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TRACES ON IRREGULAR IDEALS

JÓZSEF V. VARGA

(Communicated by John B. Conway)

Abstract. Simple answers are given to the following and related questions: For

what Hubert space operator A is it true that the smallest ideal (alternatively,

the smallest norm ideal, the smallest maximal norm ideal) containing A is a

norm (an intermediate norm, a principal norm) ideal? Do these ideals support

a nontrivial unitary invariant positive linear functional?

INTRODUCTION

Let %? be an infinite dimensional separable complex Hubert space. By

operators we shall mean bounded linear transformations of %f into itself.

Their algebra is denoted by 3§(%f), while JPffl) is the algebra of all com-

pact operators. By an ideal we mean a two-sided ideal in (unless otherwise

stated) &{&).

Definition. We say that the function / from the ideal J2- into C is a trace on

J"   if

(i) / is linear,

(ii) f(U*XU) = f(X) for XeJ? and U~] = U* £&{&) (f is unitary

invariant),

(iii) f(X) > 0 if X > 0 (/ is positive).

In other words a trace is a positive unitary invariant linear (p.u.l.) functional.

We note that (ii) is equivalent to the usual requirement that f(AX) = f(XA)

for A g â8(%?) and le/, since every operator is a linear combination of

unitary operators. Sometimes it is included in the definition of a trace that

X > 0 and f(X) = 0 implies X = 0 ( / is faithful) or even (instead of (iii))

that its value is 1 on every rank 1 projection. As usual, we denote this classical

trace on the ideal ,9~(ßf) of finite rank operators by "tr." If A G S£(%?) we

write y (A) for the principal ideal generated by A . Later we shall introduce

JV(A) as the principal norm ideal generated by A , i.e. the smallest norm ideal

containing A (see Lemma 5), and ,£(A) as the maximal norm ideal containing
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yy(A) as a closed subspace. The results of this paper can be summarized in the

following two theorems:

Theorem IRR. For a compact operator A, the following conditions are equiva-

lent:

(a) y (A) supports a nontrivial trace.

(b) yy(A) supports a nontrivial trace.

(c) Jt(A) supports a nontrivial trace.

(d) y (A) is not a norm ideal.

(e) yy~(A) is not a principal ideal.

(f) A is irregular (see definition below).

Theorem ECC. For a compact operator A, the following conditions are equiva-

lent:

(g) JV(A) is an intermediate norm ideal (see Remark 5).

(h) ^(A) is not a principal norm ideal.

(i) (l°°/c0)* ^ yV(A)*u (the unitary invariant part of yV(A)*) by a positive

linear isometry.

(j) (/°°/c0)* <-^J?(A)*u by a positive linear isometry.

(k) A is eccentric (see definition below).

In particular, no principal ideal is a separable norm ideal [4] or an interme-

diate norm ideal. Notice that if A is not in the trace class, then all the above

conditions (a), ... , (k) are equivalent. To avoid confusion we note that the

class of principal norm ideals strictly contains the class of those principal ideals

which are norm ideals (see Theorem IRR).

Principal ideals

Which ideals support a nontrivial trace? We give the answer here for the class

of principal ideals and certain norm ideals related to them. If A g SVffl), we

write y (A) for the principal ideal generated by A . In general we denote by

an the nth member of a sequence a, («=1,2,...). So, for example, if

A G JVffi), then s (A) is the sequence of s-numbers of A [2]; that is sn(A)

is the nth eigenvalue of the square root of A* A counted in a decreasing order

according to multiplicités. We find it convenient to write S for the sequence

of partial sums of s: Sn = ¿Z,"=is¡- We split 5f(ß?)\{f)} into three disjoint

classes (r., n., e.) by the following:

Definition. Let 5  be a nonincreasing sequence of nonnegative numbers for

which sx > 0. We say that 5 is

(r.) regular if Sn - 0(nsn)   (n —» oo) [2],

(i.) irregular if it is not regular,

(n.) nuclear if ^2sn < oo ,

(e.) eccentric if it is irregular but not nuclear.
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We call a nonzero operator A G 3? (H) regular (irregular, nuclear, eccentric)

if s (A) is regular (irregular, nuclear, eccentric resp.).

Lemma 1. The following conditions are equivalent:

(i) s is irregular,

(Ü) KA*/s„ = i -
(iii) inf„Skn/Sn = 1 for every positive integer k,

(iv) infnSknSn < 3 for every positive integer k,

(v) hmA_005,3fc/I /S   = 1 for some strictly increasing sequence (nk) of pos-

itive integers.

Proof. The equivalence of (i) and (ii) follows from the obvious relation

s2n-  + sn - sn -  + sn

We leave the rest of the proof to the reader, hinting only that S is a concave

sequence.

Note that nuclearity implies irregularity and that (na)°^=x is regular if -1 <

a < 0 but is eccentric if a = -1. Also, there are regular as well as eccentric

sequences outside of \Jp<00l". If A,B g Ji(ßT),X,Y e âS{^),n,m =

1,2,...,  we have (see [2])

sn(XAY)<\\X\\sn(A)\\Y\\,

sm+n_x(A + B)<sm(A)+sn(B).

Let B = Yll={ X¡AY¡, (X,., Yt. e &{&), i = 1,2, ... , r). Then it follows that

í=l (=1

Denote by ^fr(A)  the set of all operators B  in the above form.   We have

S (A) = (jZi^M) ■ Clearly (1) proves half of the following:

Lemma 2.  B G J?r(A) if and only if

sr(n_X)+x(B)<Ksn(A)

for every positive integer n with some constant K.

For the "if part we note that

(2)     srn(B) < srn_x(B) < ■ ■ ■ < sr{n_X)+x(B) < Ksn(A)       (« = 1,2,...)

so the construction of the J^'s and F.'s is easy through partial isometries. We

refer to [2] for the proof of the following lemma:

Lemma 3. If A g ^f(^)  and P  is an arbitrary orthogonal projection with

rank P < n , then

\Xr(AP)\<Sn(AP)<Sn(A).
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Theorem 1. If A e 3Í(^) then ^(A) is the domain of a nonzero trace if and

only if A is irregular.

Proof. Fix A and put 5 = s(A) for brevity. Let B be an arbitrary compact

operator, let e(B) be an orthonormal sequence in %? such that B*Ben —

sn(B)en(B), and let En(B) be the orthogonal projection onto the subspace

&n(B) spanned by ex(B), e2(B), ...en(B) (n = ',2,...). Suppose A is

irregular. Fix (nk) as in (v) of Lemma 1. For any sequence P of orthogonal

projections we define a complex sequence as follows:

<Pp(B)(k) = t^^-,        (£=1,2,...).

The sequence <j>P(B) is bounded if B g ^(A) and the rank of Pk is at most

Mknk where M is any positive integer. Indeed, B G J^(A) for some r and

so

|tr(i?^)| < Smnk(B) < MSknt(B) < rMSknk

by Lemma 3, by (2), and by the concavity of the sequence S(A). Let Pk(B) =

Ekn (B) and 4>(B) = (j>p(B)(B). Obviously r/3 is a positive unitary invariant

nonlinear map from ¿7(A) into /°° . If n denotes the factor map from /°°

onto l°°/c0 then put xp = n o <j>p where it is defined and let x = n o (p\^f(A).

It is clear that x is unitary invariant and, since 4> and n are positive, so is x .

We claim that x is even linear.

Definition. For two sequences P and R of orthogonal projections, let us say

that R is tied to P if Pk < Rk and the rank of Rk is at most three times the

rank of Pk   (k = 1 ,2, ... ).

We need the following result:

Lemma 4. If B & J"(A) and R is tied to P(B), then xR(B) = x(B).

Proof. Let r be such that B g ^r(A) and suppose that k > r. Then

\4>R(B) - 4>(B)\Snk = \ir(BRk) - \r(BPk(B))\ = \ir(B(Rk - Pk(B)))\

< S2knk(B(Rk - Pk(B))) = S3knk(B) - Sknt(B) < SMnk(B) - Srnk(B)

= E */(*)- E E^-n+/W^ E rKsM)
t = rnk + \ J = nk + \ l=\ J = nk + \

= ^(Sik/ik-Snk) = o(Snt)       (k^œ)

by Lemmas 3 and 2 and by (2). This proves Lemma 4.

Let Bx and B2 be two arbitrary elements of J2'(A) and put 53 = 5, + B7.

Let Rk be the orthogonal projection onto the span of (Jj=] ffîkn (B() (k =

1,2,...). Then R is tied to P(Bj) (i = 1,2,3), so x(Bi) = x^BJ (i =

1,2,3) by the above lemma. But 4>R is clearly linear and so is xR . Conse-

quently x(B3) = xR(B3) = xR(Bx ) + rR(B2) = x(Bx ) + x(B2), so x is additive.
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It is also homogeneous by the obvious homogeneity of 4>. So x is a p.u.l.

map, which proves our claim. Now, to conclude the proof of the "if part we

note that t(|^|) = 7t(1,1,1,...). Let p be any nontrivial positive linear func-

tional on /°° with c0 c kerp (for example any Banach limit will do). Then

f = po(f) = qox for some positive linear functional q, so / is a trace and

f(\A\)=p(l,l,l,...)>0.
Now we prove the opposite implication. Put tx = sx and

SkL{n)   ~ àkL(n)-i
t..

kL(n) _jcL(n)-l

where L(n) is the integer defined by k < n < k        (n = 2,3, ...).

Let D — diag(/) with respect to some orthonormal basis. Then s(D) = /.

Since tn < skm.}+1 and L(k(n - 1) + 1) = L(n) + 1 we have t{n_X)k+x <

■Vw+i - sn so F> G *fk(A). Quite similarly A G ^fk(D). Let W be such

an isometry that W* has an infinite dimensional kernel. Put tí = WDW*.

Then D = W'tíw, so ^(tí) = J"(D) = S (A). Suppose now that A is

regular. By Lemma 1 we can assume that the positive integer k is fixed so that

infn Skn/Sn > 3 . For j = 1 ,2, ... , k define the linear transformations V' by

Vjen(tí) = ek,_X)+j and denote a unitary extension of each V' by V.. Put

D. = VjD'V* and F = J2j=x D-. It is clear that F is zero on the kernel of

W* and that Fe(tí) = ue(D') wheren   «x

_    _ skUn>    SkUn)-¡ SkUn)
Hit»      n ,   ;   —   t „   — r /..v r /..\      i     ^fk{n-\)+j       '«        ,L(«)       /,£(«)-!   -   /.L(n)       i,Z.(«)-l-tf

.    1    ̂ f(L(n)+l ^f^Ljn)     _   &

2 /tL(,!) - A:^"'"1      2 *("-»+;'

(«=1,2,..., _/ = 1,2, ... , k , (n , j) / ( 1 , 1 )). Consequently 2F < ktí ,

and if / is any trace on ^f(A), then

k

2kf(tí) = 2 J2 f&j) = 2/(F) < kf(D'),
i=i

so /(£>') < 0 . Let B be any positive element of J"(A). Then 5 G J"r(tí) with

some r, and by Lemma 2 it is easy to construct unitary operators UX,U2, ... ,

Ur such that B < K £.= 1 £/,/>'{/* . So

0<f(B)<rKf(D')<0,

that is, f is zero on the positive part of ¿?(A) and consequently on the whole

J^(A). This completes the proof of Theorem 1.

Remark 1. If A is eccentric, then (v) of Lemma 1 is satisfied by some (nk).

We can even assume (replace (nk) with a subsequence if necessary) that Skn /

S(k+X)n     -* 0   (A: —> oo). Then it is easy to construct a sequence of complex
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numbers (yn) such that \yn\ = 1 and x(diag(snyn)) = an arbitrary element in

the unit ball of /°°/c0 given in advance. So x maps <f(Ä) onto /°°/c0 .

Remark 2. Condition (iii) of Lemma 1 was used in [5] for constructing unitary

invariant ideals in Jfffi) which are not ideals in ^?(X). The existence of

a nontrivial p.u.l. functional on ¿fu(A), the smallest unitary invariant ideal

in Jí(^) containing A, was a side product of the construction. Now the

situation is reversed, since Theorem 1 implies the theorem of [5] even without

the assumption that 0 < A :

Corollary 1. If A is eccentric then J~U(A) ̂ S (A).

Proof. If A is eccentric then we can assume that x is onto. Then for any

nontrivial q G (l°° /c0)* with q(x(A)) = 0, we have that y (A) ^ kerq o x D

<fu(A). Indeed, for the inclusion it is enough to show that KJ?(A) and U*AU

are contained in kerq o x for every compact K and unitary U . Now S(X) =

0(S(A)) and s(KX) = o(s(X)) if K is compact [1]; so, by an elementary

argument S(KX) = o(S(A)) if X e S (A) and consequently X{&\7{A) =

y(A)J^(^) is contained in the kernel of x . Also, qox(U* AU) = qox(A) = 0 .

The proof is complete.

Norm ideals

In this section we assume that the reader is familiar with the basic results

about norm ideals (we refer to chapter III of [2]). Let Cq denote the positive

part of cQ . For a nonincreasing sequence / G c^ with tx = \ , define on 3Z(%f)

the functional || ¡|r by

11*11,. = sup S-4^

where Tn = £" t. and let S^T = {X:Xe 3T{ßf), ||*||r < oo}. ^T is a norm

ideal (called the Gohberg-Krein norm ideal) with the norm || ||r . We introduce

the following notations:

II \\a = II IU(/))/|M|| '        *n(A) = ™s(A)/\\a\\

Jf°{A) = c\A9~{^) = kerd,       JV(A) = clAS(A)

for an arbitrary nonzero compact operator A where .9r(^) is the ideal of

finite rank operators, c\A is the closure operation with respect to || \\A and

d(X) = limsupn Sn(X)/Sn(A) (see [2]). The following lemma entitles us to call

yV(A) the principal norm ideal generated by A .

Lemma 5. If ¿V is any norm ideal with the norm  \  ||%, containing A, then
J/~dJ/~(A).

Proof. Let B g JT(A). Then Sn(B) < \\B\\ASn(A), so by a result of K. Fan

(see [2]) and by our assumptions

P||0 := sup \\BEn(B)\l < \\B\\A sup |M^(^1)||, = ||^!LI|^||0
n n
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where # is a norm ideal with the norm  |  ||0 [2] (En is as in the proof of

Theorem 1). So || ||0 < \\A\\0\\ \\A on JV(A). Since J/'DJr(A),

yy D c\J?(A) D z\AJr(A)=jV(A)

as stated.

Remark 3. If A is irregular and ||/1|| = 1 , then x of Theorem 1 is bounded

by || H^ , so it extends by continuity to a contractive p.u.l. map t from JV(A)

into l°°/c0. It is proved in [2] that if A is nuclear, then ./# (A) = J£(A) =

the trace class(= JV(A) by (4)). Clearly ¿Zs„{A)t = tt(1 ,1, ...)tr. So if A

is irregular, then JV(A) with f is a generalization of the trace class with the

classical trace on it. On the other hand, if A is eccentric and (nk) is as in

Remark 1, then x maps the unit ball of ^(A) onto the unit ball of l°°/c0.

Consequently f* is a p.u.l. isometry from (l°°/cQ)* into the unitary invariant

part of yy(A)*. So the space of traces on y^(A) is far from being trivial; in

fact, it contains the positive part of the dual of /°°/c0 .

We leave it to the reader to prove that if v G ¿f(A)*u , then Jf^(A) c keru

if A is not nuclear, and that 3?'(^)yV'(A) c jf°(A). So we have

Corollary 2. If A is eccentric and L is a nontrivial subset of yV(A)*u with

AefL:=f)kerl,
L

then J'L  is a unitary invariant ideal in the ring ^(^).   It is also closed in

y^(A), contains A , but does not contain J^(A), so it is not an ideal.

Remark 4. It is clear that

(4) Jrx(A)QzJr(A)c.^(A)cJf(A),        Jf¿A)C_jr(A).

The use of regularity was realized in [2], since if A is regular and S(B) =

0(S(A)) (i.e. BeJT(A)), then

S (B) fS (A)\
s„(B) < -^ = O ̂ -^J = 0(sn(A))       (n - oo)

that is ¿?X(A) = y$(A) so we simply have ¿?(A) = yf(A) = y^(A). Our aim is

to show that the picture becomes as diversified as can be when A is eccentric.

Theorem 2. JV(A) = J£(A) if and only if A is not eccentric.

Proof. If A is nuclear or regular, then ^(A) = yV(A) by Remarks 3 and 4.

On the other hand, if A is eccentric choose (nk) as in Remark 1.  Define g

and h by

Skn (B) S3.    (B)
g(ff) = limsup      * /?(g) = hmsup   "   *

k^oc     Aknk{A) ¿.^oo      ¿kHk\A)

(B ^Jf(A)). Clearly g and h are subadditive (since Sn is subadditive, [2])

and g < h < 3|| |J 4, so they are continuous on ,£(A). Furthermore,

c I p>\ _  C       f r>\

g(B) < h(B) < g(B) + lim sup   3*n« *"*-= g(B)
k^oo à     (A)
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if B G S (A) (see the proof of Lemma 4). So J"(A), and consequently A" (A),

are contained in the kernel of the continuous functional h - g. Now, for any

nondecreasing concave sequence Z of positive numbers with Zn — o(n) there

is an operator Bz such that S(BZ) = Z . So let ZJkn — SJkn (A) and let Z be

linear on [3knk , 3(k + \)nk+x] (k = 1,2, ...). Then h(Bz) = 1, and an ele-

mentary computation shows (observing that necessarily knk/(k + i)nk+x -» 0)

that

g(B ) = lim sup     k".   = T
k-+oo    ¿>nk\A)        3

Consequently Bz is not in ^(A), but it clearly is in J[(A). The proof is

complete.

Remark 5. If A is not nuclear, then A £ ,£ (A) [2]; so if A is even eccentric,

we have J! (A) ^ -^(A) ^ ^#(^i) by Theorem 2. The discovery of such

intermediate norm ideals is due to B. S. Mityagin [3]. The above proof gives a

new way of constructing (perhaps new types of) intermediate norm ideals.

Remark 6. If A and (nk) are as in the above proof, then n o <¡>\¿#(A) is not

linear. To help on this, choose (nk) so that even SJkn (A)/Sn (A) —> 1 . For

a double sequence of projections P = (Pk ) put <S>p = k~ J2,Zo ^pui ■ Let

Pk](B) = £3Jn (5) and define O accordingly. As before, we can prove that

J7" = n o <f>\df(A) is a p.u.l. map and that it has the same properties as f.

Indeed, if B G ̂ (A) and the double sequence Ä is tied to P(B), then

7=0

= *"%*(*) - ^ W) < k'tlB^S^A) = o(S„^))

Theorem 3. y (A) = JV(A) if and only if A is regular.

Lemma 6. Let s be a nonincreasing irregular sequence in c0 \{0} . Then there

exists a nonincreasing sequence t such that T = 0(S) (Tn — J2" i;) but t jí

0(s). Moreover, ij' J2S„ = °° > men l can be chosen so that T = o(S).

Proof. Let (nk) be such an increasing sequence for which Sn > 3 nksn and

for which S„  > 2S„      in case Y>„ = oo   (k = 2,3, ...). Put T   = 5* (1 -
nk nk_¡ *—<   n v ' nk nk^

2~ ) and extend T linearly between neighboring nks. \f ^Sn = r < oo , we

have that s„  < r3~ In.  and /„  > 2~ S      In. > s,/2 n, . If V\  = oo then
rifa '      K rtfo   — ftfc — i'K   —      1 ' K *■—'    ft

">-{ ]       nk        ~2nk  2  ■

In any case / / O(s), but clearly T = O(S). For the second statement we note

that if (en) decreases to zero slowly enough, then still t = entn ^ 0(sn) but

T' = o(T) = o(S) by an elementary argument.
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Proof of Theorem 3. One way is clear by Remark 4. If A is irregular, then by

Lemma 6 there is an X G JT(^') such that *©0©0©- ■■ is in Ji°(A) but not

in SX(A) (S? = ©?°¿F'). Then by Lemma 2, X ® ■■ ■ ® X ®0@ ■■ ■ $ J"n(A)

(n nonzero terms). Put Y = 0^ 2~"X. The sum clearly converges in || ||^

so 7 G Jt°(A) C yT(A). But obviously Y <£ J"n(A) (n = 1,2,...), so

Y i S (A).

Proof of Theorem IRR. The equivalence of (a), (b), (c), and (f) follows by

Theorem 1 and by Remarks 3, 4, and 6. Suppose J^(A) = JV(B). Then

^f(A) = jV(A) by Lemma 5, so A is regular by Theorem 3. By the above

equivalence, B is regular too, so (f) implies (d) and (e). The converse state-

ments are clear by Remark 4.

Proof of Theorem ECC. By Remarks 4 and 5, (g) is equivalent to (k). Also (i)

and (j) are equivalent to (k) by Theorem 1 and by Remarks 3, 4, and 6. Suppose

^(A) = JV(B). By the maximality of Jf(A) [2], Jf(B) = JT(B) ; so B is not

eccentric by Theorem 2. By the equivalence of (j) and (k), A is not eccentric,

so (k) implies (h). The converse is clear by Theorem 2.

Questions:

(1) Is fu(A) = S (A) if A is not eccentric?

(2) Does it follow that JV(A)*U = (l°°/c0)* if A is eccentric?

(3) Is

[JV,&{&)]= f|ker/

if jV = J^(A) or/ = Jt(A) and A is not nuclear?
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