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A GENERALIZATION OF NONHARMONIC FOURIER SERIES

HAROLD E. BENZINGER

(Communicated by Paul S. Muhly)

Abstract. It is shown that the theory of nonharmonic Fourier series is a special

case of a general method for perturbing bases in Banach spaces, and that even

in the classical case, there are many ways of perturbing ordinary Fourier series

while still preserving the norm and pointwise convergence properties.

1. INTRODUCTION

The theory of nonharmonic Fourier series is concerned with placing condi-

tions on a sequence of complex numbers Sn , -oo < n < oo, such that the se-

quence of functions gn(x) = e'("+ ")x has the same expansion properties as the

sequence <t>n(x) = e'"x , with respect to convergence in the norm of Lp(-n ,n),

1 < p < oo, or with respect to pointwise convergence. In [ 1 ] it was shown that

if {ôn} is assumed to be a Fourier series multiplier sequence, then nonhar-

monic Fourier series arise as the eigenfunctions of unbounded linear operators

with useful spectral properties, e.g. the operators generate strongly continuous

groups or semigroups, and that many earlier results can be unified and extended.

In this paper the process of forming the sequence {gn} from {<j>n} is given in

an abstract setting, not dependent on the special nature of the exponential func-

tion. The results on norm convergence give intrinsic meaning to the hypotheses

needed in the classical case. Restricting consideration to the function spaces

Lp(-n, n), we see that the perturbation of ordinary Fourier series can be car-

ried out in many ways other than that given above, while obtaining results on

pointwise as well as norm convergence.

References to earlier work can be found in [1, 2].

2. Norm convergence

Let B denote a complex Banach space and let {<f>n} , -oo < n < oo denote

a sequence in B . Let

oo

(2.1) w(z) = J2wkzk
fc=0
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be an analytic function with radius of convergence p, 0 < p < oo, and let

oo
k

\wk\z(2.2) *»(*) = El
k=0

be the majorizing function of w, also with radius of convergence p. Let

X : B —► B be a bounded linear operator and let {ôn} be a sequence of complex

numbers. For each n, let

oo

(2.3) w(iônX) = Y,wk(iônX)k,
k=0

which exists as a bounded linear operator provided

(2.4) itrm<>'.
2.1. Definition. {Sn} is a multiplier sequence for {<f>n} if there exists a bounded

linear operator M : B -* B such that

(2-5) M+, = SJn

for each n . Note that \ôn\ < \\M\\ for each n .

Assuming (2.4) holds, let

(2.6) gn = w{iôHX)if>H.

2.2. Theorem. Assume {ôn} is a multiplier sequence for {<f>n} and

(2-7) \\X\\\\M\\<p.

Then there exists a bounded linear operator A: B —► B such that

(2-8) M„ = gn.
Proof. Let

oo

(2.9) A = ^2,wkicXkMk.

k=0

This series converges by (2.7) and ||^|| < tí>(||^|| \\M\\). One sees directly that

(2.8) holds.

2.3. Examples. Let B = Lp(-n,n) for 1 < p < oo, with dual space B* =

Lq(-n , n), where pq = p + q. Let (/, g) = (\/2n) [*K f(x)g(x) dx, and let

(f,n(x) = einx in B, y/n(x) = einx in B*. Let Xf(x) = h(x)f(x) for some

h in L°°(-7r,7r). Then gn(x) = w(iônh(x))4>n(x), provided \ôn\ \h^œ < p.

The classical case of nonharmonic Fourier series arises from h(x) = x and

w(z) = ez. Then p = oo and gn(x) — e . Clearly many other cases

can be considered, such as h(x) = x , and then one is concerned with the

expansion properties of

f\ i r\\ /   \ i(nx+önx )
(2.10) gn(x) = eK
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(2.11) gn(x) = (1 - iônx)  l4>n(x),

If w(z) = 1/(1 - z), h(x) = x, then p - 1,

(2.11) 8n

and A exists if n\\M|| < 1.

We return to the abstract setting.

2.4. Definition. The sequence {gn} is equivalent to the sequence {<pn} if A

has a bounded inverse.

If the two sequences are equivalent then all topological properties of expan-

sions in one system are transplanted to the other. In particular, if {<f>n} is

linearly independent and complete in B and if there exists a sequence {y/n}

in the dual space B* such that (<l>n,Wn) = Snm, then {gn} is complete and

linearly independent and defining

hn = A*      %•

we have (gn ,hm) = ônm . If {4>n} is a Schauder basis for B, then so is {g„} ■ To

give explicit conditions for A to have a bounded inverse, we use the geometric

series method and the Fredholm method: A has a bounded inverse if ||^-/|| <

1, or if A - I is compact and A is one-to-one.

2.5. Theorem. A sufficient condition for A to have a bounded inverse is that

(2.12) w(\\X\\\\M\\)<l+\wQ\-\\-w0\.

Proof. From the definition of A in (2.11) we see that

M-iii^ii-^i-i^i+iDdmiiiMii).

Using (2.12), this yields \\A - I\\ < 1.

If w0 = 1 then (2.12) becomes

ù>(pniiiA/|i)<2.
_

If w(z) = e  — wm(z) ' ti*is conditi°n becomes

p/||<ln2/pn|,

and if Xf(x) = xf(x) in Lp(-n, n), then A has a bounded inverse if

||A/||<ln2/K.

See Theorem 2.11 in [ 1 ] and the remarks there about earlier results of Duffin and

Eachus and of Pollard. For the system given in (2.10), A exists if ||M|| < \/n ,

and a sufficient condition for the invertibility of A is that ||M|| < In 2/n . For

the system given in (2.11), A is invertible if ||M|| < l/27t.

To apply the Fredholm method, we need to have A - I compact.
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2.6. Proposition. If M is compact then A- I is compact.

Proof. All terms in (2.9) for k > 0 are compact operators, and then A - I is

the limit in the operator norm of compact operators.

Since gn = 4>n if ôn = 0, it suffices to consider perturbing only finitely many

vectors at a time. From Lemma 2.14 of [1] we have

2.7. Proposition. Assume (2.7) and that ôn = 0 except for n in a finite set

S. Let

Ds = det[(gn , y/J],       n,minS.

Then A is invertible if Ds ^ 0.

Note that Ds is an analytic function of á for each /' 'va. S, and Ds ^¿ 0

when all 5. = 0. Thus although the zero set of Ds can be uncountable, there

is no constraint on the size of the deltas, since there are values arbitrarily close

to the circle of convergence which are not in the zero set of Ds. Using the

geometric and Fredholm methods, we obtain a condition with no constraint on

the sizes of all of the S's.

2.8. Theorem. Let M be a compact multiplier satisfying (2.9). Assume there

exists a finite set S of indices such that Ds ^ 0. Let Ms denote the multiplier

transform obtained by replacing ôn by zero for n in S. Assume w(\\X\\ \\MS\\) <

1. Then {gn} and {<pn} are equivalent.

There exist multiplier transforms of arbitrarily small norm for which {ôn}

does not converge to zero, so the equivalence of two sequences of vectors does

not require a constraint on the ultimate size ofthe multiplier sequence.

In the case that {<j>n} is linearly independent and complete, and there exists

a dual sequence {y/n} , there is a condition for the compactness of M.

2.9. Proposition.  M is compact if

oo

(2.13) El'UII'MIWK00-
— oo

Proof. This condition ensures that M is the limit in the operator norm of the

finite rank operators

MNf = Íl0n(f^n)<Í>n-
-N

Condition (2.22) can always be satisfied by putting strong conditions on the

multiplier sequence. In the case of classical Fourier series, a less stringent con-

dition can be given, using the Hausdorff-Young inequality.

2.10. Proposition. Let B = Lp(-n ,n) for 1 < p < 2. M is compact if {Sn}

is in lp.
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3. Stability

A perturbation of {(¡>n) is determined by specifying a power series and two

bounded linear operators, one of which is a multiplier. Assume w0, X0, M0

have been selected so that AQ exists and has a bounded inverse. We show

that for any triple w , X, M sufficiently close to w0, X0, M0, the resulting

operator A has a bounded inverse. For X, M closeness is measured using

the operator norm. Two power series w(z), w0(z) are close if their respective

radii of convergence p, p0 are close and if

oo
Ek    k  , 0,

yxyM\wk-wk\
k=0

is sufficiently small, where yx , yM are positive constants determined by w0,

X0, M0.

By assumption A0 is bounded, so \\X0\\ \\M\\ < p0 . Select e > 0 such that

(l|jgi + e)(l|M0|| + e)</>0-e

and then select w , X, M such that p> p0-s, \\X-X0\\ < e, \\M-MQ\\ < e.

Let yx = \\X0\\ + e, yM = \\M0\\ + e. Then \\X\\ \\M\\ < p, so A exists as a

bounded linear operator. Let ak = maxdu^), \wk\).

We make use of the identity for linear operators

(3.1) PQ - RS = \(P + R)(Q -S) + \{P - R)(Q + S).
3.1. Lemma. Let   T,    T0   be  bounded  linear  operators  and  let   y    =

max(||7ï|,||r0||). Then

(3.2) ||r*^7£|[<fc/~,||7,-r0||.

Proof. Let P = Tk~l, Q = T, R = Tk~l, S = T0. Then from (3.1),

||r* - 7^11 <yk~{\\T- TJ + y\\Tk~l - T%-1\\.

The result follows by induction.

3.2. Lemma.

(3.3)     Hw***"* - w°kXoM¡W < W^W" - <II

+ akyM\\X   -X0\\+(yxyM) \wk-wk\

VProof. Apply (3.1) twice, first with P - wkX  , Q — M  , etc., and then with

P = wk , Q = Xk , etc.

3.3.    Proposition.

M-^oH Y,üxyM)k\wk-wl\

(3-4) *=0

+ IM* - ^oll + ?x\\M - KlIlE*»*^?«)* •
A=0
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Proof. This follows from (3.2) and (3.3) applied to

oo

A - A0 = £ ik[wkXkMk - w¡XkM¡].

k=0

3.4.   Theorem. If A0 has a bounded inverse, then there exists e > 0 such that

if \\X - X0\\ < e, \\M-MQ\\<e, P> PQ-e and Y£=0(yxyM)k\wk-wl\< e,
then A has a bounded inverse.

Proof. This follows from (3.7) and the fact that the invertible operators form

an open subset of the set of bounded operators.

3.5 Remark. Let B be a Hubert space and let w = w0, X = X0. If {<j>„/\\(t>n\\}

is a Riesz basis for B, then {ôn} , {Sn} are multiplier sequences if and only

if they are bounded, and ||M - M0\\ = sup \ôn - «5°|. Thus if M0 generates an

invertible AQ then there exists A > 0 such that for all ôn with \Sn — Sr\ < A,

M also generates an invertible A . This case was considered by Young in [3]

forB = L (-n ,n), w(z) = ez, and X the operation of multiplication by the

independent variable.

4. Pointwise convergence

We restrict consideration to the case that {<f>n} is the trigonometric system

{einx} in B = Lp(-n,n), 1 < p < oo, and Xf(x) = h(x)f(x) for h in

L°°(-ti , n). Let the partial sum operators be

-N -N

Assuming {gn} , {4>n} are equivalent, we have

(4.1) (SN-SN)f =

¡X

¿2(X SN-SNXk)wk(iM)k

a=i
/•

See the proof of Theorem 3.1 in [1], where wk = \/k\.

4.1 Theorem. Let p be fixed, 1 < p < oo. Assume {gn}, {<t>n} are equivalent

and h is of class C . Then for each f in Lp(-n,n),

lim[SN(x;f)-SN(x;f)] = 0
N—»oo

uniformly on each interval [-tc + d ,n + d], d> 0.

4.2 Remark. This is a generalization of Theorem 3.1 of [1].

4.3 Proof of Theorem 4.1. Let DN denote the Dirichlet kernal

D(x-t)=Sin{N + i>){X-t)
n(        '       2sin((x-t)/2)   '
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Then for any g in B,

(XkSN-SNXk)g(x)= f DN(x-t)[hk(x)-hk(t)]g(t)dt.
J—n

We use the identity

hk(x)-hk(t) = (h(x)-h(t))J£hk-l-\x)h\t).

/=0

For bel < n - d, there exists a constant Ä^ = K . such that

h(x)-h(t)

2sin((jc-0/2)
<Jt.

Then 1(^*5^ - S^JT*)^*)! < Kk\\X\\k~l\\g\\ and for any integer J,

oo

E(^-^K(/^)^"7 <K\\M\\(Y,k\wk\(\\X\\\\M\\)
k-\

Thus given e > 0, / can be selected so large that the above expression does

not exceed e/2. For the finitely many remaining terms, since h is in C ,

[h(x)-h(t)]/sin((x-t)/2) has a derivative with respect to t which is bounded

uniformly with respect to x and / for \x\ < it — d and |i| < n. Thus the

Riemann-Lebesgue lemma applies uniformly in x, \x\ < n-d, and by selecting

N sufficiently large, we have

\SN(x;f)-SN(x;f)\<e.

Ordinary Fourier series arise as the eigenfunction expansions of the differ-

ential operator u —> -iu with periodic boundary conditions on [-n , n]. The

considerations in [1, §4] apply without change to the more general case consid-

ered here (even if the pointwise results do not hold), so there is a closed, densely

defined operator A with {gn} as eigenvectors, such that ÍA is the infinitesimal

generator of a uniformly bounded, strongly continuous semigroup, and -A is

the infinitesimal generator of a strongly continuous semigroup.
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