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FINITELY NONREFLEXIVE BANACH SPACES

MAREK WÓJTOWICZ

(Communicated by William J. Davis)

Abstract. A Banach space X is said to be finitely nonreflexive if for some

n > 1 the space H„(X) is reflexive with dim H„(X) > 1 , where H0(X) = X ,

and Hn+x(X) = H„(X)**/H„(X). A simple construction of (pairwise noniso-

morphic) finitely nonreflexive separable Banach spaces which are both noniso-

morphic to their Cartesian squares and isomorphic to their biduals is presented.

1. Introduction

In 1950 R. C. James [8] constructed the first example of a Banach space

J isomorphic to its second conjugate and nonreflexive: din\(J** /J) = 1 . As

proved by Civin and Yood [5] each quasi-reflexive space (i.e., of finite codi-

mension in its bidual) is isomorphic to Y** for some quasi-reflexive space Y.

James' construction has been modified in many ways to obtain examples con-

nected with both the structure of the space X** ¡X for X a Banach space (see

[2, 9, 11, 12]) and the duals of X [2, 12]. Moreover, Bessaga and Pelczynski

[4] observed that each quasi-reflexive space is nonisomorphic to its Cartesian

square (infinitely dimensional reflexive spaces with the same property have been

constructed by Figiel [7], and Bellenot [3]). The notion of finitely nonreflexive

Banach spaces, as a generalization of quasi-reflexive spaces, has been consid-

ered by Bellenot [1, 2], who was inspired by some results of Davis, Johnson,

and Lindenstrauss [6]; a similar concept can be found in [13], p. 249.

In the paper [12], for X an arbitrary Banach space, the natural analogue

J(X) of the space J has been constructed and studied. Let us define the

sequence of Banach spaces (Jn(X))™=\ by J,(X) = J(X), and Jn+1(X) =

J(Jn(X)). In this note we shall show that if dimX is finite or X is the Figiel's

space [7], then all the mentioned-above properties of the quasi-reflexive space
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J are heredited by (separable and pairwise nonisomorphic) finitely nonreflexive

spaces Jn (X), n > 1.

2. Preliminaries

Our terminology and notation and standard (e.g., as in [10]). We write X ss

Y or X = Y if the Banach spaces X and Y are isomorphic or isometric,

respectively. X is said to be l-complemented in Y if there exists of a norm

1 projection P in 7 such that X = PY. X denotes the Cartesian product

of fc-copies of X. Let nx denote the canonical embedding of X into X**.

We shall identify X with nx(X). We define HQ(X) = X, H(X) = X**/X,
and inductively, Hn(X) = H(Hn_j(X)). X is said to be n-reflexive [resp.

quasi-reflexive of order m (m finite and > 1 )] if Hn(X) is reflexive with

din\Hn(X) > 1 (see [2], p. 105) [resp. H(X) is of dimensional m\\ then n

is called the reflexive dimension of X ([13], p. 249). X is said to be finitely

nonreflexive if X is «-reflexive for some n > 1. All quasi-reflexive spaces are

1-reflexive, but there exist non-quasi-reflexive spaces, which are 1-reflexive ([2,

11, 12]). General properties of finitely nonreflexive Banach spaces have been

studied in [2, 6, 13]. LetX = (X, \\ ||) be an arbitrary Banach space. Then the

Banach space J(X) = (J(X), ||| |||) is defined as follows [12]:

J(X) = {x = (x,) g XN: ¡x|| = sup a Ax) < oo},

where ¿P is the set of all strictly increasing sequences p = (p( 1 ), ... , p(2k +1))

in N, k E N U {0} , and

C 2 2V/2

apW =  ( E 11^(2,) - XP(2i-l)W   + U*jK»+i)U J       •

It is easily seen that for each x = (x() E J(X) the limit x^ = lim^^ x.

exists in X. The James space J(X) - (J(X),\\ |||) is the closed subspace of

J(X) consisting of those x E J(X) for which x^ = 0, and is isomorphic

to the /-sum of (Xn)™=l with Xn= X constructed by Bellenot ([2], Remark

7) (notice that / = J(R) ). The subspace [X] of all constant sequences is

isometric in a natural manner to X and is the range of the norm 1 projection Q

in J(X) defined by Q(x) — (^.^ , ... ). Moreover, kerQ = J(X). Hence

J(X) = J(X)@[X]. By an argument similar to that of [8], J(X)®[X] « J(X).

Since J(X) has a shrinking Schauder decomposition of a sequence spaces

each isometric to X, by a straightforward generalization of Proposition l.b.2

[10, p. 8], the space J(X)** is isometric to J(X**) via the mapping F i-> (Fn),

where (Fn) is the uniquely determined sequence in X** such that F(f) =

£*"„(/„) holds for all / = (/„) e J(X)* (cf. [12]; Theorem, p. 185). It
follows that

(1) J(X)** = J(X**)®[X**]^J(X**)
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and if X is reflexive, then

(2) J(X)**/J(X) « X .

Note that "//" and "/" "operators" are functors. We have T: X -<• Y

induces the functors H(T): H(X) -> H(Y) and /(T): 7(X) -+ J(Y) de-

fined by H(T)(x** +X) = T**(x**) + Y and J(T)(xA = (Tx¡), which pre-

serve the addition of linear operators. These functorial properties easily imply

H(X © Y) « tf (A") © tffT) and J(X ®Y)k J(X) © J(Y). Obviously " J "

preserves isomorphisms (onto) and, by ([13]; Theorems 1.1 and 1.2), the same

holds for " H ". In particular, any two isomorphic finitely nonreflexive Banach

spaces have the same reflexive dimension.

3. Construction

We shall now present our main result.

Theorem. Let {0} ^ X be a reflexive Banach space. Put Zn = J„(X), n > 1.

Then for all integers n,m we have :

(i)   Zn is isomorphic to Z** ;

(ii)   Zn is n-reflexive; more precisely, Hn(Zn) « Xn';

(iii) iff n < m, then Zn is nonisomorphic to Zm and 1-complemented in

Moreover, if Xn' is nonisomorphic to X "', then

(iv) Zn is nonisomorphic to Zn®Zn.

If X is separable, then J(X) is separable also (since ¡(x^l   < 2£||xj||

holds for each (x() E J(X) ). Hence the corollary below is an immediate con-

sequence of the theorem.

Corollary. Let the sequence (Jn)°?=1 of separable Banach spaces be defined by

the formula Jn = Jn(R) ■ Then for all integers n < m we have:

(i)   Jn is isomorphic to J** and nonisomorphic to Jn © Jn ;

(ii)   Jn  is n-reflexive, more precisely, Hn_¡(Jn) is quasi-reflexive of order

«!;

(iii)   Jn is nonisomorphic to Jm and I-complemented in Jm .

Remark. The reflexive and separable Banach space F constructed by Figiel [7] is

"close" to R: F « F1 iff k = I (in particular, F is nonisomorphic to F ), and

of course each of the spaces F , k = 1,2, ... , is of this type. Using Theorem

(ii) it is easily seen that /B(F*) « /„(F1) [and Jn(Rk) « Jn(Rx) ] iff k = I and

n-m; hence the sequences of Banach spaces (Jn(F ))™=x [and (Jn(R ))™=x ],

k — 1,2..., have properties given in the corollary with Hn_1(Jn(F )) non-

quasi-reflexive [and Hn_,(Jn(R )) quasi-reflexive of order kn\] and contain

no pairwise isomorphic elements.
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Proof of the theorem, (i) By (1), Z** = J(X)** « J(X) = Z,, and induc-
tively, using the fact that Y « Y** implies J(Y) k, J(Y**), Z* « ZB for all

integers n.

(ii) We shall prove that the relations

(3) Z„" = Z„ © Vn, where FB«(Z_/,

(4) 7/„(ZJ«A-"!,

hold for all « G N. If n = 1, then by (1) and (2), Z** = Z, © V,, where

F, = [X] s Z¿, and H,(Z,) * X1. If n = k + 1, then (1) follows that

Kli = J(Zk © Vk) ® [Z*k*] = Zk+¡ ®Vk+¡, where Vk+1 = J(Vk) ® [Z*k*]. Since

Zk* k, Zk , we have Vk+1 « J((Zk_j) ) ®Zk « (Zfc) + ; it proves (3). To prove

(4) observe that X « Y implies Hn(X) & Hn(Y) for all integers n , so by (3)

we get Hk+,(Zk+1) = Hk(H(Zk+])) « tf,(zf;) « Hk(Zk)k+1.

(iii) Since the reflexive dimension is invariant under isomorphisms, by the

just proved statement (ii) the first part of (iii) is obvious. The second one

follows from the fact that for each integer n the space Zn is isometrically

isomorphic to the 1-complemented subspace of Zn+] of the form

{(x,) G J(Zn) : x¡ = 0 for all i > 2} .

(iv) J(X ®Y)k J(X) ® J(Y) implies that Zn®Zn^ Jn(X © X), thus (4)

follows that if Zn^Zn®Zn, then XM « X2n].   D
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