
proceedings of the
american mathematical society
Volume 102, Number 3, March 1988

ON THE PARTIAL SUMS

OF CONVEX FUNCTIONS OF ORDER 1/2
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(Communicated by Paul S. Muhly)

ABSTRACT. Let ¡(z) = z + azz2 + • • • be regular and univalently convex of

order 1/2 in the unit disc U and let s„(z, ¡) denote its nth partial sum. In the

present note we determine the radius of convexity of sn (z, /), depending on n,

and generalize and sharpen a result of Ruscheweyh concerning the partial sums

of convex functions. We also prove that for every n > 1, Re(sn(-z, ¡)/z) > 1/2

in U.

1. Let S denote the class of functions
oo

f(z) = Z + J2anZU
k=2

which are regular and univalent in the unit disc U = {z\ [z[ < 1}. Denote by St

and K the usual subclasses of S consisting of functions which map U onto starlike

(with respect to the origin) and convex domains, respectively. Let St(l/2) c St be

the class of functions which are starlike of order 1/2. Similarly, let 2C(l/2) c K

be the family of functions which are convex of order 1/2. It is well known that

K c S((l/2). Let
n

sn(z,f) = z + ^2akzk

k=1

denote the nth partial sum of f(z). Kobori [2] proved that if / E K, then for

each n > 1, sn(z,f) is starlike and univalent in \z\ < 1/2. Using the theory of

convolution, Ruscheweyh [5] in 1972 obtained the following result.

THEOREM A.   Let rn denote the positive root of

<pn(r) = 1 - (n + l)rn - nrn+1    (n€N),

and let f E K. Then sn(z,f) is univalent for \z\ < rn and maps this disc onto a

close-to-convex domain. For n even, rn cannot be replaced by any larger number.

Robertson [3] in 1981 proved that if / E K(l/2), then each sn(z,f) is close-to-

convex with respect to / and hence univalent in U.

Using the fact that the class K is closed with respect to Hadamard convolution,

we can readily compute the radius of convexity of sn(z, f), f E K, depending on n.

In the present paper we determine the radius of convexity of sn(x, /), / E K(l/2),

in terms of n. As a corollary to our result, we shall show that one can weaken the

hypothesis of Ruscheweyh's theorem and still make a stronger assertion. We shall

also prove that if / E K(l/2), then Re(sn(z,f)/z) > 1/2 (z E U) for each n E N.
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2. We shall need the following defintions and results.

Let / and g be analytic in |z| < R and /(0) = g(0). In addition, suppose that

g is univalent in [z[ < R. Then we say that / is subordinate to g in |z\ < R, in

symbols, / «< g(|*| < R), if f(\z\ < R) C g(\z\ < R).

LEMMA 1.   If f is analytic in U and f(0) = /'(0) -1 = 0, then f E St(l/2) if
and only if

Re (iM^IM _£U
V     zi-z2      f(z2)J

for\zi\ <1, \z2\ <1.

>
1

LEMMA 2.   For 0 < 9 < ir,

1     \-~\ cos kd5 + S^ia

Lemma 1 is due to Ruscheweyh and Sheil-Small [6] and Lemma 2 is due to

Rogosinski and Szegö [4].

3. We now prove the following:

THEOREM 1. Let f E K(l/2) and let rn be defined as in Theorem A. Then

Sn(z,f) maps the disc [z\ < rn onto a convex domain. For even n, the number rn

cannot be replaced by any larger one.

PROOF. Since / E K(l/2), g(z) = zf'(z) E St(l/2) and, therefore, in view of

Lemma 1, it follows that for all z and ç in U,

Re
9(z) - gii)    ?

z-i

Treating ç as a constant, this leads to

Re 1 +
S2(ç,g)

>

O-^-M1-^)

and, consequently, for all n > 1, we get

■   (-     sn(ç,g)"

9(Ç)

Sn(í,9)

9(í)
zn + ••

1
>2 (z e U),

(Á _ sn(ç,g)\

V       g{ç)  J
<1    [l,p. 41].

I?" V     ff(?)

Replacing ç by z and writing g in terms of /, the above inequality provides

(1)
,  _ S'n(z,f)  _ j

<P{z),

where <p is analytic, ¡p(0) = 0 and \<p(z)\ < \z\ in U. From (1), we get

l)ip(z) + z<p'(z))Re (i + *J_Ml\ _ Re \(\ + *fW\     2n-i ((» - :
yn—l

rn-l

>
1

1 + r " (1-r2)

¡p(z)

(n - 1)(1 - r2)t + r(l - t2)

(1 rn— 10



THE PARTIAL SUMS OF CONVEX FUNCTIONS OF ORDER 1/2 543

where r = \z\, t = \<p(z)\ and use has been made of the well-known inequalities:

l^iis1-'*»2

Letting

we readily see that

l - UP
1

1 + 1*1

(n-l)(l-r2)í + r(l-í2)

Re í1 + *~m) - *™

N(ip'{t)) = the numerator of ip'(t)

= (n - 1)(1 - r2) + rn - 2ri + rnt2,

and that (d/dt)N(tp'(t)) < 0.

.-. minN(ip'(t)) = iV(V'(r)) = (n - 1) - (n + l)r2 + rn + rn + 2

= (r- l)2[rn + 2rn~1 + 4rn~2 + • • ■ + 2(n - l)r + (n - 1)] > 0.

Thus we conclude that ip'(t) > 0 for all admissible values of t and as such

nrn
Pc-il  I   <ihlï)  >     í

«•7t

_ l-(n + l)rn-nrn+1

(l + r)(l-rn)

sn(z,f) will, therefore, map the disc |.z| < rn onto a convex domain, where 0 <

rn < 1 is the unique positive root of the polynomial <pn(r), defined in Theorem A.

This proves the first assertion of our theorem. To prove the second assertion, let

n = 2m be any even positive integer, and consider the function fo(z) = — log(l — z),

which belongs to K(1/2). Then

s2m(z, fo)      l + 2z + 3z2 + --- + 2mz2m~1
1 +

and, therefore,

S'2m(z,f0) l + z + z2 + ... + z2m-l

_ 1 - (2m + l)z2m + 2mz2m+1

(l-z)(l-z2m)

l-(n + l)rn -nrn+1i     zs'^z, fo)

s'(z,fo) \z=-r (l + r)(l-r»)

= 0,    when r = rn.

The proof of Theorem 1, is, therefore, complete.

COROLLARY 1. If f E St(l/2), then sn(z,f) maps the disc \z[ < rn onto a

domain which is starlike with respect to the origin. For even n, the number rn

cannot be replaced by any larger one.

Since K C St(l/2), Corollary 1 shows that one can weaken the hypothesis of

Ruscheweyh's theorem (K may be replaced by St(l/2)) and still make a stronger

assertion (|z| < r„ is mapped onto a starlike domain).
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As Ruscheweyh [5] has shown, the number rn satisfies

(2n)"1/n <rn< n-1^-1)

and
,_ -,      log(2w)   ,  log(w) log(4en)   t     (\og(n)

Tn — -I n   o + O
n 2n2

THEOREM 2.   Let f eK(1/2). Then for each n > 1,

(z E U).
z 2

T/ie constant 1/2 cannot be replaced by any larger one.

PROOF. Since / E K(l/2), the function zf'(z) E St(l/2) and, hence,

1
(2)

Now we can write

(3)

Re/'(z) > (zEU).

Sn(z,f)
f'(z) i+E

_k-i

=/'(*)*

fc = 2

n-1

i+E
fc=i

ifc+i

where * denotes Hadamard convolution.

Putting z = re*9, 0 < r < 1, 0 < 0 < 27r, and making use of the minimum

principle for harmonic functions along with Lemma 2, we obtain

Re

(4)

i+E
n—1        i.

fc=l
fc + 1

n—1    u ,„
- rK cos k9i+E

fc=i
n-l

fc + 1
(0 < Ö < 7t)

V-v COS fc# 1

>1 + Et+T^2-
K = l

From (2), (4) and (3) we deduce that Re(sn(z,f)/z) > 1/2 in U. Since for the

function fo(z) = -log(l - z) (E K(l/2)), we have (s2(z,f)/z) = 1 + (z/2), the

sharpness of the number 1/2 is obvious.

REMARK. It is clear from the proof of Theorem 2 that its assertion holds for the

wider class of functions / which are regular in and satisfy the conditions Re f'(z) >

1/2, zEU.
It is well known that if / E K, then z/2 = si(z,f)/2 < f(z) in U. Since each

sn(z,f), f E K(l/2), is univalent in U, it is natural to ask for the largest number

Xn, 0 < An < 1, such that Xnsn(z,f) -< sn+i(z, f) in U. The following theorem,

which we state without proof, provides a lower bound for Xn.

Theorem 3. If f e K(i/2), then
(i)z/2=\si(z,f)<s2(z,f), (zEU),

and for n>2,

(ii) ((n-l)/(n + l))sn(z,f)<sn+i(z,f), (zEU).

The number 1/2 in (i) cannot be replaced by any larger one.
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