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ABSTRACT. We define paraproducts
in a probabilistic setting and study their
boundedness
properties.
As an application of paraproduct
techniques, we
prove a generalization
of the commutator
result of Coifman-Rochberg-Weiss

[•I1. Introduction.
Let Mk he a martingale with respect to the a-fields 3^
and let dk = Mk — Mk-i- We call dk the difference sequence of the martingale
Mk. Let e/c be a sequence of random variables with e^ measurable with respect
to «^t_i, that is, ek is predictable, and eo = 0. Assume |efc| < 1 for all k. Let
V* = Yli=oefdj- Then V* is called the martingale transform of Mk by e^. These
operators were introduced by D. L. Burkholder in [2]. They have become a powerful
tool in the interplay between probabilistic harmonic analysis and harmonic analysis
in Euclidean spaces. Most recently they have received a great deal of attention
because of their connections to the geometry of Banach spaces and vector valued
singular integrals [4]. The purpose of this paper is to study a particular type of
martingale transform, whose definition is motivated by the paraproducts of Bony
Let Bt he an n-dimensional Brownian motion on a probability space (Q,&~,P),
&\ = a(Ba : 0 < s < t) and for any A G L2(Q) we will use t h-» A( to denote the
almost surely continuous version of í •—►
¿?[A|^]. To simplify the notation, we will
just write Lp instead of Lp(fi) where there is no danger of confusion.

DEFINITION1.1. If A, y G L2, we define the paraproduct of A and Y by
/•CO

(1.1)

&{X,Y)=

and the remainder

/
Jo

XtdYt

term of A and Y by
/•OO

(1-2)

&{X,Y)=

I

Jo

d(X,Y)t = (X,Y)

where (A, Y)t is the covariance process of A and Y.
Notice that &>(X,Y) ^ 3°(Y,X) in general but we always have 3i(X,Y)

3l(Y,X).

=

Also, it follows from the Itô formula that

(1.3)

XtYt = &>(X,Y)t + &<y, X)t + &{X, Y)t.
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While paraproducts are originally defined for A, Y E L2, we will of course extend
them to operators on Lp by continuity whenever possible. So we are led to consider
the questions of boundedness of paraproducts.
If A G L°°, then it follows from

the Burkholder-Gundy inequalities that 9°(X,-): Lp -» Lp for 1 < p < oo. The
boundedness properties of paraproducts, however, are much richer than this. First,
we recall a few definitions. The space ¿¿p, 0 < p < oo, consists of those functions
A such that the maximal function supt |At| = X* belongs to Lp. Doob's inequality
implies that ¿¿p = IP for 1 < p < oo. The quadratic variation (A)t is the continuous increasing process which makes X2 — (X)t a martingale. We simply write

(X) for (A)oo. The Burkholder-Gundy inequalities say that ||A*||P « ||(A)1/2||p
for 0 < p < oo (see [7, p. 154]). For 1 < p < oo, ||A*||P « ||A||P where X E Lp such
that Xt = E[X]&t\. The space BMO consists of those functions A in L2 such that
for all stopping times r,

E[]X - Xr]2]^]

< c

a.e.

for some constant c. The square root of the smallest constant for which this holds
is the BMO norm of A. Often we shall use the equivalent formulations

E

d(X)s]9;

< c

a.e.

and

E[(X - Ar)2] < cP[t < oo].

The following results are in analogy with those for analytic paraproducts proved
by Coifman and Meyer [5]. Notice, however, that in our case we seem to be able
to prove more. Chao and Long have independently obtained similar results for
discrete martingales (personal communication).

THEOREM 1.1.

(i) &>(-,■): (Hp, BMO) -►IP, 0 < p < co,

(ii) 9>{-,■): (L°°, BMO) -» BMO,

(iii) âê(-, ■): (Hp, BMO) -►Lp, 1 < p < oo,
(iv) &(-, ■): (Hp, H") -> IT, 0 < p,q < oo, 1/r = 1/p + I/o,
(v) &(-, ■): (Hp, Hi) -» U, 0 < p, q < oo, 1/r = 1/p + I/o.
¿í1 t¿ L1, and we have the following result.

THEOREM 1.2. (i) &>(-,-): (L1, BMO) ^ WL1,
(ii) âê(■,■): (L1, BMO) -» l^L1. Here WL1 means weak L1.
For any X E L2, there is an essentially unique ^-adapted
R"-valued map
s H+Hs such that £[/0°° \Ha\2 ds] < oo and A, = E[X] + /„' ¿¿s ■dBa (a.s. P). We
now have the following.

DEFINITION1.2. Let A: [0,oo) -+ Rn <8>
Rn be adapted to ^

and bounded.

The martingale transform of A G L2 by A is
(A*X)=

Jo

AsHsdB3.

It should be noted that (A * X)t —f0 ASHS■dBs.
THEOREM 1.3. Let X E Lp, Y E BMO and A : [0, oo) -» R" ® R" be adapted
to &l o,nd bounded. We define the commutator Cy(X) = Y(A * X) —A * (XY).
Then C$ e Lp for 1 < p < oo and

l|C{i(X)||p<Cp||i4||oo||y||BMolWU.
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Theorems 1.1 and 1.2 are proved in §2. Here we also discuss some other properties
of 3P(X,Y) and &(X,Y).
Theorem 1.3 is proved in §3. From this we deduce the
basic result of R. Coifman, R. Rochberg and G. Weiss [6] that the commutator
of the conjugate operator in the circle and multiplication by a BMO function is
bounded in Lp, 1 < p < oo. A similar result follows for Riesz transforms in R™
and multiplier operators of Laplace transform type. That is, our result holds for
all those operators that can be obtained as conditional expectations of martingale
transforms.

2. Boundedness
of paraproducts
and remainders.
In this section, we
prove Theorems 1.1 and 1.2, as well as some other results. We start by computing
the adjoints of our operators.

THEOREM 2.1.

Let X,Y,ZeL°°.

Then

(i) E[â°(X,Y)Z] = E[Y^(X,Z)],
(ii) E[&>{X,Y)Z]=E[X&{Y,Z)].
PROOF.
foo

E[9°(X,Y)Z] = E
=E

\

-\

r /-oo

XtdYAZ

(Í

= E[j

Xtd(Y,Z)t

XtdZ*) = E[Y&(X,Z)\.

This proves (i). To prove (ii), we start the same way but now we write (Y, Z)t as the
difference of a pair of nondecreasing processes of finite variation, {Y, Z)t = At —Bt.
At and Bt are the processes of positive and negative variation respectively. By
stopping, we can assume At and Bt are bounded. Then (see [7, p. 191])

[f
Jo

So

XtdAt = E

í

E[X\fi\dAt] = e\Í

/•oo

E[0>{X,Y)Z] = E /

Jo

= E^A^]

r

Xtd(Y,Z)t

J

=E\

XdAt =E[XA

/»oo

L/o

roo

XtdAt -E

J

/

Uo

XtdBt

- ElXBco] = E[X(A00 - B«,)]

= E[X(Y, Z)] = E[XM(Y, Z)]
which proves (ii).
PROOF OF THEOREM 1.1. We start by proving part (iii). First, we recall the
following lemma.
LEMMA 2.1 (GARSIA [9]). Let At be a positive continuous increasing process
with Ac, = 0. If there is a positive random variable Y such that E[Aoo — At\^t] <

E[Y\3¡] for any time t, then, for 1 < p < oo, E^A^)"} < pPE[Yp].
We may assume, by stopping, that X is bounded. Write the process of finite
variation (A, Y)t — At — Bt where At and Bt are nonnegative nondecreasing processes. At and Bt are the positive and negative variations of (A, Y)t respectively.

Then

£[((¿oo + Boo) - (At + Bt))\^] = E

r° \d(X, Y),|

91

^cIIFHbmo^KA)1/2!^]
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where we have applied the local version of Fefferman's inequality [7, p. 190]. Since
this holds for any time t, we may apply Lemma 2.1 to conclude that

E[(A + BY] < cp\]Y]\luoE[(X)p'2] < cpcr\\Y\\BMOE[\X\p]
since 1 < p < oo. This completes the proof of part (iii).
We are now ready to prove part (i). For 1 < p < oo, (i) follows from (ii) in
Theorem 2.1 together with (iii) in Theorem 1.1.
For the case 0 < p < 1 of (i), we shall use the atomic decomposition. A function
A E Hp is an atom if there is a stopping time r such that

(2.1)

At = 0 for t < t

and
(2.2)

(A*)p < P[t < oo]-1.

LEMMA 2.2. For all X E Hp, 0 < p < 1, there exists a sequence of atoms
An, n E Z and a sequence of numbers bn,n E Z, such that

Xt=

(2.3)

£

bnAn

cpE[(X*)p]<¿2 K\p<CpE[(X*n

(2.4)

The proof of this lemma may be found in [7, p. 216].
LEMMA 2.3.
(2.5)

IfYE

BMO then for any stopping time r and any 0 < p < 1

E[((Y)oo - (Y)T)pl2] < \\Y\\pBUOP[r < oo].

PROOF. By Holder's inequality, for 0 < p < 2,
E[((Y)oo

- {Y)r)p/2]

< E[(Y)oo

- (Y)T]p'2P[r

< oo]1""/2

< ||r||pBMOJP[r < oo].

Now suppose A is an atom in Hp, 0 < p < 1. Then

\\^(A,Y)\\pHP=E[(^(A,Y))p/2]

< E (A*y
< P[t

(P

= E

a:

p/21

d(Y),

p/2

d(Y),

< oo]-1E[((Y)00

- (Y)T)p/2] < Cp\\Y\\pBMO

where the last inequality follows from Lemma 2.3. For general A G Hp the result
now follows from (2.3), (2.4) and the above. Part (i) of Theorem 1.1 is now proved

for all 0 < p < oo.
It remains to prove parts (ii), (iv) and (v). We start with (ii). Let r be any
stopping time

B[|^(A,F)00-^(A,y)T|2|^]

= BÍ|0°A2o;(F)s|^r

< iiaii^bkf)

- (Y)T\rT)

= ||A||2<)i;[|F-n|2|^]<||A||2<)||F||23MO

which proves (ii).
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The proof of (iv) is also very easy. Applying the Burkholder-Gundy

a

oo

r/2nl/r

E

(E[(^(X,Y)y'2])

\ r/2 21 \ l/«"

2
X2d(Y)1

< (£[(A*)r(*T/2])1/r

we get

< E[(X*Y]1/pE[(Y)q'2]i/q

^\\X\\HP\\Y\\m
where the last inequality follows from Holder's inequality.
It remains to prove (v). Applying the Kunita-Watanabe
£[|<A,r>n1/r

inequality we get

< (¿?[<A}'-/2<Y)'-/2])1/'- < \\(X)V2\\p\\(Y)V2\\q

« \\X\\HP\\Y\\H,

which proves (v). So Theorem 1.1 is completely proved.

PROOF OF THEOREM 1.2. We start with part (i). Let X E L1 and Y E BMO
with ||Y ||BMO < 1- We want to show that

P[\^(X,Y)\>X]<c\\X]\i/X.

(2.6)

We follow the argument in Burkholder [3] very closely. First, our proof above shows
that for any stopping time r and 1 < p < oo,
(2.7)

||^(A,y)T||p

< cp||y||BMo||Ar||p.

Let A > 0 and set rx = inf{i: |At| > A}. Then, by (i) in Theorem 1.1

P[\&>(X,Y)\> X,X*<X]<p\\f

*XsdY, > A <->

(fx-dy-)'

< ^IIí-IIImoII^II^
Then, applying Doob's weak type inequality we have

P[\£°(X,Y)\ > \] < P[\&>{X,Y)> A,A* < A]+ F[A* > A]
< (l + c||y||&Mo)Wi
À

which is (2.6) and part (i) of Theorem 1.2 is proven. Part (ii) is proved in the same
way using the fact that ||(A, Y)T\¡2 < c]|K|[BMo||Arr||2We shall now investigate some converses. Our first result is

THEOREM 2.2. Suppose Y E L2 andâ°(-,Y):
c2||A||2. Then Y E BMO and ||y||BMO < c2PROOF. Let r be any stopping

L2 -* L2 with ||^(A,y)||2

<

time and let r' = inf{i > r: |Ft — yr| > s} for

some fixed e > 0. Then Xt = Ytat1 —Yt/\r is bounded and thus in L2. Since ¿P(-,Y)
is bounded on L2 we have

(2.8)

E

or

(YtAr' — Yt/\r)dYt

<c\E[(YT,-YT)2].
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side of (2.8) and see

=£[/"V,,,,.-Y,„)'ity),
= E

/oo

e2d(Y)t + j

pr'

(Yt-YT)2d(Y)t

>E\j<Xe2d(Y)t}-

So we have

(2.9)

E

(f(w

YtAT)dYt)

>e2E[(Y)oo-(Y)A-

Then since \YtAT>— Yt/\T\ < e, we have

(2.10)

E[(YT, - YT)2] < e2P[r < oo].

Combining (2.8), (2.9) and (2.10) we see
(2.11)

B[(y)oo - (»I

< c2P[t < oo].

Then
B[(yoo - YT)2] = E[(Y)oo - (Y)T] = E[(Y)oo - (Y)A + E[(Y)T, - (Y)T]
= E[(Y)oo - (Y)T.] + E[(YT, - YT)2] < (c\ + e2)P[r

< oo].

So y G BMO and by letting e —>0, we see ||y||BMO < ci-

THEOREM 2.3. Suppose Y E L2 and^(-,Y):
C2\\X\\2. Then Y E BMO and ||V||bmo <4 + l.

L2 — L2 with \\^(X,Y)\]2

<

PROOF. Let r be any stopping time and let Xt =Yt —YtAT-Then Xt is an L2
martingale

and thus
||^(A,y)||2<c2||A||2

or equivalently

E[({Y) - (Y)r)2] < c2E[(Y) - (Y)T\
which we can write as

(2.12)

0 < E[c2((Y) - (Y)T) - ((Y) - (Y)T)2].

If k is any positive constant,

we may rewrite (2.12) as

E[((Y) - (Y)T)2 - c2((Y) - (Y)T); (Y) - (Y)T > k]

(2.13)

< E[c2((Y) - (Y)T) - ((Y) - (Y)T)2; (Y) - (Y)T < k].

Now consider the function f(x) = x2 — c\x — x. Choose k such that for all x >
k,f(x) > 0, or equivalently, for all x > k,x2 - c\x > x. Using this k in (2.13) we
obtain
¿?[<y)-(y)T;<y>-(y>r>A;]

< E[((Y) - (Y)T)2 - c2((Y) - (Y)T); (Y) - (Y)T > k]
< E[c2((Y)

- (Y)T) - ((Y) - (Y)T)2; (Y) - (Y)T < k]

<c2E[(Y)-(Y)T;(Y)-(Y)T<k].
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So
E[(Y) - (Y)r\ = E[(Y) - (Y)T; (Y) - (Y)T < k]
+ E[(Y)-(Y)T;(Y)-(Y)T>k]
<(l

+ c2)E[(Y)-{Y)T;(Y)-(Y)T<k]

< k(l + c\)P[T < oo],

and y G BMO with ||y||BMO < \/fc(l + c§). Since the smallest k that satisfies the
condition above is k = c§ + 1, we obtain ||y||BMO < c2 + 1.
In both our converses, we have assumed that Y E I?. This is a weak condition compared to our conclusion that Y E BMO. We could weaken our initial
hypothesis on Y further if we strengthen our assumptions about the boundedness of the paraproduct and the remainder term. For instance, if we assume that

3?(-,Y) is bounded Lp -> Lp for 1 < p < oo, we can show that Y E Up>i-^p
implies y G BMO. This can be easily seen from the fact that if Y E IP and
||¿?(A,Y)||p<c||A||p
then

||y||2p = E[(Y)p] = E\\m(Y, Y)\p] < c]\Y\\p
so y is in L2p and L2 C L2p since p > 1.
3. Boundedness
of commutators
of martingale
transforms
and projections. In this section we prove Theorem 1.3 and use it to prove the commutator
result of Coifman, Rochberg and Weiss [6]. We have already done most of the

work in §2. Let us remind the reader that if A G Lp, then A * X E Lp with

11-4
*X\\p< CpPHoollAlIp
with1< p < oo.
PROOF OF THEOREM 1.3. Expanding by the Itô formula, we can write,

(3.1)

y (A * A) = &>(Y,A * A) + &>{A* X, Y) + ¿F(Y, A * X)

and

(3.2)

AY = &>(X,Y)+âB(Y,X)+&{X,Y).

Since the martingale

transforms

map Lp into Lp and Y G BMO, the results proven

in §2 show that&>(A*X,Y), 3?(Y,A*X), A*3Ö(X,Y) and A*âl(X,Y) are all in
Lv with norms bounded by CpH^HoollYllBMollAllp.
To show that Cy also has this
property, all we have to do is show that the same holds for ^°(Y, A*X) —A*^S(Y, A).
But a trivial calculation shows this term is actually zero and the theorem is proven.
Using the techniques of Varopoulos [11] to reduce matters to honest probability
spaces, one can easily verify that all the results above hold for martingales on the
infinite probability space of background radiation and obtain commutator results
for those operators in R" that can be obtained as the conditional expectation
(projection) of martingale transforms. For example, we can obtain results for the
Riesz transforms [10] and multipliers of Laplace transform type [11]. To keep
things at an elementary level, however, we only do this for the unit disk. Let

D = {z E C: \z\ < 1} and T = dD, the unit circle, equipped with the probability
measure dm = d9/2n.

Let / G BMO(T) and denote by Uf its harmonic extension

to D. It is well known that / G BMO(T) if and only if (see [8, p. 238])
(3.3)

||/||bmo(t)

= (sup / \f(eie) - uf(z)\2Pz(9) dm(9))
\z€DJt
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where Pz(9) is the Poisson kernel for D. We take (3.3) as our definition of BMO(T).
We refer the reader to [8] for many of the important properties of BMO(T).
Let Bt be Brownian motion in D and let td he its first exit time. We may write

(3.3) as
1/2

II/IIbmo(D=

(3.4)

sup Ez[\f(BTD)- uf(z)Y

< CO

\z€D

(Ez denotes expectation with Bo = z). By the Itô formula and the strong Markov
property, this is equivalent to
1/2 |

(3.5)

|bmo(t)

—

sup {e\\TD

7<td

\

]Vu(Bs)\2ds]9-n

Un

where n is a stopping time and E = Eq. Thus, the random variable Mf = f(BTD)
is in BMO. To avoid confusion we shall write BMO(fi) for the martingale BMO
and Lp(fi) for the martingale Lp-spaces.
Now suppose o G LP(T) for 1 < p < oo. If vg is the harmonic extension of g and
A(z) is a 2 x 2 matrix valued function in D, we define the operators
rTD

A * (Mg) = [ D A(Bs)Vvg(Bs)

■dBs

Jo

and
TAg(eie) = E9 y

A(Bs)Vvg(Bs)

■dBs

where Ee is the expectation with respect to Brownian motion conditions to exit D
at e%e. We call Ta the projection of the martingale transform A * (Mg).

THEOREM3.1. Set [TA,f](g) = fTAg - TA(fg). Then for all 1 < p < co

||[^,/](o)||p<Cp||A||||/||bmo(t)IMIp
where
(

\\A\\ = sup
zeD

sup |i4(«)v

< CO.

v€R2

\>l=l

PROOF. The key to the proof is the following claim:

(3-6)

[TA,f](g)(e^)=Ee[CMf(Mg)].

Once we establish (3.6), Theorem 1.3 and the fact that condition expectation
tracts Lp norms (Jensen's inequality) gives

con-

llpA,/](!?)||LP(r) < \\CÛf(Mg)\\LP{n)< Cp||A||||Af/||BMo(n)IIAffflUp(n)
= c.

BMO(r)||0||LP(T)

To establish (3.6) we write

[TA,f](g)(e*e)= f(9)Ee
(3.7)

A(Bs)Vvg(Bs)

-Ee\r°A(Bs)Vwfg(Bs)-dBs
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where Wfg is the harmonie extension of fg and

(3.8)

Ee[CMf(Mg)] = Ee[Mf(A *Mg)-A*

(MfMg)].

Now

nn*¡J

A(Bs)Vvg(Bs)

= Ee \f(BTD)jTD

■dBs

A(Bs)Vvg(Bs)

■dBa

= Ee[Mf(A*Mg)].

So all we need prove is that

E6 IT" A(Bs)Vwfg(Bs)■dBs =Ee[A* (MfMg)].
But this is trivial since MfMg = M fg.
The case when A(z) = (jT»1) gives the conjugate operator and hence the
Coifman-Rochberg-Weiss result [6] is contained in Theorem 3.1. Many other multipliers can be obtained by taking A(z) with ||.4|| < oo and which commute with
rotations of the plane.
The authors would like to thank D. Stroock for many helpful comments about
an earlier draft of this paper.
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