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A SIMPLE PROOF OF THE CLASSIFICATION
OF RATIONAL ROTATION C*-ALGEBRAS

HONG-SHENG YIN

ABSTRACT.    A simple proof of the classification of rational rotation C*-

algebras is given.

In recent years the irrational and rational rotation C*-algebras have attracted

much attention. The irrational rotation C*-algebras were classified by combining

the work of Rieffel [7] and Pimsner and Voiculescu [6]. The rational rotation C*-

algebras were first classified by [4], then different proofs were given in [8, 2, 1 and

5]. It is remarkable that all of the five proofs in the rational case are quite different

from the proof in the irrational case. In this note we will show that the powerful

methods in [6 and 7] work as well in the rational case and thus give a very simple

proof (the sixth) of the classification of rational rotation C*-algebras. Our proof is

based on the following two observations.

First, the irrational rotation C*-algebras each have a unique tracial state, but

the rational rotation C* -algebras have infinitely many tracial states. This seems to

be an obstruction to using the methods of [6 and 7]. But Elliott [3] has already

shown that at the Äo-level all of these tracial states give the same map from the

ifo-group to R. Second, let A and B be two unital C7*-algebras such that all of their

tracial states give the same map from their Än.-groups to R. Then any isomorphism

<p: A —>• B would induce a commutative diagram

Ko(A) h Ko(B)

ta \ / rB

R

where ta and tb are induced from tracial states on A and B, respectively. The

classification of irrational rotation C*-algebras is obtained by comparing the images

of their Äo-groups under the induced trace maps. But that method does not work

in the rational case. What we really need is the above commutative diagram, which

contains much more information than the equality ta{Kq(A)) — tb(Kq(B)).

Now we start to classify the rotation C*-algebras Ae = C(SX) x« Z, where the

action 0 on C(SX) is given by a rotation of angle 2ir0 on the unit circle Sx, and

0 < 0 < 1. In the following theorem and its proof, we deal with all Aß's at the

same time. But the proof for the irrational case is exactly the same as the original

one given in [6 and 7].

THEOREM.   Agl is isomorphic to Ao2 iff 0i —02 or 0i = 1 - 02.

PROOF. By [7 and 6], Ko(Ag) ~ Z2 with generators [1] and [p], where p is a

projection in Ag such that if tas is the canonical trace on Ag then ta9 (p) = 0- The
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proofs given in [7 and 6] are for irrational 0, but they work as well for rational

0 t¿ 0 as is easily checked. When 0 = 0, p should be taken as the Bott projection

in Ag <S> M2, but this does not cause any difficulty in the classification since An. is

the only C*-algebra among all Ag's with TAe(Ko(Ag)) C Z. Let <p: Agt —► Ag2 be

an isomorphism. By [3], all tracial states of Ag give the same map from Ko(Ag) to

R. Hence we get a commutative diagram

Z ® Z\p!] ~ K0(Aet) % Ko(Ag2) ~ Z ® Z[p2]

ta0í \       </ t*o2

R

Since </>,([l]) = [1] and <j>, G GL(2, Z),c/>» must be of the form (¿ ±,)- The com-

mutativity of the above diagram then gives

01 = rA)l (Pi) = TAei ([pi]) = ta$2 (<P.(\Pi}))

= TAe2 {n[l} ± \p2]) = tA(>2 (n) ± TAe2 (p2) =n±02.

Since 0 < 0 < 1, we conclude that 0i — 62 or 0i — 1 — 02.

The converse of the theorem is obvious.    Q.E.D.
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