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ON HARMONIC BOEHMIANS

PIOTR MIKUSIÑSKI

(Communicated by J. Marshall Ash)

Abstract. Existence of generalized functions (called Boehmians) satisfying the

Laplace equation which are not ^°°-functions is proved.

By Boehmians on R" we mean the space of generalized functions which can

be defined as the completion of the space W°°(R") of infinitely differentiable

functions with respect to A-convergence. A sequence of functions fn gWx(R")

is called ¿^-convergent to a function / e <ê'°0{R") if there exists a delta sequence

{ôn} such that the sequence of convolutions

(1) (/„-/)*<*„

converges to zero uniformly on every compact subset of R" . By a delta sequence

we mean a sequence of functions ôn G ¿&(R") ( W°°-functions with compact

support) such that the following conditions are satisfied

(2) / ôn = l    for all «eN,

(3) ôn>0   for all «eN,

(4) For every e > 0 there exists a number M such that Sn(x) = 0

for all « > M and all x G R." such that ||x|| > e .

By the convolution f* g of f,g G &(R") we mean the function defined by

the integral (f*g)(x) = /R„ f(y)g(x -y)dy. Note that in (1) the convolution

is always well defined.

For other definitions and results on Boehmians see [2-10].

Since the differentiation is continuous with respect to A-convergence,

(see [5], Theorem 4.4), the derivatives of a Boehmian F — ¿\-\imn^oo fn can

be defined as

(5) |^=A-lim|f,        k=l,...,N
OXk n-»oo dXk

Received by the editors June 17, 1988 and, in revised form, September 16, 1988. The contents

of this note have been presented on January 12, 1989, at the Joint Mathematics Meetings, Phoenix,

Arizona. The presentation was sponsored by the University of Central Florida.

1980 Mathematics Subject Classification (1985 Revision). Primary 44A40; Secondary 35D05,
46F99.

Key words and phrases. Laplace equation, generalized functions, convolution, Boehmians.

© 1989 American Mathematical Society

0002-9939/89 $1.00+ $.25 per page

447



448 PIOTR MIKUSIÑSKI

A Boehmian F on R   will be called harmonic if

/« q2P     d2F     .6 —j- + —j = 0.
ox2     dy2

It is known that every Schwartz distribution satisfying (6) is a ^°°-function,

(see e.g. [11]). We will show that there are Boehmians satisfying the Laplace

equation which are not functions.

Theorem. Let {an}  be an arbitrary sequence of numbers and let {ßn}  be a

sequence of positive numbers such that

oo      .

(7) E«-<°°-
n=l H"

Let

fn(x,y) = eßn"x cos ßnny,

for « = 1,2, • • • and (x, y) G R . Then the series

(*) ÍX/„
n=l

is A-convergent and its sum is a harmonic Boehmian.

Proof. In view of Theorem 5.4 in [4], to prove A-convergence of (8) it suffices

to find a delta sequence {Sn} such that for every k G N the series

oo

E «■(/,* V

converges uniformly on compact subsets of R .

Let y be the characteristic function of the interval  [-1,1].   Define, for

« = 1,2,...,   (Pn(x,y) = \ß2ny(ßnx)y(ßny). Next define

(9) Sn = V„* <P„+{ * ■ ■ ■ = Km (<P„ * ■ ■ ■ * <Pn+k).

It can be proved, under condition (7), that the limit exists for every n e N (uni-

formly on R ) and that the sequence {Sn} is a delta sequence,

(see [1 and 5]).

For fixed k G N and every « > k we have fn * ôk = 0, because f„*<P„ = 0,

and therefore
oo k-1

n=l n=l

which implies uniform convergence of the series. Thus (8) is A-convergent to

a Boehmian

*" = Ea«(/.***)-
n=l

Since all fn 's are harmonic functions, F is a harmonic Boehmian, by (5).
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Note that there are Boehmians obtained as the sum of (8) which are functions.

Indeed, if {an} converges to zero fast enough, then the series is uniformly

convergent on compact sets. To show that for some sequences {an} the sum

of (8) is not a function we will use the fact that for every continuous function

/ and any delta sequence {ôn} we have

lim(/„*<y(0) = /(0).
n—>oo     "        "

Since, for the delta sequence {Sn} defined by (9) we have

(F*ôn)(0) = J2ak(fk*ôn)(0),
fc=0

we can easily find a sequence {an} such that (F * Sn)(0) —y oo as « —> oo.
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