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ABSTRACT. Complex projective space CPn with the Fubini-Study metric

has recently been characterized by the spectrum of the Laplacian on 2-forms.

This important result was proved separately for n / 2,8 by B. Y. Chen and

L. Vanhecke, and for n = 2 and n = 8 by S. I. Goldberg. In this paper, we

give a new proof which does not distinguish the three cases. It makes strong

use of a result of S. Kobayashi and T. Ochiai, and may be applied to the

spectrum of the Laplacian on 1-forms. Moreover, a characterization of CP2

by the spectrum of the Laplacian on 1-forms is given.

1. Introduction. Let (M, g, J) be a Kaehler manifold of complex dimension n.

It is assumed here and in the sequel that M is connected compact and of complex

dimension n > 1. We denote by pSpec(M, g) the spectrum of the real Laplacian,

with respect to the Kaehler metric g, on p-forms on M. From Hodge theory we

have that 0 G pSpec(M, g) if and only if the pth Betti number bp(M) / 0, and

its multiplicity is then bp(M). Let (CPn,go,Jo) be the n-dimensional complex

projective space, where Jo is the standard complex structure and ¡70 is the Fubini-

Study metric of constant holomorphic sectional curvature c = 1.

In [2] the following question was posed: "If p Spec(M, g) =p Spec(GPn, go) for

some fixed p, 0 < p < 2n, is (M, g, J) holomorphically isometric to (CPn, go, .7o)?"

The answer to this question is yes in the following cases.

(A) p = 0 and n < 6 or p = 1 and 8 < n < 51 [10, 11];

(B) p = 2 for all n [2, 3];

(C) (M, g, J) is cohomologically Einstein, for all n and p with the following

possible exceptions: (i) n and p satisfy the relation p2 - 2np + n(2n — l)/3 = 0,

and (ii) p = 1 or 2n - 1 with n < 7 [4].

One purpose of this paper is to prove (B) without distinguishing the three cases

n/2,8 [2], n = 2, and n = 8 [3]. The method we use to prove (B) (see §3) is

different from the previous authors because the crucial point in our proof is a result

of Kobayashi and Ochiai [6]. Our other purpose is to remove the case p = 1 (or 3)

and n = 2 in (C). In fact, we prove the following:

THEOREM 1. Let (M, g, J) be a cohomologically Einstein Kaehler manifold with

p Spec(M, g) = p Spec(C7>2, go) forp=l (or 3). Then (M, g, J) is holomorphically

isometric with (CP2,go,Jo)-
_
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2. Preliminaries. Let (M, g, J) be a Kaehler manifold of complex dimension

n. Let 01 • • ■ 6n be a local field of unitary coframes. Then the Kaehler metric g,

the fundamental 2-form <p, the Ricci tensor p and the scalar curvature r are given,

respectively, by

p - ¿ EM1 ® **+hf ® ñ    »■■«,*£ pa,

where p¿j = 2 X) -ß,fcfc- and 7£'.fcS are the components of the curvature tensor 7Í. We

denote by |7?| and \p\ the lengths of 72 and p, respectively. Let

7 = (VZï/47r)^pi-#A^.

Then, the first Chern class ci of M is represented by 7. We say that M is coho-

mologically Einstein if ci = aoj for some real number a, where u> is the cohomology

class represented by <p. It is known that (cf. [8]) if ci = aw for some real number

a, then

(2.1)      f  t * 1 = an vol(M, g) and   /   (r2 - 2|p|2) * 1 = n(n - l)a2 vol(M, g).
J M J M

3. A new proof of (B). Assume 2Spec(M,g) = 2 Spec (CPn, 30 )• Then

b2(M) = b2(CPn) = l.

Moreover by the asymptotic expansion of Minakshisundaram-Pleijel-Gaffney for

2Spec, dime M = dime CPn = n,

(3.1) vol(M,o)=vol(CPn,¡7o), f  T*l= f      T0* I,
Jm Jcpn

and

(3 2)

/  {5(2n2 - 25n + 60)r2 - 2(2n2 - 181n + 540)|p|2 + 2(n - 8)(2n - 15)|7i|2} * 1
Jm

= f     {5(2n2 - 2on + 60)^ - 2(2n2 - 181n + 540)|p0|2
JCPn

+ 2(n-8)(2n-15)|7îo|2}*l

(cf. [9]), where To,po,Ro indicate the corresponding quantities for CPn. Since

b2(M) = 1, the manifold M is a Hodge manifold (cf. [7, p. 37]), that is, there

exists a positive element a G H1'1 {M, Z). On the other hand, b2{M) — 1 implies

that &i,i(M), the dimension of the space of harmonic (1, l)-forms on M, is equal to

1. Therefore, multiplying the Kaehler metric g by some constant, if necessary, we

may assume that w = [<p] is a positive element of 771'1 (M, Z). Moreover, b2(M) = 1

implies that M is cohomologically Einstein, i.e. ci = auj for some real number a.

Thus (2.1) and (3.1) imply

a = [l/nvol(M,o)] f  r * 1 = [l/nvol(CPn,0O)] /       t0 * 1 = n + 1.
Jm JcPn
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Consequently, Ci = (n + l)w, so by the Corollary to Theorem 1.1 in [6], it follows

that M is biholomorphic to CPn. Now let w'0 = [4>'0} be the Kaehler class corre-

sponding to the Fubini-Study metric g'0 on M with constant holomorphic sectional

curvature c = 1. Since b2(M) = 1, we have w = kui'0 for some fc € 72. Since the vol-

ume depends only on the Kaehler class and vol(M, g'0) = vol(CPn, ¡70) = vol(M, g),

we have k = 1 so that oj = lj'0- Therefore, the second Chern class c2 of M satisfies

, ,"-2„    _ , ,'"-2„UJ C2= UJq        C2

and consequently (cf., for example, [1, p. 118]),

(3.3) / (r2 - 4|p|2 + |72|2) * 1 = / (r'2 - A\p'0\2 + \Rtf) * 1
Jm Jm

= f     (r02-4|po|2 + |72o|2)*l,
JCP"

where TÓ,p'0, R'o denote the corresponding quantities on M defined by g'0. Moreover,

since M is cohomologically Einstein, (2.1) and (3.1) imply

(3.4) f (r2-2|p|2)*l= /     (r2-2|po|2)*l.
Jm JcPn

From (3.2), (3.3) and (3.4) we obtain fM \p\2 * 1 = fcp„ |p0|2 * 1 and fM r2 * 1 =

fCPn Tq * 1, so that

(3.5) f (\p\2 - r2/2n) * 1 = /     (|p0|2 - r2/2n) * 1.
Jm Jcp"

Since (CPn, go) is Einstein, we find from (3.5) that (M, g) is Einstein. Now, because

M is Einstein and biholomorphic to CPn, a result of Berger (cf. for example [7, p.

74]) implies

g — kg'o     for some constant A; > 0.

This, together with w = u>0, implies that g = g'0 and so (M, g, J) is holomorphically

isometric to (CPn,go,Jo)-

REMARK.   The second term of the asymptotic expansion for p Spec(M,g) is

given by (cf. [9])

-üo-C--.2)}/;T * 1.
M

It follows that, if p2 - 2np + n(2n - l)/3 / 0, then aUp(M) = oiiP(CPn) implies

/m t * * ~ fcPn T° * 1- Consequently, by a similar argument as in the proof of (B),

we may prove the following:

THEOREM 2.   If (M, g, J) is a Kaehler manifold with b2 (M) = 1, ^pectM, g) =
1Spec(CPn,go) and n ^ 3, then (M,g,J) is holomorphically isometric to (CPn,

go,Jo)-

Theorem 2 is an improvement of Corollary 4 of [2].

4.  Proof of Theorem 1. Assume 1Spec(M, g) = xSpec(CP2, go). Note that

3Spec(M,o) = 3Spec(CP2,so) implies 1Spec(M,o) = 1Spec(CP2,g0). Then

61(M) = 61(CP2) = 0
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and by the asymptotic expansion for 1Spec, we obtain dime M = dime CP2 — 2,

(4.1) vol(M,g)=vol(CP2,g0), f  t*1= f      To*l,
Jm Jcp2

and

(4.2) / (11|72|2 - 86H2 + 20r2) * 1 = /     (H|72o|2 - 86|p0|2 + 20r2) * 1
Jm Jcp2

(cf. [9]).
We recall that the signature of M is given by (cf. [5, p. 125])

2

sign(M) -  J2 (-1)9ftp.9 = 2 + 4&2,o - b2,
p,q=0

where 6Pi0 denotes the dimension of the space of harmonic forms of bidegree (p, q)

on M, and b2 = ¿>i,i+62,0+^0,2- From (4.1), we have that the total scalar curvature

of M is positive. Then a result of Yau [12] implies that the plurigenera Pm of M

vanish. In particular, 62,0 — Pi =0. Therefore,

(4.3) sign(M) = 2-62.

Moreover, the Euler characteristic of M is given by

(4.4) x(M)=2-261+&2 = 2 + &2.

From (4.3) and (4.4), we find

(4.5) sign(M) + X{M) = 4 = sign(CP2) + x{CP2)-

On the other hand, sign(M) and x(-^0 are also given by

sign(M) = (-1/487T2) / (|7Ü|2 - 2|p|2) * 1,
Jm

X{M) = (1/327T2) f (|72|2+r2-4H2)*l.
Jmim

Therefore, from (4.5), we get

(4.6) f (\R\2 - 8\p\2 + 3r2) * 1 = /     (|72n|2 - 8\po\2 + 3r2) * 1.
Jm Jcp2

Moreover, since M is cohomologically Einstein, as before we have

(4-7) f (r2-2|p|2)*l= /     (r2-2|po|2)*l.
Jm Jcp2

So, from (4.2), (4.6), (4.7),

(4.8) jM (\R\2 - l|p|2) * 1 = jcp2 (\Ro\2 - ||po|2) * 1 = 0.

Since |72|2 > (4/3)|p|2, from (4.8), we obtain |7t|2 = (4/3)|p|2 and hence {M,g,J)

is of constant holomorphic sectional curvature c. Finally (4.1) implies c = 1, so

(M, 0, J) is holomorphically isometric to (CP2,go, Jo).
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