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(Communicated by John B. Conway)

Abstract. Let {H°°)b be the Bourgain algebra of /Y00 C L°° . We prove

(H°°)b = H°° + C. In particular if / e L°° then the Hankel operator Hf is

a compact map of H°° into BMO iff whenever f„ — 0 weakly in H°° , then

di8t(//B,//°°)-»0.

1. Introduction and results

Cima and Timoney [3] introduced the following definition, based on an idea

of Bourgain [1]: Let A be a Banach algebra and let X be a linear subspace of

A . Then the "Bourgain algebra" Xb is defined to be the set of all xe A such

that

(1.1) if xn —• 0 weakly in X, then dist(xxn, X) -* Q,

It is proved in Cima and Timoney [3] that Xb is a closed subalgebra of A,

and that if X is an algebra then Xb D X. (Actually, Cima and Timoney only

consider the case A = C(K), but the same proof holds in general.) Bourgain

[2] has shown that H°°(D) has the Dunford-Pettis property using the theory of

ultra-products. A Banach space X has the Dunford-Pettis property if whenever

xn-t0 weakly in X and x* —► 0 weakly in X* then

Hm (x„ ,x„) -0.

In trying to develop a more basic function theoretic proof of this result the

following question arose. If A = L°°(T) and X = H°°, characterize the

closed subalgebra Xb, H°° c Xb c L°° ; equality Xb = L°° implying that

77°° has the Dunford-Pettis property. One of our main results is that then

Xb = H°° + C.
We will show this by translating (1.1) into a condition for Hankel operators,

e review first sor

P denotes the c

analytic functions.
-
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We review first some pertinent definitions.

P denotes the orthogonal projection of L (T) onto the subspace 77 (T) of
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If / G L°° , then the Hankel operator 77. is defined by

Hf(g) = (I- P)(fg),      geLf

For the definition of BMO and its subspace VMO we refer to Garnett [4, Chapter

VI]. We note that BMO is a linear space (containing L°°) and that it follows

that [4, Theorem VI. 1.5] that P, I -P: L°° -* BMO. Hence, for f e L°° ,
H', maps 7°° into BMO.

We finally recall that a completely continuous operator is a linear operator

which maps weakly convergent sequences into strongly convergent ones. (This

is Hubert's definition; for reflexive spaces it is equivalent to compactness, see

§2.)
We may now summarize our results as follows.

Theorem 1. Let f e L°° . Then the following are equivalent.

(¡jif fn^Q weaklyin H°°•then dist(//„ -H°°) -»o.

(ii) Hj is a completely continuous map of 77°° into BMO.

(iii) 77, is a compact map of H°° into BMO.

(iv) /G77°° + C.

(v) (I -P)fe VMO.

Here it is important that we deal with sequences in the conditions (i) and

(ii), and not with general nets. In fact, we have the following companion result,

where R denotes the set of all rational functions with no poles on T.

Theorem 2. Let f G L°° . Then the following are equivalent.

(i) if {fit} is any net which converges weakly to 0 in H°°, then dist(//Q , 77°°)
-0.

(ii) 77y is a continuous map of (H°° , weak) into (BMO, norm).

(iii) 77^ maps H°° into a finite dimensional subspace of BMO.

(iv) (i-P)feR.

Remark 1. The theorems remain valid if we replace both 77°° and BMO by

77 throughout the statements. The equivalences (iii) <*■ (iv) •«• (v) in Theorem 1

then is Hartman's theorem, and the equivalences (iii) o (iv) o (v) in Theorem 2

is Kronecker's theorem. The proofs simplify in this case, in particular (ii) <=> (iii)

in Theorem 1 because 77   is reflexive.

The same results hold for any Hp , 1 < p < oo.

Remark 2. The extensions in Remark 1 can be regarded as examples of a gen-

eralization of the Bourgain algebra as defined above, where instead of assuming

X c A , we assume that X is a subspace of an ,4-module M. (Let A = L°° ,

M = V and X = Hp .) The proof in Cima and Timoney [3] shows that (1.1)

defines a closed subalgebra of A also in this case.
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Remark 3. We obtain the same results with weak*-convergence in (i) and (ii)

in the theorems. (This makes the conditions stronger, but it is easy to see that

they still follow from (iv).)

2. Proof of Theorem 1

We divide the proof into several steps.

(i) <& (ii). It is an easy consequence of Fefferman's duality theorem (cf. Gar-

nett [4, Corollary VI.4.6] that

(2.1) dist(//„ , 77°°) ~ ||(7 - P)(//„)||BMO = \\Hf(fn)\\BU0.

(iii) => (ii). This is a consequence of the following elementary lemma.

Lemma 1. Let X and Y be Banach spaces. A linear mapping T is completely

continuous if and only if it maps ( relatively ) weakly compact sets to ( relatively )

compact sets.

Proof. The proof is elementary and probably known.

In particular, any compact map is completely continuous (which is what we

need here), and the converse holds if X is reflexive (see e.g. Rudin [5, Exercise

IV. 18]).

(iv) =>■ (iii). If / = h + p, where h e H°° and p is polynomial in z,

then 77, has finite rank. The implication follows because such functions are

dense in 77°° + C, and the mapping / —> 77, is a continuous map of L°° into

7(77°° , BMO).

(iv) o (v). This is well known, and another consequence of Fefferman's du-

ality theorem; cf. Garnett (1981, §VI.5).

(i) => (iv). By the results of Cima and Timoney [3] quoted in the introduc-

tion, the set (H°°)b of functions satisfying (i) is a closed subalgebra of L°°

containing 77°°. By the Chang-Marshall theorem (Garnett [4, §IV.3]), every

such algebra is generated by 77°° and those complex conjugates of interpo-

lating Blaschke products which belong to the algebra. Therefore, it suffices to

show that (H°°)b does not contain any conjugate of an infinite interpolating

Blaschke product.

In order to do this, let {zn} be an interpolating sequence in the unit disc and

let b be the corresponding Blaschke product. By the P. Beurling interpolation

theorem (Garnett [4, Theorem VII.2.1]), there exist functions fn e H°° such

that fn(zm) = ônm and

(2.2) £|/„(z)|<M,        |z|<l.
»

We first observe that (2.2) implies that f  —► 0 weakly in 77°°.   In fact, if

cp e (H°°)*, let an — sign(ç?, / ). Then, for any TV < oo,

£lv?./„)l = J» -/„) = (*. Eanfn) < \\9\ ^Zanfn < || ?» || -M.
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Consequently YlT \(<P •/„){ < oo, and thus (tp ,/„)-» 0, for any <p e (77°°)*.

Next we observe that fn/b is analytic in the unit disc except at zn , where it

has a simple pole with residue l/b'(zn). Hence fn/b-l/b'(zn)(z-zn)) e H°°

and, since bfn = fjb on T,
-i

(2.3)

Furthermore,

(2.4)

and (for z eT)

dist(bfn ,H™) = |ô'(zjr'dist(l/(z - zn) ,H™)

|è'(z„)r1||(Z-Z')(l/(z-z„))||BM0.

\b\*n)\=y^-2 n
1       lz/il    m^n

1

z   — z
n m

1 — z z
n   m

<(i-i*jV

Z - Z„ ! - ZnZ °

so that P(l/(z - z„)) = 0 and

0-1*/) (I-P)
1

z - z.
BMO

0-KI)

z - zzMzM
_n   n

l-znz BMO

l-z„z
BMO

(z-z„) + zn(l-z„z)

X~ZnZ BMO

-2- + Z
1 - z_z       »

n
~Z — ~Z

BMO

l-z„z
BMO

= IIzIIbmo'

independently of «  (where we in the last step used the fact that a suitably

chosen norm on BMO is Möbius invariant (Garnett [4, Corollary VI. 1.4]).

(2.3)-(2.5) now show that dist(/J/„ ,77°°) > C > 0 for all n, and thus

b $ (77°°), . This completes the proof of Theorem 1.

3. Proof of Theorem 2

(i)o(ii). By (2.1).

(i) <=> (iii). We formulate this as a general result.

Lemma 2. If X and Y are normed spaces and T is a bounded linear map of

X into Y, then T is continuous (X, weak) —► (Y, norm) if and only if T has

finite rank.

Proof. An elementary exercise.

(iii) •«• (v). Since 77°° is a dense subspace of 772, (iii) holds if and only if

77, has finite rank on 77 , which is equivalent to (v) by Kronecker's theorem.
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(iv) o (v). Well known and elementary.
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