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ABSTRACT. Let H(A) be the Dowker's generalized Hubert space with weight

\A\, where A is any infinite set, and i/oo (A) its subspace consisting of all points

which have only finitely many rational coordinates distinct from zero. Using a

result of E. Pol, it will be shown that Hoc(A) is a universal space for countable

dimensional metric spaces with weight < |A|.

1. Introduction. A metrizable space A is called countable dimensional if it

can be represented as the union of a sequence Xi,X2, ■ ■ ■ of subspaces such that

dimAj < 0, i = 1,2,..., where dim denotes the covering dimension. Universal

spaces for countable dimensional metric spaces were studied by J. Nagata and it

was shown that

(a) the subspace Aw of the Hubert cube ¿w consisting of all points which have

at most finitely many rational coordinates is a universal space for countable dimen-

sional separable metric spaces [3, Corollary 4.4], and

(b) the subspace Koo(A) of the Cartesian product P(A) of No copies of the star

space S (A) is a universal space for countable dimensional metric space with weight

< \A\, where \A\ denotes the cardinality of A and Koo(A) consists of all points

in P(A) which have only finitely many rational coordinates distinct from zero [4,

Theorem 2].

On the other hand, the generalized Hubert space ¿¿(^4) was shown to be universal

for all metrizable space with weight < \A\ by C. H. Dowker [1, Lemma 1]. The

purpose of this note is to show the following result.

THEOREM. Let Hoo(A) be the set consisting of all points in H (A) at most

finitely many of whose coordinates are rational different from zero. Then Hoo(A)

is a universal space for countable dimensional metric spaces with weight < \A\.

2. Proof of Theorem. Let A be any infinite set and R the set of real numbers.

Then the Hubert space ¿¿ = H (A) can be defined as a space of all points x in RA

such that Y2a x(a)2 < 00, and its norm is defined by ||z|| = (J2a x(a)2)1'"2. We

denote by Bs(x) the spherical neighborhood of x with radius <5, i.e. Bs(x) = {x' G

H: d(x,x') < 6} where d is the metric defined by d(x,x') = \\x — x'\\. For every

integer n > 0, let ¿¿„ = Hn(A) he the set of points in H exactly n of whose

coordinates are nonzero rationals. Thus the space ¿¿0 consists of all points in

¿i whose nonzero coordinates are irrational, and E. Pol established the equality
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dim¿¿o = 1 [4, Example 1.6]. Using this result we now prove

LEMMA 1.   dim¿¿n = 1 for every integer n > 0.

PROOF. First we note that

(1) if J is any interval in the real line R such that 0 ^ J (— the closure of J)

and x is a point in H, then the set {a G A : x(a) G J} is finite.

Now we assume that A is well ordered with an ordering relation <, and denote

by An, n > 1, the family of all subsets of A which consist of exactly n elements.

Thus every £ in An can be uniquely expressed as £ = (c*i,..., an) with Qi < c*2 <

• • • < an- Let Qo he the set of nonzero rationals and Po = R\Qo, i.e. the set of

irrationals and zero. For each p = (n,..., rn) G Qq and £ = (qi, ..., an) G An,

we define

H(p,Ç) = {xG Hn: x(cti) = rt, i = l,...,n}.

Note that x(a) G Po for each x G H(p, f ) and a G A\Ç, and it is clear that

(2) H(p, £) is closed in Hn, and

(3)dim¿í(p,0 = l
because H(p,t¡) is homeomorphic to Ho(A\Ç) which has covering dimension one

by the result of E. Pol cited above. Now let us put H(p) = |J{¿¿(p, £); £ G An}-

Clearly the collection {H(p, £) : £ G An} is pairwise disjoint. Moreover we prove

(4) {H(p, £) : £ G An} is a discrete collection in H(p). Indeed, if a; € H(p) and

p = (ri,...,rn), then x G ¿¿(p, £) for some £ = (o>i,...,an) G An, i.e. z(a¿) = r¿

for i = 1,..., n. Applying (1), we can take a 6 > 0 such that

(5) 6 < \x(a) — r,| for each a G A\Ç and i = 1,... ,n because x(a) G Po for each

a 6 A\£. Let x' be a point of Bs(x)f\H(p); then there exists £' = (a[,... ,a'n) G An

such that x' G H(p, £'), and hence x'(a¿) = r, for every i. Since |x(q) - x'(a)\ <

d(x,x') < 6, it follows from (5) that x'(a) £ {ri,...,rn} and hence x'(a) 6 Po

for every a G A\Ç. Therefore we have £' = £ and B0(x) n ¿L(p) Ç ¿¿(p, £), which

proves (4). From (2), (3) and (4), we obtain

(6) dim¿í(p) — 1 for every p G Qq.

Since Qq is countable, to prove Lemma 1 it suffices to show

(7) ¿¿(p) is closed in ¿7„ for every p.

Let ibea point in Hn\H(p) and p = (n,..., rn); then there exist £ = (c*i,..., ctn)

G An and a = (si,... ,sn) G Qq such that x G H(a,^). As x £ H(p), we have

p^ er and r-fc ̂ Sk for some fc. Applying (1) again, we can choose a 6 > 0 satisfying

(8) 6 < \rk - 5fc|, and

(9) é < |r¿ — x(a)\ for each t and a G A\Ç.

To prove B$(x) D ¿¿(p) = 0, assume the contrary, i.e. x' G Bg(x) fl H(p). Since

d(x,x') < 6, it follows from (9) that a;'(a) ^ {ri,- - - ,rn} and hence x'(a) € Po

for every a G A\Ç, so that x'(a¿) = r¿, í = 1,... ,n. Then we have |r¿ — s^l =

\x'(atk) — x(ctk)\ < d(x,x') < 6 which contradicts (8), and hence (7) is proved. This

completes the proof of Lemma 1.

Since the space ¿ioo(^) can be represented as the union of subspaces ¿¿n =

¿¿„(,4), n = 1,2,..., we see that Hoo(A) is countable dimensional by virtue of

Lemma 1 and the weight of H00(A) does not exceed the weight of H (A) = \A\.

Therefore to prove Theorem it suffices to show the following Lemma 2, since the

space Koo(A), as cited in 1(b), is a universal space for countable dimensional metric

spaces with weight < \A\.
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LEMMA  2.   The space Koc(A) can be topologically embedded as a subspace of

Hoo(A).

PROOF. Let S'(A) be the subspace of H (A) defined by

S'(A) = {xG H (A) : \s(x)\ < 1 and 0 < x(a) < 1 if a G s(x)},

where s(x) = {a G A: x(a) ^ 0}. It is easy to see that S'(A) is homeomorphic

to the star space S (A) defined in [5, p. 184]. Since A is infinite we can choose a

sequence {At} of pairwise disjoint sets such that A = \JAl and \At\ = \A\ for all i.

Then S'(A{) is also homeomorphic to the star space S (A). Let

K'(A) = {xG H (A) : \s(x) n AA < 1 and 0 < x(a) < 1/i

if a € s(x) nAi, i = l,2,...},

and define a bijection /: K'(A) -> P(A) = JJi S'(Ai) by

(pi(f(x)))(a) = i ■ x(a)    for each i and a G Ai,

where p% denotes the projection of P(A) onto S'(At). As observed in [2, Theorem

2], / is a homeomorphism. Then the subspace K'^ of K'(A) defined by

K'00 = {xGK'(A): \{aGA:x(a)GQo}\<Xo}

is contained in H^A), and /(K'^) = {y G P(A): \{a G A: (pt(y))(a) G Q0}\ <

Ko} which is homeomorphic to the space Koo(A). Hence Aoo(^4) is homeomorphic

to K'qq Ç ¿¿00(^4), which completes the proof of Lemma 2. Hence the proof of

Theorem is also completed.
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