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AN ASYMPTOTIC FIXED POINT THEOREM
FOR A LOCALLY CONVEX SPACE
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(Communicated by Kenneth R. Meyer)

ABSTRACT. The asymptotic fixed point theorem of Horn is extended to a

locally convex topological vector space. Applications to differential equations

with infinite delay are discussed.

1. Introduction. In a series of papers (cf., [1, 4, 11]) investigators have

searched for a natural space in which to discuss the existence of periodic solu-

tions for functional differential equations with infinite delay. From the very start

of such investigations it seemed that the proper setting was the metric space (Y, p)

consisting of the continuous functions ip: (—oo,0] —> 72™ with

^ 2  kpk(<p,ip)

PM)-El + PkMy

where pk(ip,ip) = max_fc<s<0 \<p(s) — ip(s)\ and | ■ | is any convenient norm on Rn.

This space has two outstanding features useful in these investigations:

(I) If Ç7: (-co,0] —> [1, oo) and a: [0, oo) —► [0, oo) are continuous functions, then

S = {<p g Y I \<p(t)\ < g(t) on (-co, 0] and \<p(u) - <p(v)\ < a(\u\ + \v\)\u - v\}

is compact and convex in (Y, p).

(II) If the functional differential equation has a proper fading memory, then the

Poincaré map is continuous in (Y, p).

The Schauder-Tychonov theorem [13] states that if S is a compact convex subset

of (Y, p) and if P: S —> S is continuous, then P has a fixed point. Periodic solutions

correspond to fixed points of the Poincaré map. In particular, if x(t, <p) is the

solution of a functional differential equation having initial function <p G Y, the

Poincaré map is defined by

(PrO)(t) = x(t + T,<p)    for - oo < t < 0.

Using the properties that solutions are unique and that x(t + T) is a solution when

x(t) is a solution, then the task of finding a periodic solution is precisely that of

finding a fixed point of F in Y.

Detailed discussions of applications for finite delay equations are found in [7, 8]

and for infinite delay in [1, 4, 5, 6]. Continuity of P is extensively discussed in [4
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and 10]. Browder [3] gives a substantial list of applications of his asymptotic fixed

point theorem. A recent critique is found in [12].

But it frequently happens for ordinary differential equations, for equations with

finite delay, for functional differential equations with infinite delay, and for partial

differential equations with infinite memory that the Poincaré map does not map

S into S; instead, some iterate of P, say Pm : S —> S. While there are several

nice asymptotic fixed point theorems for Banach spaces, there does not seem to

be a really suitable one for (Y, p). Some of Browder's theorems in [3] do hold for

(Y, p), but they do not appear to fit into the common framework of infinite delay

problems.

A fundamental observation for infinite delay problems is that the set S of initial

functions must be unbounded; that is, for <p G S, then the possibility that \<p(s)\ —►

oo as s —► —oo must be allowed. And it is this fact that makes property (I) of (Y, p)

so important. Investigators have been able to embed such S into a Banach space

with weighted norm and then apply Horn's asymptotic fixed point theorem. One

of the points of this note is that Horn's fixed point theorem may be extended so

as to apply to S in (Y, p) directly. Moreover, the new result has application to the

theory of compact attractors for partial differential equations with infinite memory.

Schauder's theorem and Browder's asymptotic fixed point theorem are proved by

a reduction to finite dimensions and application of Browder's fixed point theorem.

Here, we embed our sets from (Y, p) in an appropriate Banach space and then apply

Horn's theorem.

2. The main result.  Horn's theorem [9] may be stated as follows.

THEOREM (HORN). Let So C Si C 52 be convex subsets of a Banach space X,

with So and S2 compact and Si open relative to S2. Let P: S2 —* X be continuous

and for some integer m > 0 let

(a) P3(Si) C S2, 1 < j < m - 1, and

(b) Pi(Si) cS0,m<j<2m- 1.
Then P has a fixed point in So-

Notation, (i) (Y, p) is the space defined in the Introduction,

(ii) G is the set of continuous scalar functions g: (—oo,0] —> [l,oo), g(r) —► oo

as r —> —oo, and g is decreasing.

(iii) For g G G then (Xg, \ ■ \g) denotes the Banach space of <p G Y for which

\ip\g =     sup     \tp(s)\/g(s)
-oo<s<0

exists.

THEOREM.   Horn's theorem is true for (Y, p).

PROOF. The proof proceeds by way of four lemmas, followed by a short argu-

ment. These lemmas are proved using the relation between convergence in (Y, p)

and in (Xg,\ ■ \g).

LEMMA 1.   Let S CY be given and suppose there exists g eG such that \<p\g < 1

for all p e S. (Then S C Xg.) Let tp G S and a sequence {ipn} C S be given,

(i) If \ip — tpn\g —► 0 as n —> oo, then p(p, pn) —♦ 0 as n —> oo.

(ii) The converse of (i) is false.
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(iii) Let h = g1/2. (Then h G G and Xh C Xg.) Under the stronger assumption

that \tp\h < 1 for all <p G S, the converse of (i) is true.

PROOF, (i) Let e > 0 be given and choose a positive integer M with

oo

£    l/2*<£/2.
k=M + l

Since \<p — <pn\g —> 0, there is an N > M with \<p — <pn\g < e/2g(—M) for n > N.

Thus, for n > N and 1 < k < M we have

e/2g(-M)>     sup    \<p(t) - <pn(t)\/g(t)
-oo<t<0

-   ™J>*J'P(t)-lPn(t)\/g(t)
— k<t<0

>    max   MO - pn(t)\/g(-M)
—k<t<0

= (i/g(-M))pk(p,pn),

and so n > N implies that pk(<p,<pn) < s/2 for 1 < k < M.  Therefore, n > N

implies that

2-kpk(<p,<pn)        ^    2-kpk(<p,<pn)

h l+p«^<pn) fcir+i apunen)
M oo

<   ̂ 22-kPk(lp,^n)+      £      2~k

k=l k=M+l

M

fe=l

and so /?(<£>, <pn) —> 0 as n —► oo. This proves (i).

(ii) Given g e G, let g„(0 = ¡?(í) for —n < t < 0 and gn(t) = g(—n) for

-oo < t < -n. Then

2 kpk(g,gn)

k^+1l + Pk(g,9n)

m„ „ i     V" 2   pk(9,gn)     sr o

which tends to zero as n —» oo. Also, |gn|9 < 1 for all n > 1, but \g - gn\g = 1 for

all n > 1.

(iii) If p((p,<pn) —» 0 as n —► oo, then pk(p,pn) —* 0 as n —> oo for all fc > 1.

Also, since limr__00 /i(r) = +oo and h is nonincreasing, there is an integer M > 0

such that -co < r < —M implies that l/h(r) < e/2.

Let TV be so large that n> N implies that Pm(<P, <Pn) < £ff(0). Then -M < £ < 0

implies that

MO - <pn(t)\/g(t) < MO - <pn(t)\/g(0)

< PM(<P,<Pn)/g(0) < £

for n > TV. Also, -oo < t < —M implies that

MO - <pn(t)\/g(t) < [MOI + \<Pn(t)\]/g(t)

< 2h(t)/h2(t) = 2/h(t) < 2e/2 = e.
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Therefore, n > N implies that

\<P-<Pn\g=       SUp       MO - ipn(t)\/g(t) < £
-oo<t<0

and so \<p — <pn\g —► 0 as n —> oo. This completes the proof of Lemma 1.

LEMMA 2. If S is compact in (Y, p), then there exists a g eG such that S C Xg

and S is compact in (Xg, \ ■ \g).

PROOF. Construct a function g eG such that <p e S implies that MOI < ¿KO-
This can be done as follows. Defined: (—oo,0] —* [0, oo) by h(t) = suppeS\<p(t)\.

Since S is compact, h is well defined and continuous on each interval [—n, 0] (by

Ascoli's theorem), and so h is well defined and continuous on (—co,0]. Define

h: (—00,0] —» [0, oo) by h(t) = maxt<s<o h(s). Then h is continuous, nonneg-

ative, and nonincreasing. Also, <p G S implies that MOI < h(t). Set g(t) =

max{/i(0,e~i}.

Now, define g(t) = (g(t) + l)2 so that S C Xg. Suppose that {<pn} C S. Since

S is compact in (Y,p), there is a subsequence {pnj} C {<pn} and <p G S such that

p(<pnj,<p) —» 0 as n3 —► oo. But this implies that \pnj — p\g —► 0 as n3 —► oo by

Lemma 1. Hence, S is compact in (Xg, | • |9). This completes the proof.

LEMMA 3. Given g eG, the topology on Xg is finer than the (relative) topology

on (Y,p).

PROOF. Let <peXg and £ > 0 be given. Choose TV so that Y^T=n+i 2~k < e/2-

Consider Ug(p,S) = {tp e Xg: \p-i¡)\g < 8}, where 6 = e/2g(-N). If ip e Ug(p,S)

and 1 < k < TV, then

max   MO - iP(t)\/g(-N) <   max   MO - V(OI/ff(0 < I*» ~ ̂ 1» < 6
— k<t<0 —k<t<0

so that

pk(<p,i>)<6g_(-N)=e/2.

This yields p(<p,ip) < e. Hence, Ug(p,6) C Up(p,e), where Up is defined analo-

gously to Ug; by the Hausdorf criterion [14, p. 35] every set U C Xg which is open

in the relative topology of (Y, p) is also open in (Xg, \ ■ \g).

LEMMA 4. Suppose S C Y is compact in (Y,p) and P: S —► Y is continuous

in (Y,p).  Then there exists g eG such that P: S —* Xg is continuous in (Xg, \ ■ \g).

PROOF. From Lemma 2 there exists gi eG such that 5 C Xgi. Also, since S is

compact in (Y,p) and P: S —► Y is continuous in (Y, p), the image P(S) is compact

in (Y,p); thus, there exists g2 G G such that P(S) C X92. Let g = gi + g2. Then

S C Xg and P(S) C Xg, and P: S —* Xg. Moreover, gi and g2 can be chosen such

that p(<p, <pn) —> 0 if and only if \<p — <pn\g —» 0.

Now, let p e S be given and suppose that {pn} C S with \<p — pn\g —» 0. Then

p(tp,<pn) —> 0 which implies that p(Pp,Ppn) —» 0 since P is continuous in (K, p).

Thus, |^> — ̂ 9„|g —» 0 implies that p(P<p,Ppn) —+ 0 so that |F^5 — P<Pn\g —* 0. This

means that P is continuous in (Xg, \ ■ \g). The proof is complete.

We can now finish the proof of the theorem. From Lemma 2 there exists gi eG

such that So and S2 are compact in (Xg¡, \ • \gi). By Lemma 4 there exists g2 eG

such that P: S2 —> Ag2 is continuous in (Xg2, \ ■ \g2).  Let g = gi + g2-  Then So
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and 52 are compact in Xg¡ C Xg, and P: S2 —» Xg is still continuous in (Xg, \ ■ \g).

Also, from Lemma 3 we see that 5i is open relative to 52 in (Xg, \-\g). Conditions

(a) and (b) remain unchanged, so from Horn's theorem, P must have a fixed point.

This completes the proof.
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