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AN INTEGRAL CRITERION FOR NORMAL FUNCTIONS
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ABSTRACT. A new characterization for normal functions is given. It is shown

that a function / meromorphic in the unit disk is a normal function if and only

if for each 6 > 0 and each p > 2 there exists a constant Kj{8, p) such that, for

each hyperbolic disk fi with hyperbolic radius 6,

IS:(1 - \z\2)"-2U#(z)y dA(z) < Kf(S,p),
m

where /*(z) denotes the spherical derivative of f arid dA(z) is the Euclidean

element of area. It is shown by example that this characterization is not valid

for p = 2.

Let D — {z: \z\ < 1} denote the unit disc, let ^(21,22) denote the hyperbolic

distance between the points zi and z2 in D, and let m£>(fi) denote the hyperbolic

area of the subset Q of D. For a function / meromorphic in D, let the spherical

derivative of / be denoted by

3   l '     1 + l/WI2'

A function / meromorphic in D is said to be a normal function if

sup{(l - \z\2)f*(z): z G D} < 00.

There are a number of known characterizations of normal functions.    (See, for

example, [1, 2, 4, and 5].)

In this note, we give a new characterization of a normal function. This char-

acterization bears a similarity to a result of S. Yamashita [7] characterizing Bloch

functions.

THEOREM. A function f meromorphic in the unit disc is a normal function if

and only if, for each S > 0, and each p > 2, there exists a constant Kj(6,p), such

that, for each hyperbolic disc f2 with hyperbolic radius 6,

If,l-\z\2y-2(f#(z)YdA(z)<Kf(6,p),
n

where dA(z) denotes the element of Euclidean area.

PROOF. Suppose that / is a normal function. Then we have that there exists a

constant C such that for each z G D, (1 — |2|2)/#(2) < C. Further, we note that

, dA(z)
dmD{z) = (HW
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and so the integral J/n(l - |2|2)p 2(f*(z))pdA(z) is the same as the integral

//n((l-|2|2)/#(2))pdm£>(2). This last integral is clearly dominated by Cpm£>(f2),

which is finite, since both Cp and m£>(n) are finite. Clearly, Cpm£)(fi) depends

only on /, p, and the radius of fi. This proves the "only if" part of the theorem.

(Note that the result holds in this direction for each positive p.)

Now suppose that / is not a normal function and that p > 2 and 6 > 0 are

fixed. Then, by a result of Lohwater and Pommerenke [6, Theorem 1, p. 3] there

exist a sequence of points {zn} in D and a sequence of positive numbers {pn}

such that pn/(l - \zn\) —» 0 and the sequence of functions {/n(<) = f(zn + Pnt)}

converges uniformly on each compact subset of the complex plane to a nonconstant

meromorphic function g(t). For each n, let Qn = {z: p(z,zn) < 6}. Let s > 0

be fixed. Then for n sufficiently large, since p„/(l — \zn\) —+ 0, the set T„ =

{z: z = zn + pnt, \t\ < s} C fin. We note that f'n(t) — pnf'(zn + pnt), and

that dA(z) = (pn)2dA(t). Thus, //nB(l - |2|2)p-2(/#(2))p<iA(2) is larger than

the integral //r (1 - |2|2)p_2(/#(2))pd4(2), and, if we convert this to an integral

where the variable of integration is t, we get

'' (/*(<))' dMt).IIJJ\t\'\t\<s  \ Pn

But

ff      (f*(t)fdA(t)^ ff      (g*(t)fdA(t),
JJ\t\<9 JJ\t\<3

and this last integral is finite and nonzero, since g(t) is a nonconstant meromorphic

function and the integral is over a fixed bounded set. However, since pn/(l — \zn\) —►

0 we have that (1 - \zn +pnt\)/pn -* oo uniformly for |i| < s, and it follows that

//,
(l-|2|2)p-2(/#(2))PdA(2)^00.

T„

This proves the "if" part of the theorem and completes the proof.

We now show that the theorem is not valid for p = 2. Let f(z) be a locally

uniformly univalent function which is not a normal function (see Lappan [3]). Let

ß > 0 be such that the function f(z) is univalent in any disc of hyperbolic radius

ß. Then for each w G D, if A(w) = {z: p(z,w) < ß} we have that f(z) is univalent

in A(w) and hence the spherical area of /(A(u;)) is less than ir, that is,

J J k(

(f*(z))2dA(z)<TT.
'A(w)

Now let H be any hyperbolic disc in D with finite radius 6 > 0. Then there exists

a finite number of points wi, w2,..., Wk such that Cl C 1^=1 -Mm,). It follows that

II(f*(z))2dA(z) </br,

where A: depends only on 6. Thus, the Theorem is not valid for p = 2.
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