l2 is linearly independent.

(b) \¿Zn¡a(ts¡)\ < |/| |E«,a(i,)| for every finite sum £«,a(s,) and all / g [0,1]

(K*i)l < IU)I means |jc,| < \y,\ for all i).
(c) |L«,a(/i,) - ¿Znj(x(t0Sj)\ ^ \t - /0||E«,a(s,)| for every sum £«,a(i,) and all

t, t0 g [0,1].

Theorem 5. The group G = gr{a(s): 0 < s < 1} c l2 is homeomorphic to l{. If G

is an AR then (G, G) is homeomorphic to (l2, /{).

Lemma 9. The formula </>,(g) = £«,a(is,), g = ¿Zn¡a(s¡) g G, defines a homotopy

contracting G to 0 (and naturally extends to a homotopy contracting G).

Proof. We have ||*,(g) - <í>,(g0)|| < ||<¡>((g - g0)|| + \\<Pt(g0) - *,0(g0)ll- The two

terms can be made as small as we wish due to (b) and (c), respectively, provided

(g, i) is close to (g0,f0).

Let {g„} be a Cauchy sequence in G. By_(b), j\<p,(g„) - <f>,(gm)|| < t\\g„ - gj|.

Consequently, each </>, extends to a map 4>,: G -» G. Using the properties of (b) and

(c), it is routine to check that (tpt) is a homotopy.

Proof of Theorem 5. Let G, = gra([0,1 - 1/i]). We have <p,(Gm) c Gm for all t.

Setting pm(t) = <p,(g), where g = a(l - l/(m + 1)), the last assumption of Theo-

rem 1 is satisfied via Note 1. Since, by Lemma 8, G is a-fd-compact, Theorem 1 and

Note 2 are applicable, yielding the assertion.

The consideration of this section suggests the problem of the topological classifi-

cation of additive subgroups of Banach spaces. In particular the following seems to

be reasonable.

Question. Assume that G is a subgroup of a Banach space. Does G g LCm imply

G g LC for 1 < m < n < oo? Does G G LC°° (resp. G G LC) imply that G is an

ANR?
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