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ABSTRACT. Let X be a separable metrizable space. If K is a compact space

whose function space C(K) is weakly K-analytic, then the space CP{X, K) of

continuous maps from X to K with the pointwise topology has the Lindelöf

property. If E is a Banach space whose weak topology is K-analytic, then each

lower semicontinuous map from X to the family of nonempty closed convex

subsets of the unit ball of the dual E* with the weak'-topology admits a

continuous selection. This extends some results of Corson and Lindenstrauss.

1. Introduction. In this paper we extend some results of Corson and Lin-

denstrauss [2, 3] concerning weakly compact sets in Banach spaces to the case of

compact spaces if whose function spaces G(if ) are AT-analytic in the weak topology

(for these notions and some related basic facts we refer the reader to §2). In partic-

ular, if K is such a compact space and A is a separable metrizable space, then the

space CV(X, if) of continuous functions from X to K with the pointwise topology

has the Lindelöf property (Theorem 4.1). This allows one to obtain the following

selection theorem (Theorem 5.1): If F is a weakly ^C-analytic Banach space, then

each lower semicontinuous map from a separable metrizable space to the family of

nonempty closed convex subsets of the unit ball of the dual E* equipped with the

weak*-topology admits a continuous selection.

We also construct a compact subspace K of the E-product of the real line such

that CP(X,K) is not Lindelöf, and E = C(K) does not satisfy the assertion of the

second proposition, X being the unit interval (§6).

The proof of our results is based on a recent characterization of compact spaces

K whose function spaces are K'-analytic, due to Mercourakis [6] (cf. also Sokolov

[10] (see §3)), and on the original results of Corson and Lindentrauss.

I would like to thank R. Pol for valuable discussions on the subject of this paper.

2. Notation and terminology. Our terminology follows Engelking [4] and

Negrepontis [9]. We denote by R the real line and by tv" the space of irrationals

equipped with a standard complete metric d (cf. [4, Example 4.2.12]). Given topo-

logical spaces X and Y, CP(X, Y) is the space of all continuous functions from X

to Y with the topology of pointwise convergence; we shall write CV(X) instead

of Cp(X,R). All topological spaces considered in this paper are assumed to be

completely regular.

2.1. Eberlein compacta and Corson compacta. Given a set T, the E-product of

the real line is the subspace T,(T) of the Tychonoff product Rr consisting of points
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with all but countable many coordinates equal to 0 [4, Problem 2.7.13], and let

c0(T) = {x G Rr :   for each e > 0 the set {-/: \x(l)\ > e} is finite} C E(T).

Eberlein (Corson) compacta are compact spaces which can be embedded in some

co(r) (E(r)); the class of Eberlein compacta coincides with the class of weakly

compact subsets of Banach spaces (cf. [9]).

2.2. K-analytic spaces. A topological space X is K'-analytic if there exists an

upper semicontinuous map <p from uu to the family of compact subsets of X such

that

<p(ur) = {J{<p(c):o-e<S>} = X

(cf. [5]).

For each Eberlein compactum K, C(K) is ^-analytic in the weak topology and

each compact space K with weakly JC-analytic function space C(K) (i.e. in the

terminology of [9], a Talagrand compact space) is a Corson compactum (see [9,

Theorems 6.9, 6.10, 6.23]).

2.3. The space c0(Y, CV(X)). Let Y be a set. We say that a function / from Y to

CP(X) vanishes at infinity if for each neighborhood U of 0 in CP(X), f(q) belongs

to U for all but finitely many 7 G I\ By cq(Y,Cp(X)) we denote the space of all

functions from T to CP(X) which vanish at infinity, endowed with the topology of

pointwise convergence.

2.4. The sets in Er invariant under projections. Let F be a linear space and

let A be a subset of a set Y. A map IIa : Fr —+ ET assigns to each function /

from r to E a function IIa(/) which agrees with / on A and takes the value 0 for

7 G T\A. A subset A of Er is said to be invariant under projection if n^(A) c A

for all A C T (cf. [2]).

3. A characterization by Mercourakis of compacta with JC-analytic

function spaces. Given a topological space X we define, following Mercourakis

[6],

Ci(X) = {/: X —* R: f is bounded and for every e > 0 the set

{x G X: \f(x)\ > e} is closed and discrete in X}.

Observe that if S is a separable metrizable space and M is a compact space, then

Ci(S x M) C E(5 x M). We consider C\(X) with the pointwise topology.

3.1. Theorem (Mercourakis [6, Theorem 3.2]). For a compact space

K, C(K) is weakly K-analytic if and only if K embeds in Gi(wu x M) for some

compact space M.

3.2. Theorem (Mercourakis [6, Theorem 4.2]). Let E be a Banach
space whose weak topology is K-analytic. Then there exist a compact space M and a

linear continuous injectionT: (E*,w*) —► Ci(wuxM), w* being the weak* topology

in the dual space E*.

4. Lindelöf property for the spaces of continuous functions. The follow-

ing result is a generalization of a theorem of Corson and Lindenstrauss [2, Theorem

2.3].

4.1. THEOREM. Let X be a topological space which is the continuous image

of a separable metrizable space and let K be a compact space whose function space
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C(K) is weakly K-analytic.   Then the function space CP(X,K) has the Lindelôf

property.

PROOF. By Mercourakis' theorem (see §3), we can assume that K is a subset

of the space G1(ww x M) for some compact space M. Let p: Y —► X be a con-

tinuous map from a separable metrizable space Y onto the space X, and let Y be

a completion of the space Y. Let us consider a function / G CP(X,K) and let

S = {(o,m) G ww x M: (3x G X) f(x)(o,m) ¿ 0}. Since Gi(ww x M) is contained

in the E-product E(wtJ x M), the set S is at most countable, the space X being

separable. Let {(<r¡,m¿): 1 < i < a} be an enumeration of S for some a < ui. Let

/:o)uxM^Cp(wuxy)be defined by the formula

(1)
. [ f(p(y))(ol,m) -max^i   1 - ci(r,tT¿)),0),    if (t7,m) = (er,,m¿),

/ cT,m)(r,2/) = < , .
( 0    if (it, m) f S,

for tr,r G w", m G M, ?/ G F.

We check that

(2) fec0(uJuxM,Cp(w"xY)).

Fix (r,y) G ww x F and e > 0 and let T = {(<J,m): |/(CT,m)(r,j/)| > e} C S. If

(oz,mi) G T then |/(p(2/))(tr¿,mt)| > £, hence the set T is closed and discrete in

wu x M. Since d(r, <t¿) < ¿_1 for (ctj, ra¿) G T, the set T is contained in the compact

set ({r} U {cr¿ : d(r,cr¿) < 2-1}) x M. Therefore the set T is finite. This proves (2).

Let us consider the smallest subspace A of co(ww x M,Cp(uiu x Y)) invariant

under projections (see §2.4) containing the set of all functions / which we have

associated with functions / G CP(X, K); i.e.

A = {Uwof:feCp(X,K), WCuu x M}.

The space A satisfies the assumptions of Lemma 2.1 from Corson and Linden-

strauss [2]. To verify this, we have only to make sure that given a function / G

CP(X, K), there exists a G¿-set Z in Y and a function h G cq(uju x M, Gp(ww x Z))

such that Y C Z and h(o, m)(r, y) = f(o, m)(r, y) for every a, r G uu, m G M, and

y g Y.
Let g — f op: Y -* K. The range of 9 is contained in the compact metrizable

space Hs(K) and therefore, by Lavrentieff's theorem [4, Theorem 4.3.20], g can

be extended to a continuous function h: Z —+ Tls(K) defined on a G¿-set Z in Y

containing Y. The function h defined by formula (1) (with / replaced by h and

y G Z) has the desired properties.

Therefore, by the lemma of Corson and Lindenstrauss we infer that A is a Lin-

delôf space.

We shall complete the proof, defining a continuous map

ip: A^Cp(X,Ci(ujUJ xM))

whose range contains the space CP(X, K) as a closed subspace.   To this end let

q: X —+ Y select for each iGÀ'a point q(x) from p~1(x), and let

>p(g)(x)(a, m) = g(a, m)(a, q(x))    for g G A, x G X, o G d^, m G M.
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The map <p is continuous and, since <p(Tlw ° f) — R\v ° / by (1), the range of <p

contains the space CP(X, K). The observation that, by compactness of K, CP(X, K)

is a closed subset of Cp(X,Ci(u" x M)) completes the proof of the theorem.

4.2. REMARK. Let A be a continuous image of a complete separable metrizable

space and let M be a compact space. Using the method from the proof of Theorem

4.1 one can show that if A is a subset invariant under projections of Gi(ww x M),

then the space CP(X,A) is Lindelöf.

5. A selection theorem. In this section we shall follow the reasoning of

Corson and Lindenstrauss [3, proof of Theorem 2.2] to derive from Theorem 4.1

the following result on continuous selections, extending [3, Theorem 2.2]. (We refer

the reader to [7 or 8] for some standard terminology related to the selection theory,

in particular we say that the map <p from a set A to the family of subsets of a

Banach space E is bounded if the set <p(A) = \J{<p(a) : a G A) is bounded in E.)

5.1. THEOREM. Let X be a topological space which is a continuous image of

a separable metrizable space and let E be a Banach space whose weak topology is

K-analytic. Then each lower semicontinuous locally bounded map <p from X to the

family of all nonempty closed convex subsets of the dual space E* endowed with

the weak*-topology admits a continuous selection, i.e. there is a continuous map

f: X — (E*,w*) with f(x) G <p(x) for allxeX.

The proof of Theorem 5.1 is based on the following lemma.

5.2. LEMMA. Let X be as in Theorem 5.1 and let <p be a lower semicontinuous

map from X to the family of nonempty closed convex subsets of a compact subspace

K of the space Ci(u>u x M), where M is compact (cf. §3). Then <p has a continuous

selection.

PROOF (CF. [3, THEOREM 2.2]). Let L = {/ G Gi(ww x M): \f\ < \g\ for

some g G K} (where |/| < \g\ means that |/(rj,m)| < \g(o,m)\ for each (o,m) G

uu x M). One easily checks that L is compact (cf. [10, Lemma 3]).

Let S be the family of all finite subsets of uu x M. For every s G S, the set

Fs = {/ G CP(X,L): Us(f(x)) G Yls(ip(x)) for all x G X} is closed in the space

CP(X,L). We show that the family {Fs: s G S} has nonempty intersection. Since

by Theorem 4.1 the space CP(X, L) is Lindelöf it is enough to prove that for every

countable subset T of S the family {Fs: s G 7} has nonempty intersection. Let

T = \J{s:seT}.
We can consider TlT(L) c L as a subset of a complete metrizable locally convex

space RT. Since the map <pr — II r ° £>'■ A —> RT is lower semicontinuous and

its values are nonempty compact convex sets, by Michael's Selection Theorem [7,

Theorem 3.2] there is a continuous selection / for <çt (X is paracompact, being a

continuous image of a Lindelöf space). Evidently / G f){Fs : s G T}.

Now, it can be easily checked that each member of C\{FS : s G S} is a continuous

selection for <p.

PROOF OF THEOREM 5.1. Let T: (E*,w*) -* Ci(ww x M) be a continuous

injection given by Theorem 3.2 of Mercourakis.

Let {Ua : a < ß} be a locally finite open cover of X, such that for each a < ß

the set (J{ip(x) : x G Ua} is bounded in E* and hence its weak* closure is compact.
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Applying Lemma 5.2 to the map T o <p\ua where ^|¡y0 is the restriction of ip

to Ua, we get a continuous selection fa for T o ¡p\ua and, the restriction of T to

any bounded set in E* being a homeomorphic embedding, the map T-1 o fa is a

continuous selection for <p\ua- Now, the selection we are looking for can be defined

by the formula / = J2a<3 Pa ' T~l o fa, where {pa : a < ß} is a partition of unity

subordinated to {Ua : a < ß}.

6. An example. The example discussed in this section shows that possible

generalizations of the results obtained in this paper cannot go too far. The idea of

our construction is similar to that given by Mercourakis [6, Theorem 5.8].

6.1. EXAMPLE. There is a compact convex subspace L of the E-product E(i),

I being the unit interval (see §2.1), such that

(a) the function space CP(I,L) is not Lindelöf,

(b) there is a lower semicontinuous map <p from I to the family of nonempty

closed convex subsets of L which does not admit any continuous selection; in par-

ticular the assertion of Theorem 5.1 fails for the Banach space E = C(L).

Let S be the collection of rc-tuples (ti,t2,. ■. ,tn) G In such that \t% — i,+i| < 2~%

for i = 1,2,..., n, n = 1,2,..., and let A be the collection of all subsets A of i such

that each finite S C A is contained in {fi,ii,... ,fn} for some (ti,t2,- ■ ■ ,tn) G S.

Let xa be the characteristic function of the set A C I and let K — {\a '■ A G A) be

considered as a subspace of the Tychonoff cube {0, l}1. The definition of K being

of finite character, K is a compact space.

The space L we are looking for is the closed convex hull of K in I1.

Firstly, we check that L c E(i). If A G A, then A has at most one limit point,

so A is countable. Hence all functions \a in if are of the first Baire class, and

L consists of functions of the first Baire class as well by [1, Theorem 5E] and

therefore each / G L is in the closure of a countable subset of the convex hull of K

[1, Theorem 3F], i.e. / G E(i).

We shall now define a map ¡p satisfying (b). For each tel, let St be the collection

of n-tuples (ti,t2,-. ■ ,tn) G S such that tn = t. Let At = {A G A : t G A and all

finite subsets of A are contained in some set {11, i2,..., tn } with (t i, 12, ■ ■ ■, tn ) G St}

and let ip(t) = {xa'- A G At}; notice that ip(t) is a compact set. We shall show

that the map t —* \p(t) is lower semicontinuous.

Let U be an open set in {0,1}/, let xa G tp(t) n U for some t G i, and

let us choose finite sets S C A and T C I\A such that the basic neighbor-

hood W = {/ G {0,1}': S C /-1(i) C I\T} is contained in U. There exists

an n-tuple (ti,t2,- ■ ■ ,tn) G St (in particular tn — t) with 5 C {t\,ti,...,t„}.

Let V = (t - 2~n,t + 2~n)\T. If s G V, then (íi,ía,. ..,tn,s) G Ss, so for

B = {ti,t2,..., tn, s}\T we get Xb G ip(a) n W.

Let p(t) be the closed convex hull oiip(t). Then t —► <p(t) is lower semicontinuous

(cf. [7, Propositions 2.3 and 2.6]). Given a continuous map h: I —> L there is a

countable set T C I such that all functions h(s) for s G i vanish outside of T,

but on the other hand, if h(s) G <p(s), then h(s)(s) = 1 and therefore there is no

continuous selection for ip.

Property (a) of L follows from (b). If CV(I,L) were a Lindelöf space, then the

reasoning from the proof of Lemma 5.2 would give a continuous selection for <p.
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