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THE FIXED POINTS OF AN ANALYTIC SELF-MAPPING

S. D. FISHER AND JOHN FRANKS

ABSTRACT. Let R be a hyperbolic Riemann surface embedded in a compact

Riemann surface of genus g and let / be an analytic function mapping R into

R, f not the identity function. Then / has as most 2g + 2 distinct fixed points

in R; equality may hold. If / has 2 or more distinct fixed points, then / is

a periodic conformai automorphism of R onto itself. This paper contains a

proof of this theorem and several related results.

This paper contains a proof of the following theorem.

THEOREM. Let R be a hyperbolic Rien, inn surface embedded in a compact Rie-

mann surface of genus g and let f be an analytic function mapping R into R, f not

the identity function. Then f has at most 2g + 2 distinct fixed points in R; equality

may hold. If f has 2 or more distinct fixed points, then f is a periodic conformai

automorphism of R onto itself.

COROLLARY. Let Q be a domain in the complex plane with at least two (finite)

boundary points and let f be an analytic function mapping fi into itself, f not the

identity function.  Then f has at most two distinct fixed points.

Some comments on this theorem and its proof will be found at the end of the

paper.

We begin with a theorem that is independent of genus.

THEOREM 1. Let R be a hyperbolic Riemann surface which is not conformally

equivalent to a disc and let f be a nonconstant analytic function mapping R into

R. If f has two or more distinct fixed points in R, then f is a periodic conformai

automorphism of R onto R.

PROOF. Let zq be a fixed point of / in R; let T be the uniformizer of R with

T(0) = zq. There is an analytic function g mapping A into A with T o g — f o T.

Hence, T(g(0)) = f(T(0)) = F(zo) = Zo so that there is an element 7 of the group

of deck transformations with 7(9(0)) = 0. Let ¡71 =703. Then ¡71 (0) — 0 and

T o g1 =To^og = Tog = foT. Hence, we may initially assume that g(0) = 0.

We define the iterates of / by

fx=f    and     fn+i=fofn,        n=l,2,....

Similarly, we define g\,g2,. ■■, the iterates of g. It follows that

T o gn = /„ o T,        n = l,2,....

The functions {gn} form a normal family.
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Let S = T~x(zq); because T is a covering map S is a discrete subset of A.

Note that S is not a singleton since R is not conformally a disc. If w G S, then

T(g(w)) — f(T(w)) = f(zo) = zq so that g maps S into itself.

If Iff'(0)| < 1, then the sequence {ff„} converges uniformly on compact subsets

of A to the function which is identically zero and hence /„ (p) —» zq as n —> oo for

each p G R. In this case / has just one fixed point. This shows that it must be

the case that |ff'(0)| = 1. Consequently, g(z) — Xoz, \o — exp(2iri6o) for a unique

9q G [0,1). We shall show that 6q ¡s rational. Suppose to the contrary that 6q is

irrational. Let w be any point in S, w ^ 0. Since g is a rotation about 0 of 27T0o

radians it follows that S n {\z\ < r} is not discrete for some r < 1. This contradicts

the fact that T is a covering map. Hence, 6q = M/N where M and N are positive

integers with no common factors. Consequently, ffjv is the identity and so /jv is

also the identity. This then implies that / is a one-to-one mapping of fl onto itself.

REMARK. It is elementary to see that an analytic function mapping A into A

has at most 1 (distinct) fixed point unless it is the identity. Thus, the exclusion of

the disc in Theorem 1 is not important.

PROOF OF THE THEOREM. There is no loss in assuming initially that / has at

least two fixed points. Applying Theorem 1, we see that / is a periodic conformai

automorphism of R onto itself, say /jv = identity.

Let u be a continuous function on the closure of R which is zero on the boundary

of R and positive and G°° on R. Set

ff/2) = (EîLiu(AW).  zeR'
1 0, zGdR.

H is a continuous function on RödR which is positive and G°° on R. Let E be the

critical set of H on R and let {en} be a sequence of positive numbers decreasing to

zero with no £n contained in H(E). Such numbers exist by Sard's theorem. Define

Rn to be that component of the set H~1(£n, oo) which contains the point zq. Then

i?i C R2 C • • •, the union of all the Rn is R, and / maps Rn onto itself for each

n since H o f — H. Further, by the inverse function theorem, dRn is the union

of a finite number of disjoint, smooth, simple closed curves. Finally, the genus of

each Rn is no more than g since the genus of a surface is the maximal number of

simple closed curves that may be deleted from the surface without disconnecting

it. We shall show that / has no more than 2 + 2g fixed points in any Rn; this will

complete the proof of the theorem.

Fix n and let S denote Rn. Let S' denote the surface obtained by identifying

the orbits {/&(«): k = 1,2,..., N} to a point and let F be the quotient map from

S onto S'. We may now apply the Riemann-Hurwitz relation [1, Theorem 1.2.7] to

F, S, and S':

2ff = 2d(g' - 1) + 2 + B

where g is the genus of S, g' the genus of S', d the degree of F, and B the total

branching number of F. In this case, we know that d = N and B = (N — 1)q where

a is the number of fixed points of /. This yields

(N - l)a = 2ff - 2A(ff' - 1) - 2 < 2ff + 2A - 2.

Consequently,

a<2 + 2ff/(A-l) < 2 + 2ff.

This completes the proof of the theorem.
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EXAMPLES. 1. The function g(z) — zez maps the surface R — C\{0} into itself

and has infinitely many fixed points.

2. For N > 2, the polynomial p(z) — zN + z — 1 maps the sphere onto itself and

the plane onto itself and has N distinct fixed points.

3. Let R be the compact Riemann surface of genus g obtained by taking the

connected sum of g tori. The mapping / obtained by rotating R by 180° is the

hyperelliptic involution of R and it has 2ff + 2 fixed points. Indeed, the proof of

the theorem shows that the number of fixed points on a compact surface can equal

2ff + 2 only when N — 2; in this case, R must be hyperelliptic and / the unique

involution of R; see [1, Proposition III.7.9].

REMARKS. 1. The problem of determining the number of fixed points of an

analytic function mapping a planar domain into itself was originally brought to our

attention by L. A. Rubel.

2. The Theorem has a more direct, but deeper proof. Once Theorem 1 is

established, we could appeal to a result of B. Maskit [3] which asserts that there is

a closed Riemann surface R* of genus g and a conformai embedding of R into R*

so that, under this embedding, every conformai self-map of R is the restriction of

a conformai self-map of R*. An application of the Riemann-Hurwitz theorem then

completes the proof, as it did ours.

3. A version of our Theorem 1 is also to be found in [2] as Theorem 4 although

the proof is considerably different.

4. The final paragraph of the proof of the Theorem can be modified to prove

the following more general result.

PROPOSITION. Let f be a diffeomorphism of a compact connected surface S,

which may have boundary and which has genus g. Suppose that fw, the Nth iterate

of f, is the identity, and fk is not the identity if 0 < k < N. If the number a of
fixed points of f is finite, then a satisfies a < 2 + 2g/(N — 1).

PROOF. By averaging a metric we may asume / is an isometry. Let S" denote

the surface obtained by identifying orbits of / to a point and let F: S —► S' be

the quotient map. Since / is an isometry, in a neighborhood of a fixed point it

is a rotation through an angle of 2-kM/N. (If it was a reflection there would be

infinitely many fixed points.) The integer M must be prime to N since otherwise

for some fc, 0 < k < N, fk is the identity on a neighborhood of the fixed point

and hence on all of S. The remainder of the proof now is the same as that of the

Theorem. We note that the Riemann-Hurwitz relation holds in this more general

context, and the proof in [1] is adequate to show this.
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