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ABSTRACT. Dirichlet problems of the harmonic map system from the disk

into the sphere are presented which have multiple nonhomotopic solutions.

In particular, it is shown that for any natural number k there is a Dirichlet

problem which has at least k + 1 nonhomotopic solutions.

1. Introduction. Let D - {x e R2 : \x\ < 1} and S2 = {ieR3: \x\ = 1}.

Let H1(D,S2) denote the subset of functions u G H1^,^) with |u| = 1 a.e. and

define the energy of a map u € H1 (0, S2) as

If
E(u) = -Jd\Vu\2.

A harmonic map from D to S2 is a smooth critical point of the energy functional

E on H1(D, S2). Such a map is a solution of the nonlinear elliptic system

(1) -Aw = |Vw|2u.

For prescribed boundary values 6 € H1(D,S2), the Dirichlet problem consists of

finding a harmonic map in the set

r = {u G H1 (D,S2) : u - 6 € H¿ (D, R3)}.

One can always find a solution of the Dirichlet problem by minimizing E on &: If

ü € % is such that E(u) = infg> E, then ö is a critical point of E and is smooth

by the regularity theory of Morrey.   By considering simple examples, one would

conjecture the existence of at least two solutions of the Dirichlet problem.  That

is, there should exist a solution u nonhomotopic to ü such that if ü and u are

"glued" together they would completely "cover" S2. That this is indeed the case

for nonconstant 6 was proved by H. Brezis and J.-M. Coron [1] and J. Jost [3].

(For 6 constant the only solution to the Dirichlet problem is u = 6; see L. Lemaire

[4].)   In this paper the techniques of [1] are used to construct an example of a

Dirichlet problem with more than two solutions. The example shows that for any

positive integer k there is a Dirichlet problem that has at least k +1 nonhomotopic

solutions.
-
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2. Preliminaries. In order to discern nonhomotopic elements of W', introduce

the functional

Q(u) = — / u ■ ux A uy
47T JD

and note that the quantity Q(ui) - Q(u2) is integer-valued for all «1,^2 €^ (see

[1]). If one defines w: R2 -► S2 as

( w(x) = ui(x) if x € D,

\ w(x) = U2(x/\x\2)    ifi^D,

then the integer Q(ui) — Q(u2) is the degree of the map w o -k: S2 —► S2 where

7T is stereographic projection from S2 to R2. (It is possible to define the degree

of w o 7T even if w is discontinuous by virtue of a density result of R. Schoen and

K. Uhlenbeck [5]; see also the appendix of [1]. The result states that smooth

functions from R2 to S2 which are constant in a neighborhood of infinity are dense

in H1(R2, S2).) Fix ü € 8? such that E(u) = infg> E and for every integer j let

g}={ue%:Q(u)-Q(u)=j}.

gj is nonempty and open/closed in W with the topology inherited from H1(D, R3)

but it is not closed under weak H1 convergence. This last fact makes it difficult

to obtain critical points different from ü by trying to minimize E in 9j, j £ 0.

Nevertheless, in [1 and 3] it was demonstrated that infg> E is always achieved in

&J for at least one of the values j = ±1. The following lemmas are key steps in the

proof provided in [1], and they are at the heart of the example presented here.

LEMMA 1. Let u & êj. If there is a point (xo,yo) € D such that u is C1 in a

neighborhood of (xo,yo) and

u-uxAuy>0(<0)    at(x0,yo),

then there is a v G e?j-i(§?j+i) such that E(v) < E(u) + 4n.

PROOF. See the proof of Lemma 2 in [1].    D

LEMMA 2. Forv € i/^D.S2) letF*^) = E(v)±4ttQ(v). If{vn} is a sequence

of elements in H1(D, S2) that converges weakly to v, then F±(v) < limF*^).

PROOF. Argue as in the proof of Lemma 1 in H. Brezis and J.-M. Coron [2].    G

3. The example. In this section a Dirichlet problem is described which has

at least k + 1 nonhomotopic solutions, k a positive integer. Let ö : D —» S2 be the

function which conformally maps D onto the upper hemisphere and is the identity

on 3D into the equator. In polar coordinates (r, 6) centered at the origin in D,

u(r, 6) = —!-2 (2r sin 9,2r cos 0,1 - r2 ).

Let ük : D —> S2 denote the composition of ü with the power map re%e t-* rkelke

from D into D. In polar coordinates,

ük(r, 0) = —î-rrr (2rk sin k0,2rk cos k&, 1 - r2k).
1 + rÁK
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ük is an energy-minimizing map with respect to its boundary values; if conformally

"covers" the upper hemisphere fc-times:

E(ük) = -Q(ük) = 27rfc.

The map uk : D —> S2 given by

uk (r, 9) = —^ (2rk sin k0,2rk cos k0, r2k - 1)

is another energy-minimizing map with the same boundary values as ük- It confor-

mally "covers" the lower hemisphere fc-times:

E(uk) = Q(uk) = 2irk.

If the classes ^ are defined with respect to ük, then uk G %?k.

The Dirichlet problem for the boundary values 6 — ük thus has two solutions,

ük in êo and uk \nWk. The result of [1 and 3] proves the existence of two more so-

lutions, one in l?i and one in %k-\. The following theorem establishes the existence

of solutions in £J, 0 < j < k, for this Dirichlet problem.

THEOREM l. For all integers j, 0 < j < k, there is a map Uj in ^ such that

E(uj) = hn>. E.

PROOF. Let uo = ük and uk = uk. Note that for any element u in 3J, 1 <

j < k — 1, there are points (xo,yo) and (11,3/1) in D such that u ■ ux A uy > 0

at (xQ,yo) and u ■ ux Auy < 0 at (ii,j/i). This is easily seen to be true from the

degree interpretation of the quantity Q(u) — Q(ük) and the behavior of ük. Fix

j, 1 < j < k — 1, and let {un} be a minimizing sequence in 8j. By the density

result mentioned above one can assume the un are smooth. There is a u G f and

a subsequence which is still denoted {un} such that un —» u. Now u belongs to ^¿

for some i. If i = j the proof is finished by invoking the lower semicontinuity of E.

If i ^ j, i must still be in the range 0 < t < 2j if k > 2j, 2} — k < i < k if k < 2j.
For suppose this is not the case, say k > 2j and i < 0. Repeated applications of

Lemma 1 and the density result produce a v G <§^ such that E(v) < E(ük) + 4nj.

Applying Lemma 2,

E(u) - 4ttQ(w) < lim[£:(un) - 4ttQK)].

Thus,

E(u) < ljm[E(un) - 4v(Q(un) - Q(u))]

= inf E - 4ir(j - i)

< E(ük) + 4-KJ - 4ir(j - i)

< E(ük),

a contradiction. Similar arguments show that the other cases lead to contradictions,

too. Thus, u G <§¿ for some i in the range given above. Without too of generality,

assume i > j.

In &i there are two possibilities: Either there is an element w G ^¿ such that

E(w) = infg>. E, or there is no such element. In the first case, w is smooth by

the regularity theory of Morrey. Applying Lemma 1 (repeatedly, if necessary) one
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obtains an element »£^ such that E(v) < E(w) + 4tt(i — j). Applying Lemma 2

to {un},

E(u) - 4ttQ(u) < ljm[E(un) - 47rQ(un)].

Arguing as in the previous paragraph,

E(u) < inf £ - 4ir(i - j) < E(w),

5
a contradiction since u G <§¿.

Suppose there is no minimizing element w G S¡. Let {«;„} be a minimizing

sequence of smooth functions in <§¿. For each n apply Lemma 1 as before to obtain

a sequence {vn} in êj such that

E(vn) <E(wn)+4ir(i-j).

Applying Lemma 2 to {un},

E(u) - 4ttQ(u) < ljm[E(un) - 4-KQ(un)).

Arguing as before,

E(u) < inf £ - 4tt(z - j) < E(wn).
g;

It follows that

E(u) < \jmE(wn) = ME,

a contradiction since ti6^ and ^ did not contain an element of minimum energy.

Thus, ue£j.    D
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