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ABSTRACT. This paper describes a method for studying the equivalence re-

lation among cocycles for an irrational rotation. A parameterized family of

cocycles is presented, which meets the equivalence class of each piecewise abso-

lutely continuous function whose derivative is L2. The difficulties in describing

the equivalence among the elements of this family is shown to reduce to the

analogous problem for describing equivalence among step functions, thereby

relating this paper to the earlier work of Veech, Petersen, Merrill, and others.

1. Introduction. In this paper we study the functional equations:

(1) v(x) = c + w(x) — w(x + 9)

and

(2) f(x) = Xg(x)/g(x + 9),
where 6 is a fixed irrational number.

In (1), we are given a measurable real-valued function v on R/Z (which we iden-

tify with the half-open interval [0,1)), and we seek a real scalar c and a measurable

real-valued function w. In (2), we are given a measurable circle-valued function /

on R/Z, and we seek a complex scalar A and a measurable circle-valued function g.

If (1) has a solution, we say that v is a trivial additive cocycle, and if (2) has a so-

lution, then / is a trivial multiplicative cocycle. Moore and Schmidt [4] have shown

that v is a trivial additive cocycle if and only if e2msv is a trivial multiplicative co-

cycle for every real s. The resulting distinction between additive and multiplicative

triviality has been studied in [7, 3, and 6] among other places. Most of the results

in this paper are for additive cocycles, although multiplicative techniques from the

cited works will be used.

Two real-valued functions t; and v' are equivalent if v — v' is trivial. This equiv-

alence relation and the parallel one for multiplicative cocycles are not smooth,

meaning that there exists no Borel isomorphism between the set of equivalence

classes and any standard Borel space. However, a need to understand this equiva-

lence relation arises in many applications in harmonic analysis and ergodic theory

(e.g., see [1, 2, and 8]).

Thus, as an alternative goal to parameterizing the equivalence classes completely,

we seek a smoothly parameterized family V of real-valued measurable functions

such that:

(a) every real-valued measurable function is equivalent to some element of V,
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and

(b) the equivalence relation on V can be described in terms of the parameters

ofV.
The only partial result of this kind that we know of is in [1]. There, the mul-

tiplicative family V consists of all translates of exponential functions es, where

ea(x) = e2msx. This family satisfies property (b) but not (a). In this paper we

propose a much broader additive family.

Throughout the rest of this paper we will assume that 6 is a badly approximable

irrational, i.e., that there exists a positive constant 6 such that

n\l-e2nine\ >6

for all positive integers n. This is equivalent to assuming that 0 has bounded partial

quotients in its continued fraction expansion, a condition that has been seen [7, 1]

to simplify the equivalence relation we are studying.

2. Let V be the family of piecewise linear, real-valued functions on R/Z. We

parameterize V as follows: For each partition ¿i < • • • < ijy of [0,1), and for each

TV-tuple (/i,ri),(Z2,r2),--- , (¿jv,rjv) of elements of R2, define ufM.fOi.r.O} to be

linear on (U, t,+i), 1 < i < N, and on (í;v, ¿i), with left and right limits at í¿ equal

to li and r¿ respectively. We will show that every piecewise absolutely continuous

function with L2 derivative is equivalent to some element of V, and we will discuss

the equivalence relation among the elements of V.

LEMMA 2.1. If v is absolutely continuous with v' in L2, then v is a trivial

additive cocycle.

PROOF. Let {cn} be the Fourier coefficients for v. By integration by parts,

{ncn} is in I2. Let an = cn/(l — e2,rme) for n/0, and ao = 0. Then since 6 is badly

approximable, {an} is also in I2. Let w(x) = X)ane2,rmx. Then w(x) — w(x + 6)+co

is an L2 function with Fourier coefficients {cn}, and thus equals v.

DEFINITION. A function v: [0,1) —► R is piecewise absolutely continuous with

L2 derivative if there exists a partition ti < • • • < tjf of [0,1) such that v is

absolutely continuous on each interval (£¿,í¿+i), and on (íat,íi), and if its a.e.

derivative v' is in L2.

For such a function v, it follows that left and right limits v(x~) and v(x+) exist

at every point in [0,1), whence the discontinuities of v are jump discontinuities.

THEOREM 2.2. Every piecewise absolutely continuous function v with L2 deriva-

tive is equivalent to some element of V.

PROOF. Let ti < ■ ■ ■ < tN be a partition of [0,1) which contains all the discon-

tinuities oft;, and let (k,ri) — (y(t~),v(tf)). Then v — t,{*<M('<.r<}} is an absolutely

continuous function with L2 derivative, and thus trivial.

Now we explore the equivalence relation among piecewise linear functions. The

first lemma shows that every piecewise linear function is equivalent to one which

has nonzero slope on at most one of its subintervals:

LEMMA 2.3. Let v — t>i*<M('<'r<)} be a piecewise linear function. Then v is

equivalent to any piecewise linear function of the form t,Oy»{('or<)} where the jumps

ri — li and r\ — l\ are equal for 1 < i < N, and where l'i+1 = r\ for 1 < i < N.
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PROOF. v^t,^^l"r'^ - v^ti{'^l'>r^ is an absolutely continuous function with

L2 derivative, and thus trivial.

Note that the location and size of the jump discontinuities of v are invariant

under the equivalences in 2.2 and 2.3. The following theorem gives a necessary

condition for triviality in terms of these invariants.

THEOREM 2.4. A piecewise linear function is trivial only if the sum of its

jumps, J2iri - h) = 0.

PROOF. Let v = »'t<}'t('<,r<" be such that the sum of its jumps is nonzero,

and suppose v is trivial. By 2.3, we can assume that v has slope 0 on (£¿,ít+i) for

0 < i < N and slope m/Oon (i/v, ti). For any integer n, define

v(n)(x) = v(x) + v(x + ô) + ---+v(x + (n- 1)0).

Since v is trivial, it follows (see [7 or 3]). that for any sequence {nk} with nk6 —* 0

mod 1, there exists a complex number p of modulus 1, and a subsequence {nk]}

for which lim/j(x) = p for almost all x, where fj = e27nv', and Vj = t;1"') . We

will select a j with properties that lead to a contradiction.

Lets- = (l-(tN~ti))\m\/20N, and let Ej be the set of z for which \p-fj(x)\ < e.
Then lim v(Ej) = 1, where v is Lebesgue measure. Choose first a j such that

v(Ej) > 4/5. Let {Ij,r} be the set of intervals between discontinuities of Vj. If 7J>r

is one of these intervals, then Vj is linear on /_,,,, with slope an integer pj,r times

m. The interval Vj(Ij^) is of length v(vj(Ijtr)) = PjA'^W^jj)- We will reach a

contradiction by showing that for many intervals IjtT, Vj(Ij^) is too large for fj to

stay within e of p.

First we estimate pJjr. It is exactly the number of integers 0 < h < nkj such that

x + hO e [£jv,ii), where x is any point in IjtT. The Ergodic Theorem then implies

that for almost all x,

lim ^ = lii - tN\ = 1 — (tN - ti).
j   nkj

We may choose our j so that, in addition to the first requirement, p^T >

nkj(l — (ín — ii))/2 for all x in a set Fj for which v(Fj) > .9. Now we estimate

the length of IjT. The average length of the intervals {/,>} is at least 1/Nnkj,

and the sum of the lengths of those intervals, whose length is at least half this

average, is at least 1/2. Let Gj be the set of all x e Fj such that the interval IjfT

to which x belongs has length at least half the average length. Then v(Gj) > .4,

and v(Ej n Gj) > .2.
Now, if x e Ej C\Gj, and if/¿r is the interval in {Ij,r} to which x belongs, then

v(vj(Ihr)) > nkj(l - (tN - h))\m\/4Nnkj = (1 - (tN - <i))|m|/4/V = be.

It follows that v(Ij,T n Ej) > .ou(Ij^r), whence

u{Ej) > v(Ej n Gj) > .6v(Gj) > .24,

and this gives the desired contradiction.

Because of Theorem 2.2 (and the remark following 2.3), Theorem 2.4 applies as

well to piecewise absolutely continuous functions with L2 derivatives. Note also

that if the sum of the jumps of such a function is 0, Lemma 2.3 will produce an

equivalent step function. Thus we have the following alternate version of Theorem
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THEOREM 2.5. A piecewise absolutely continuous function with L2 derivative

which is a trivial additive cocycle must be equivalent to a step function.

COROLLARY. A piecewise absolutely continuous function with L2 derivative,

which has exactly one point of discontinuity on R/Z, is a nontrivial additive cocycle.

Thus, for example, a nonconstant increasing Lipschitz continuous function on

[0,1) cannot be trivial.

Examples in [3, 5, and 7], show that the conditions given in 2.4 and 2.5 are

not sufficient for triviality. Thus we have not described completely the equivalence

relation on V; instead, we have reduced the problem of determining equivalence in

V to the admittedly still difficult problem of determining equivalence among step

functions. However, we can make use of a partial result known for step functions

to give a necessary and sufficient condition for triviality in the following restricted

family V:

DEFINITION. The family V C V consists of all functions ti{*«M('*;r*)} for which

no proper subsum of the jumps r¿ - /¿ is 0.

We see as before that any piecewise absolutely continuous function with L2

derivative, which satisfies the same subsum property, will be equivalent to a function

in V.

THEOREM 2.6.   An element «{**}.{('<?*■«)} g V' is trivial if and only if

(a) Z)(r¿ - h) = 0, and
(b) each í¿+i — ti is of the form p¿ + qid, 1 < i < N — 1.

PROOF. Suppose v satisfies (a) and (b). Then, as in 2.5, v is equivalent to a

step function satisfying (b), which is trivial [7 or 3].

Conversely, suppose v e V is trivial. Then by 2.4, it satisfies (a), and by 2.5

it is equivalent to a step function. Now we apply Theorem 3.1 of [3] to show that

e2iriv can be trivial only if (b) holds as well.
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