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ABSTRACT. We consider a one parameter family of flows generated by x =

f(x,X), where A 6 [0,1]. We, also, assume that there exists an isolated in-

variant set, S, which continues across the interval [0,1], and that we know

the connection matrices for x = f(x, 1) and x = f(x,0). We then give condi-

tions under which a Morse decomposition of S cannot continue across [0,1].

Furthermore, using the language of chain recurrence we define a generalized

homoclinic orbit and give conditions under which such objects exist.

Introduction. Often, when dealing with a parametrized family of differential

equations, x = f(x, A), one has an understanding of the system for various param-

eter values, say A = 0,1. The question then arises, what can one say about the

behavior of solutions for the parameter values A G (0,1)? In [7], Reineck discusses

this problem under the assumptions that one has an isolated invariant set and a

Morse decomposition, thereof, which continue across the interval [0,1]. There are,

however, many examples for which these hypotheses are too strong. The purpose

of this paper is to give conditions under which the Morse decomposition cannot

continue across the interval and then describe the behavior of solutions at these

global bifurcation points.

The archetype of such behavior is the following example. Let c: [0,1] —> R".

Assume that c(A) is a hyperbolic critical point for each value of A, then c(A) is an

isolated invariant set. Now assume that for A = 0,1, c(A) is also a Morse set for

the global isolated invariant set, but that for a unique value, A G (0,1), c(A) is the

critical point for a homoclinic orbit. In this case c(X) cannot be a Morse set of the

global isolated invariant set and hence the original Morse decomposition at A = 1

cannot be continued across [0,1].

The techniques we shall employ involve the Conley index, the connection matrix,

and transition systems. The type of assumptions we make can be roughly stated

as follows. There exists an isolated invariant set Sx of x — f(x,À) which continues

across the interval [0,1], we know the connection matrix associated with S°, S1,

and the transition system from S1 to S°, c: [0,1] —> Rn is a parametrized family of

hyperbolic critical points associated with a repeller (or an attractor), and finally the

connection matrix entry describing connections from c(l) to c(0) in the transition

system is 0. The conclusion we would like to draw is that there exists a value A at

which there exists a homoclinic orbit to c(A). This, however, is unrealistic since we
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are only making global assumptions and, hence, the behavior of the vector field can

be changed in a neighborhood of any one orbit without affecting the hypothesis.

Thus, we can only conclude that there exists a generalized homoclinic orbit, where

this orbit is defined in terms of the chain recurrent set for x = f(x, A).

In §1 we introduce the notation and basic concepts which will be used throughout

this paper. Since this is just a cursory review we expect the reader to be familiar

with the Conley index (see [1, 8, 9]), the continuation of isolated invariants sets

[8], the connection matrix [3, 4, 7] and transition systems [7].

In §2 we obtain specific results concerning the connection matrices for transition

systems in which the Morse decomposition continues across the interval. This relies

to a large extent on the results of [7].

§3 discusses chain recurrence and introduces the concept of a generalized homo-

clinic orbit. Most of the result's can be found in [1 or 2].

Finally, §4 contains the theorems concerning the noncontinuation of the Morse

decomposition and the existence of generalized homoclinic orbits for some param-

eter value. We also discuss some applications of these theorems.

1. Notation. Throughout this paper (X, d) will denote a locally compact met-

ric space with metric d. If A C X then cl(A) denotes the closure of A and d A

denotes the boundary of A. A flow on X means a continuous map p: X x R —+ X

such that <po(x) = x and <pt(<ps(x)) = ft+s(x)- If / C R and A C X then

¡Pi(A) = p(A x I). We define

u(A) = H cl(v?[t,oo)(A))    and   u>*(A) = f| cl^.^A)).
i>0 i<0

N C X will always denote a compact subset. Let M denote the set of closed

subsets of N. For F, G G M set

p(F, G) — inf{fc:|F is contained in an e-neighborhood of G}.

Define p(F,G) = max{p(F,G),p(G,F)}. Then (M,p) is a compact metric space.

The metric p is referred to as the Hausdorff metric.

S C X is called invariant if p>r(S) — S. The maximal invariant subset of N C X

is denoted by I(N) = {x G X\pR(x) C TV}. If S = I(N) C int/V then S is called
an isolated invariant set with isolating neighborhood N. A compact invariant set

A C S is called an attractor in S if there exists a neighborhood U of A in S such

that A = w(U). A compact invariant set A* C 5 is said to be a repeller in S if there

exists a neighborhood U of A* in S such that oj*(U) = A*. Given an attractor A

in S, A* = {x e S\oj(x) D A = 0} is the complementary repeller of A in S. We call

(A, A") an attractor-repeller pair.

A partially ordered set (P, >) consists of a set P and a relation, >, satisfying:

(a) i > i never holds for i G P.

(b) If i > j and j > k then i > k for all i,j, k G P.
If K and K' are invariant sets then the set of connections from K to K' is given by

C(K,K') = {x e X\w{x) C K' and w*{x) C K}.

Given an isolated invariant set S, a Morse decomposition of S is a finite collection

M (S) — {M(i)\i e (P, >)} of mutually disjoint compact invariant sets in S, indexed

by P, such that if x G 5 then x G M (i) or x G C(M(i),M(j)) where i > j. The
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individual sets M (i) are called Morse sets and are themselves isolated invariant

sets.

An interval in (P, >) is a subset, I C P, for which i,j e I and i > k > j implies

that k e I. Define

M (I) = {x\uj(x) C M(i) and w*(x) C M(j) for i,j G /}.

It is easy to check that M(I) is an isolated invariant set and, hence, the Conley

index h(M(I)) is defined. We shall be interested in H»(h(M(I));F) where F is

a field. To simplify the notation we write H(I) = i/»(/i(M(/));F) and Hk(I) -

Hk(h(M(I));F). In particular, if / = {i} a single element of P we write H(i) =

H,(h(M(i));F) and Hk(i) = Hk(h(M(i));F).
For a definition of connection matrices the reader is referred to [3, 4, or 7]. We

will, however, state some of the properties satisfied by connection matrices. To do

so, we need to introduce some more notation. Let A: ©¿ep H(i) —► 0¿eF H(i)

be a matrix. Then A = [A(i,j)], i,j G P, where A(i,j):H(j) —> H(i). Let 0

denote the zero matrix. We call A a degree —1 boundary map if A o A = 0 and

A(i,j)(Hk(j))cHk-i(i). Define

Afc = &\<$,epHk(i).

If A is a degree —1 boundary map then the image of Ak+i, denoted Im A¿+i,

is contained in the kernel of Ak, denoted by Ker Ak. Thus we can define HnA —

Ker Afc/Im Afc+i. Finally, if /is an interval in P, let A (I) = [A({,y)J where ¿,,7 G /,

Afc(J) = A(/)|e,e;„t(0,    and    HkA(I) = Ker Afc(/)/Im Ak(I).

REMARK 1.1. If A: ©j€P H(i) —> 0¿€F H (i) is a connection matrix associated

with the Morse decomposition M (S) = {M(i)\i G (P, >)} of S then A satisfies the

following four properties:

(a) If i i- j then A(j,i) =0.

(b) A is a degree —1 boundary map.

(c) For every interval I C P, HkA(I) « Hk(I).

(à) A(I) is a connection matrix for the Morse decomposition M(M(I)) = {M(i)\i

ele (P,>)} of M(l).
On occasion it will be more convenient to write the connection matrix entries in

terms of the Morse sets instead of the indices of the Morse sets, i.e. A(M(i), M(j)) =

A(i,j), etc. This should not lead to any confusion.

Another property of a connection matrix is that if (A, A*) is an attractor-repeller

pair in S, then the following is a long exact sequence.

-> Hn(h(A);F)-> Hn(h(S);F)

(L1) a    (A' A)
- Hn(h(A*); F)A« (A+A) Hn-i(h(A);F) - ■ • • .

For any collection of Morse sets {M(i)\i e P} there is a minimal partial order on

P defined by taking the transitive closure of the relations i > j if C(M(i), M(j)) ^

0. This partial order is called the flow defined partial order on P.

As was mentioned in the introduction we are interested in analyzing a parame-

trized family of differential equations

(1.2) x = f(x,X)
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where x G X and A G A = [0,1]. For technical reasons, however, we assume that

the parametrized family extends over A2g = [—20,1 + 20] where 0 < 0 << 1.

Let A$ = [—0,1 + 0]. For every A G A2o, equation (1.2) generates a flow denoted

by p>x. We can now define a flow $ on X x A2# by $t(x,A) = (px(x),X). Let

nx: X x A2g —* X and ir^-.Xx A2e —* A2$ be the canonical projective maps. Define

A(TV) — {A G A2e\N x A is an isolating neighborhood in X x A under <px}. Define

5 = {5A|A G A2$, Sx C X compact, Sx is an isolated invariant set in X x A under

p>x}. For every compact set TV c X define aN:A(N) —> 5 by aN(X) = I(N x A).

The topology on S is generated by the sets {<tn(U)\N c X compact, U C A(TV)

open}.

We say that Sx° and SXl are related by continuation if there exists a continuous

map a: [Ao, At] —► S such that íx(Ao) = Sx°, cr(Xi) = SXl and w^o a = 1a- On the

other hand, given SXl and the map a we say that Sx' continues across the interval

[Ao,Ai].

2. Transition systems. We now turn to a definition and discussion of tran-

sition systems, their connection matrices, and their relationship to the flow, $,

defined in §1. A general reference for these systems is Reineck [7] however we shall

extend his results to a slightly more general global isolated invariant set.

We begin with a continuous map a: A2<? —► 5 satisfying tta o a — 1a- Define

S = \J\e\aW- Then S is an isolated invariant set in X x A under $ (see [8,

Lemma 6.4(i)]). Choose TV c XxAe such that 7rA(TV) = Ae and/(TV) = Uaga« aW
under $ restricted to X x Ag.

Consider the transition system defined by

(r„) x = f(x, A),    Á = p„A(A - 1)

where pn > pn+i and pn —> 0 as n —► oo. This system generates a flow which we

denote by i>n. Notice that $" is defined on X x A2e- The following lemma is easily

checked.

LEMMA 2.1.  <r(0) and a (I) are isolated invariant sets under $".

Given two invariant sets K, K' and the flow $", define Cn(K,K') = {z\oj(z) C

K', oj*(z) C K and $£(*) C TV}. Clearly Cn(K,K') depends on the flow $?.
Define

Sn = cr(0) U cr(l) U Cn(a(l),cr(0)).

PROPOSITION 2.2. Forn sufficiently large, TV is an isolating neighborhood for

Sn under the flow #".

PROOF. The proof is by contradiction, thus we can assume that TV is not an

isolating neighborhood for all Sn. It follows directly from (rn) that 7rA(/(TV)) c

[0,1). Furthermore, /(TV) n (X x i) = a(i) for t = 0,1 by Lemma 2.1. Thus

/(TV) c 5n for ever flow $n. Since we are assuming /(TV) is not an isolating

neighborhood, for every n there exists (xn, Xn) G dN D Sn. Given the flow $n let

cn =c\(<&^(xn,Xn)\Jw(xn,Xn) Uw*(i„,A„)).

Let c denote the limit of a convergent subsequence of {c„} under the Hausdorff

metric. By [7, Lemma 3.6], c is compact, connected and invariant under $. But

c O dTV t¿ 0 hence S D dN ^ 0 which contradicts the definition of TV.    D
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From now on pi is chosen sufficiently small so that TV isolates Sn under 3>" for

all n.

PROPOSITION 2.3.   h(Sn)~Ö.

PROOF. By perturbing the transition system (rn) we shall show that h(S„) ~

h(0) ~ 0. Define the system

(t»(0) * = /(*, A),    A = p„(A-0(A-l).

Denote the flow generated by r„(£) by $ni. Notice that a(£) and ct(1) are isolated

invariant sets under $ni. Define

G„(ct(1),ct(0) = {z\w(z) C ff(0,w*W C ct(1), and »J*(j) C TV}.

Let Sn[<e, 1] = <r(í) U a(l) U C„(<r(l), a(0).
From Proposition 2.2 there exists TV an isolating neighborhood for 5„[0,1] which

also isolates IJaga ffW i" A x Aj. By [8, Lemma 6.2] we can assume that

iV=(JiV(AisAi+2)
i=i

where TV(A¿, A¿+2) = TV¿ x [A¿,A¿+2] for some compact set TV¿ C X, A¿ < A,+i <

Aî+2, Ai = -0, A/+2 = / + 0, A2 > 0 and A/+i < 1. Finally let A¿ < r¡i < Xi+Í.

One can now easily check that if 0 < f < A3 then |J¿=i TV(A¿, A¿+2) is an iso-

lating neighborhood for S„[f, 1]. Thus h(Sn{0,1]) ~ h(Sn[n2,1]). Similarly, for

X2 < f < A4, U¿=2 ̂ (A»i A,+2) is an isolating neighborhood for £„[£, 1]. Thus

^(5n[??2,1]) ~ h(Sn[n3,1]). Continuing in this manner after / steps we can con-

clude that h(Sn[0,1]) ~ h(Sn[l,l\), where 5n[l,l] = a(l) is an isolated invariant

set for x — f(x,X), X — pn(X — l)2. However, this perturbs to x = f(x,X), A > 0

and hence h(Sn[0,1]) ~ h(0).    D

THEOREM 2.4. Let AT" be a connection matrix associated with the Morse

decomposition of Sn given by

M(5n) = {cT(0),cT(l)|cr(l)>CT(0)}.

Then AT^(a(\),a(0)) is an isomorphism. (Recall that AT"(ct(1),ct(0)) in the entry

of AT" denoting the map from H (a (I)) to H(a(Q)).)

PROOF. From Proposition 2.3, Hk(h(Sn);F) = 0 for all k. Now apply this to

(1.1).     D
Though Theorem 2.4 appears to be trivial it can be easily applied to more

complicated Morse decompositions which continue over [0,1]. To do so we will

need the following lemma.

LEMMA 2.5 [8, LEMMA 6.4(III)]. Let a:A2e -* S be continuous such that

tt\ o a = 1a and a(X) is an attractor in cr(X). Furthermore, let a* (A) denote the

complementary repeller of a(X) in cr(X). Then a*:A2e —» S is continuous and the

sets A = Ua€A a(^)> ^* = U^eA a*(A) form an attractor-repeller pair in S.

PROPOSITION 2.6.   Let a and a* be a defined as above. Let

M(Sn) = {a(l),a*(l),a(0),a-(0)}.
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Then for n sufficiently large, a*(0) and a*(l) are adjacent under the flow defined

partial order.  The same holds true for a(0) and a(l).

PROOF. Since both cases are proved in a similar manner we shall only show that

a(0) and a(l) are adjacent. From (r„) it is clear that in the flow defined partial

order a(0) p a(l). By the definition of a and a*, a(i) p a*(i), i = 0,1, thus

a(0) and a(l) are adjacent unless a(l) > a*(0) > a(0). So assume this is the case.

Then under <ï>" there exists a connection from a(l) to a*(0). Hence by [7, Theorem

3.13] there exists A such that a(X) > a*(X) under the flow <px. This contradicts

the definition of a and a*.    D

We now know that under the flow $", An = a(0) U a(l) U Cn(a(l),a(0)) and

A* = a*(0) Ua*(l) UC„(a'(l),a'(0)) are isolated invariant sets. Repeating what

we did for S we can let M(A„) = {a(l),a(0)} be a Morse decomposition for An

and M (A*) = {a*(l),a*(0)} be a Morse decomposition for A*.

Let AT" denote a connection matrix associated with M(Sn) as defined in Propo-

sition 2.6. Then we can write

a(0)

at"=a;i?
a(l)

a(0)a'(0) o(l) a* (I)

0       E Fu Fj2
0        0 F21 F22

0       0 0 G
0        0 0 0a-(l)

PROPOSITION 2.7. Let AA" and AA" be connection matrices associated with

M(An) and M(A„) respectively.  Then:

(i) F„ = AA"(a(l),a(0)) and F22 = AA"*(a*(l),a*(0)).

(ii) AA£(a(l),a(0)) and AA£*(a*(l),a*(0)) are isomorphisms.

PROOF, (i) This follows from Proposition 2.6 which shows that {a*(0),a*(l)}

are adjacent, as are {a(0),a(l)} in M(Sn).

(ii) This is a restatement of Theorem 2.4.    D

EXAMPLE 2.8. Let a,a,a*:A2g —► S be given as above. Assume that there

exists ß,ß*:A20 —> S such that /3(A) is an attractor in a(X) and ß*(X) is the com-

plementary repeller of /3(A) in a(X). Furthermore, assume for A G A20 that ß*(X)

is a hyperbolic critical point for <px with h(ß*(X)) ~ £'. We then have a Morse

decomposition of Sn given by M(Sn) = {a*(l),ß*(l),ß(l),a*(0),ß*(0),ß(0)} with

an associated connection matrix AT". Let F = Z2. Then

Í 1    if fc = i + l,

Perhaps it is more enlightening to consider this example in a concrete setting.

Consider the 2-dimensional flow defined by x = y, y — -(A + l)y — f'(x) where

f'(x) = x(x - i)(z - 1) and A G [0,1]. If one defines H(x,y) = y2 + f(x) then

H = — (X + í)y2 and hence is a Lyapunov function for this system. Therefore we

define q*(A) = {(l,0)},a(A) = {(0,0), (|,0)} U G((0,0), (|,0)), ß*(X) = {(0,0)}

and /3(A) = {(5,0)}. It is easy to check that for the transition system h(a*(i)) ~

£1+\ h(ß*(i)) ~ E1+i and h(ß(i)) ~ Ei where ¿ = 0,1. Now applying Remark 1.1,
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Theorem 2.4 and Proposition 2.7 one has that

/3(0)    /3*(0)    a*(0) /?(1)

o

a*(l)

where

/3(0) 0          * *          «         0           0
/3*(0) 0          0 0          0«*

AT= a*(0) 0          0 0          0

/3(1) 0          0 0          0
/3*(1) 0          0 0          0
a*(l) LOO 00

denotes an isomorphism and * remains to be determined

*

*

0
0

3. Chain recurrence. This section provides a brief review of chain recurrence

and its relationship to Morse decompositions. Most of what is presented here can

be found in Conley [1 or 2].

Given (x, y) G X x X and e, t > 0 an (e, i, A) chain from x toy means a collection

{x = xi,... ,a:n+i = y;ti,- ■ ■ ,tn} such that í¿ > í and

d(px(xi),Xi+i) < £,    for all i— 1,.... ,n.

Define:

T-'(A) = {(x, y)\for any e, t > 0 there exists an (e, t, X) chain from x to y}.

Ü(K, X) = {y G AT|there exists iS/í such that (x,y) G /'(A)}.

n*(/f, A) = {y e X|there exists xeK such that (y, x)eP(X)}.

R(X) = {x\(x,x)eP(X)}.

R(X) is called the chain recurrent set of the flow <px. We can define an equivalence

relation on R(X) by setting x ~ y if and only if (z,2/) G P(X) and (y,x) G P(X).

PROPOSITION 3.1 (CONLEY [2]). The equivalence classes of R(X) are pre-

cisely the components of /2(A).

Let {E3(X)\j e J} denote the set of equivalence classes of R(X).

Proposition 3.2 (Conley [2]). (a) R(X) is compact.

(b) For every j G J, E3(X) is compact.

(c) Ifxe E3(X) then u(i)Uu'(i)U^(i) C E3(X).

(d) E3(X) = Q(E3(X),X)nn*(E3(X),X).

PROPOSITION 3.3 (CONLEY [2]). Let Sx be an isolated invariant set in X

under px. Let Kx C Sx. Then Kx is a Morse set in Sx if and only if K =

fl(K, X) n fi*(/f, A) and K n /2(A) is both open and closed in /2(A).

We say that an invariant set K is a chain recurrent set if for every x,y G K and

every e, t > 0 there exists an (e, t, X) chain from x to y which is a subset of K, i.e.

each Xi in the (e, t) chain is an element of K. Let ZT be a compact isolated invariant

chain recurrent set. Assume that K C R'(X) a component of /2(A). If K ^ R'(X)

then we say that there exists a generalized homoclinic orbit to K.

4. Results. We are now in a position to state and prove the major results of

this paper.
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THEOREM 4.1. Let K be a hyperbolic critical point under p>x. Assume K is not

a Morse set for any Morse decomposition oftr(X). Then there exists a generalized

homoclinic orbit to K.

PROOF. The proof is by contradiction. Assume that there does not exist a

generalized homoclinic orbit to K. Then we can set K — Eq, an equivalence class

of /2(A). By Proposition 3.2(d), K = Ü(K,X) n Ü*(K,X). By Proposition 3.3, if
K is both open and closed in /2(A) then K is a Morse set which is a contradiction.

By Proposition 3.2(b) K is closed, thus K is not open in /2(A).

Because K is a hyperbolic critical point we can find an open neighborhood of K

on which the flow px is topologically equivalent to

where /i is the n¿ x n¿ identity matrix. Let £ = (xi,x2) ^ 0. Then K not open

in /2(A) implies the existence of {£„} such that £„ —► 0 as n —► oo and £n G E3n.

Since the origin now corresponds to Er>, jn ^ 0, for all n.

By Proposition 3.2(c), £n does not belong to the stable, W3(0), or the unstable,

^"(O), manifold to the origin. Again by Proposition 3.2(c), £>R.(£n) C E3n. Now

from the explicit description of the flow given by 4.1 it is clear that in the Hausdorff

topology

lim ¡pR(ín) n (W"(0) U Ws(0)) n F] ï 0
n—*oo

where F" is a closed neighborhood of K. Thus by Proposition 3.2(a), (VFu(0) U

Ws(0)) n /2(A) ^ 0. This contradicts the fact that K = Eq is a component of

/2(A).    D

By a similar proof we have

PROPOSITION 4.2.   Theorem 4.1 holds if K is a hyperbolic periodic orbit.

Let a, a, and a* be defined as in §2. For every A G A, let M(a(X)) be a

Morse decomposition for a(X). Define c: K x A —+ X x A, an imbedding, such that

7Ta oc(x,X) = A. To simplify the notation we will write K(X) — c(K,X). Finally,

let AT" denote a connection matrix for (rn).

THEOREM 4.3.   Assume K(X) satisfies the following four properties:

(i) For all A G A, K(X) is a compact invariant set.

(ii) For all A G A, there exists M(px) G M(a(X)) such that K(X) C M(px).

Furthermore, if i = 0,1 then K(i) = M(pl) and h(K(0)) ~ h(K(l)).
(iii) IfM(ix)e M(a(X)), ix ¿px thenC(M(ix),M(px))=0.

(iv) There exists k such that AT/il(p1,p°) is not an isomorphism. Then, there

exists X e (0,1) such that K(X) is not a Morse set for any Morse decomposition of

o-iX).

PROOF. First, from (ii) we can restrict our attention to A C S, i.e. for each A we

need only consider a(A). So assume that for every A, K(X) is a Morse set of a(X).

Now define ß*:A -* S by ß*(X) = K(X). Since K(X) is isolated for every A, ß* is

continuous. By (iii), /3*(A) is a repeller in a(X) for every A. Define ß:A —> S by

letting /3(A) be the complementary attractor of ß*(X) in a(A). Then by a variation

of Lemma 2.5, ß is continuous. We are now in the situation described in Proposition
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2.6 and 2.7. Let A/3" be the connection matrix associated with Al(|JAeA ß*(X)).

Then AB£(/3*(l),/3*(0)) is an isomorphism. This contradicts (iv).    D

COROLLARY 4.4. If K(X) is a hyperbolic critical point or a hyperbolic periodic

orbit and satisfies the hypotheses of Theorem 4.3, then there exists a generalized

homoclinic orbit to K(X).

REMARK 4.5. It is clear from the proof that we can change the hypothesis of

Theorem 4.3 as follows. Let M(px) C M(a*(X)) and assume that for M(ix) G
M(a*(X)),C(M(px),M(ix)) =0.

There are occasions in applications, where there exists at most one value, A G

(0,1), where K(X) is not a Morse set in <t(A). In this case we can change the

hypothesis as follows. Let ai,ct\: (A, 1 + 0] —> S be attractor-repeller pairs in cr(X)

for A G (A, 1 + 0]. Let ao,«^: [—0, A] —» S be attractor-repeller pairs in a(X) for

A G [-0,1).

THEOREM 4.6. For X G (Ä, 1], let a,(A) = K(X). For X G [0,A) let a*0(X) =

K(X). Assume h(K(0)) ~ h(K(l)). Finally assume there exists a k such that

AT£(ai(l),etQ(0)) is not an isomorphism. Then, K(X) is not a Morse set for any

Morse decomposition ofo(X).

PROOF. Again the proof is by contradiction. Assume K(X) is Morse set for

all A G [0,1]. If c*i(l) and a^(0) are adjacent then by Proposition 2.4 we have a

contradiction. That ai(l) and Oq(0) are adjacent follows directly from the fact

that Qj is an attractor in (A, 1] and aj is a repeller on [0, A).    D

COROLLARY 4.7. If K(X) is a hyperbolic critical point or a hyperbolic periodic

orbit and satisfies the hypothesis of Theorem 4.6, then there exists a generalized

homoclinic orbit to K(X).

We conclude with remarks on the applicability of these results. Corollary 4.4 is

motivated by [6] where 2-dimensional predator-prey with group defense models are

considered. In these cases K(X) is a hyperbolic critical point. Furthermore, there

are no degenerate critical points under <px, thus Poincare-Bendixson is applicable.

If we denote by R'(X), the component of K(X) in /2(A) then simple analysis of the

equations shows that K(X) is the only critical point in /2(A). Thus the generalized

homoclinic orbit to K(X) is in fact a homoclinic orbit to K(A).

Corollary 4.7 arises in [5] where the following system is studied:

x = y,    y = 9y- VV(x)

and x,y e R". 0 G R is taken to be the parameter value and when 0 = 0

we have a Hamiltonian system. This is a case where the Morse decomposition

collapses completely at the special value A = 0 = 0. Nevertheless one can draw weak

conclusions about the existence of bounded solutions to the Hamiltonian system by

studying the gradient-like systems when 0/0.
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