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A CLASS OF SIMPLE LIE ALGEBRAS OF CHARACTERISTIC THREE

GORDON BROWN

(Communicated by Donald S. Passman)

Abstract. We show the existence of a certain infinite class of simple Lie al-

gebras of characteristic three. These algebras, although of neither classical nor

Cartan type, resemble algebras of Cartan type in their relationship to each other.

1. Introduction

The conjecture that every finite-dimensional simple Lie algebra over an alge-

braically closed field of characteristic p > 7 is either of classical or of Cartan

type has recently been verified in the case of restricted algebras [1]. However

for some lower characteristics, including p = 3, examples are known of simple

algebras of neither type (e.g. in [2], [5], [6]) but with many structural proper-

ties generally associated with one or the other of these types. In this paper we

construct a class of simple Lie algebras of characteristic three whose members'

relationship to each other resembles that of members of a class of algebras of

Cartan type in the respect that they can be described as being members of a

chain of subalgebras of a certain graded infinite-dimensional algebra of deriva-

tions of a divided power algebra. With one exception, an algebra discovered by

M. Frank [5], these algebras are not restricted.

In the following section we construct an infinite-dimensional Lie algebra T(3)

and note some of its properties. Then in the final section we define algebras

T(3: n) as certain subalgebras of T(3) and show their simplicity as well as their

nonisomorphism with algebras of type W of the same dimension.

2. The algebra T(3)

Let F be a field of characteristic three. Let 2l(w) denote the infinite-

dimensional commutative associative algebra over F consisting of all formal

sums Yl anx'y with a ranging over all m-tuples of nonnegative integers and

having multiplication determined by xnxß = ( a+J )xa+ß, where ( ya ) =

(,'(!))■■■(„('"))• Let 2Hw);(a(m)m) denote all formal sums £axa with

¿£i«(0 ^ /(= /)■   %m) has a topological grading Ey>0 aim)^.   By [7]
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(ri
there exists a unique sequence of continuous mappings y —> y from <ä(m)x

into 2l(m) such that for x,.y e 5t(m), and r a natural number x = 1,

(x"){r> = ((ra)\/(a\)rr\)xrn, (ax)(r) = ar x(r), and (x + y)(r) = E^jc'V-0,

where a! = Yl'JLi a(0- F°r n = («p--. ,«m) an ra-tuple of positive inte-

gers, let 2l(m:n) denote the subalgebra of 2l(m) spanned by those xa with

a(i) < 3n' for all /, and let \n\ = nx + ■ ■ ■ + nm . Let D; be the deriva-

tion of 2t(ra)   given by  ö(x")  = x"~£' , where  e;(j)  = <?..   and  x    = 0

if ySQ) < 0 for some ;. Then W(m) = {\27=\uíDí\uí e ^(m)} is the
Lie algebra of special derivations of 2l(w), i.e. continuous derivations 3i

with 2¡(u ) = m 2¡(u) for all natural numbers r and all » e <ä(m)x .

W(m:n) = {££, u¡Dj\u¡ € 2l(m:n)} = {^ e W(m)\3%(m:n) ç 2l(m:n)} is a

subalgebra of W(m).

Set x, = Xe' . Thus xf ' = xke' for Ä: > 0. Also let x\k) = x*'' = 0 for

k < 0 . We denote by A"(3) the subalgebra of 1^(3) consisting of those elements

3 € ^(3) for which 3>co = uto, where « e 21(3), co - dx3 + xxdx2 - x2é/x, ,

and S(hdg) = (2¡h)dg + hd(3g). The notation DK(f) for / e 21(3) can

be used for elements of K(3), where DK(f) = (-D2f + x{D3f)D{ + (Dxf +

x2D3f)D2 + (2/ - XjD,/ - x2D2f)D3 (cf. (1.3.1) of [1] noting the different

notation in the definition of co). Then [^(Z),0^(^)1 = DK(-(D3g)(f +

x,/),/ + *2£>2/) + (¿VXS + *,*>,* + x2D2g) + (Dxf)(D2g) - (D2f)(Dxg)).

For k eZ let au = DK(x2 x3), b2k = DK(x\ x$ ), c2k = DK(xxx2x3 ),

d -D (-x{k+l)+x{2)x(2)x{k-1}) e -D (x x{2)x{k)+x xik+1)) f -

DK(-Xfx2x^+Xlxf^y.

Recall that ^(3) may be graded by setting degx; = 1 = -degD for i =

1,2 and degx3 = 2 = -deg£>3. Letting ^/(3)[ , denote the space of elements

of degree j, we have 1^(3) = E,>_2 ^(3)[7-i ■

Recall also that K(3) = E,>_2-^(3)[/i is a graded subalgebra of ^(3) (with

the grading given above). Note that A"(3),_2, = (d_2), K(3), ,, = (e_,,/_,},

^(3)[oj = (ao>b0,cQ,d0), a2k,b2k,c2k,d2k e K(3)pk] for k > 1 and e2¿+1,

/2»+.^(3W„ for*>0.

Define T(3)y] = A"(3)w for j = -2, - 1,0, and T(3)[2k] = (a2k,b2k,c2k ,

i/2A.) for fc > 1, T(3)[2k+X] = (e2/t+I,/2A.+1) for k > 0. Define 7/(3) =

!C;>_2 ^(^)[/i • Also, f°r i ^ 1 define

LU] = {w G ^(3)D]|(ad T(3\_X])J-lu ç r(3)n]}.

The following lemma lists facts concerning Lie products involving elements

of T(3) (including well-known statements about K(3)) which follow easily by

direct computation.

Lemma 2.1. (a)  T(3)[_2] = [T(3)[_X],T(3)[_X]].

(b) r(3)M] = [r(3)[0],r(3)M]].
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(c) Ifue W(3){j] where ; > 0 and [T(3){_X],u] = (0), then u = 0.

(d) If u e A: (3), then [TQ)^, u] = (0) if and only if u e K(3){_2].
(e) T(3)[X] = [T(3)[0],T(3)[X]].

(f) T(3)[J] 2 [T(3\_X], T(3)[J+X]] for all j>\.

(s) If u G T(3),x, and [d_2, u] = 0, then u = 0.

Theorem 2.2. (a) T(3){j] = L{j] for all j>\.

(b) T(3) is a subalgebra of W(3) (in fact, of K(3)).

Proof. It follows from the Jacobi identity and (a, b, e) of Lemma 2.1 that

£°=-2 r(3)m + £,>,£[,]  is a subalgebra of  W(3).   Thus part (b) follows

from part (a).   By (f) of the lemma we have  T(3)XJ] ç £    .   Suppose u e

L[n nker(ad d_2). Then (ad T(3)[_x])J~lu c T(3)[X] n ker(ad </_2) = (0) (by

(d ,g) of the lemma), and so u = 0 (by (c) of the lemma). Thus ad d_2 is

injective on L... for all / > 1. Therefore dimL[2., < dimr(3)[0] = 4 for

all j > 1 and dimL[2j+1] < dim 7(3), ,, = 2 for all j > 0. In view of the

inclusion already noted, this establishes (a).

3.  A FAMILY OF SIMPLE SUBALGEBRAS OF   T(3)

For any positive integer n let T(3:n) = T(3)i)W(3:n), where n = (1,1 ,n).

Since it is an intersection of subalgebras of ^(3), T(3: n) is a Lie algebra.

From  T(3) it inherits the structure of a graded algebra 2~Z;=_2 '' ^u\ > wr,ere

% = r(3)m n r(3:n)- Thus Hm = r(% for ~2 ^ J < 2(3" - !)> and

H[2k] = (a2k » ¿2A-. c2/t> for fc = 3" - 1. Clearly dim 7(3: «) = 2 • 3"+1 .

Theorem 3.1.   T(3:n) is simple.

Proof. By (a, c) of Lemma 2.1, any nonzero ideal / of T(3:n) contains d_2,
■yi -in_j\

hence also 12L-2 "{j]> tne ima8e OI" ao< d_2. Since [//[0],//.,] = H, , for

y = 2 • 3" - 3 , 2 • 3" - 2, / = T(3: n), and simplicity is established.   D

Following M. Frank [5] we denote by T the subalgebra of W(3) gener-

ated (in our notation) by DX,D2,D3, and Q = (-xxx2 x3 + x\ x3 )DX -

x,x2x3 'D2+x2 x3 ]D3, and by S the subalgebra of T generated by D2, xxD2-

x2D3, and x[22)Dx + x2x3D2 - x{2)D3.

Proposition 3.2.   T is isomorphic to T(3:1).

Proof. The isomorphism í> from T(3:1) to T is determined as follows:

<W<*4) = ~[DX[DXQ]], <D(Z>4) = Q, <D(c4) = [DXQ], 0(rf2) = -[D2[D2Q]] -

[ö3[/),ß]], <D(e3) = -[DX[D2Q]], 0(/3) = -[D2C2], <¡>(g¡_2) = -[/)30(g,)]

for g - a,b,c,d,e,f.   a

For O defined as above <b(H{_2] © H[-\\ ® H[0] ® H[i] ® (¿i)) ~ 5- That

O-1^) (hence also S) is isomorphic to the algebra L(l) of Kostrikin [6]

follows from comparing elements (after notational adjustment) or, alternatively,
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by observing that S is simple (by [5]) and the adjoint action of the subalgebra

(d_2 ,d0,d2) on <P~ (S) is that described in Theorem 2 of [4], then using [3]

and [4] to identify first the associated Freudenthal triple system and then the

algebra. We note that in [6] Kostrikin mentioned that the gradation of L(\)

could be prolonged to give other graded algebras.

The dimension of the algebra W(2 ■ 3s :x) is 2 • 3s+'r| , as is that of 7(3:5 +

|r| - 1 ). Our concluding result shows that these algebras are not isomorphic.

Theorem 3.3. The algebra 7(3:«) is not isomorphic to any algebra W(m:r).

Proof. For n = 1 this was shown in [5]. Therefore we assume n > 1 .

For an algebra L, P(L) = {/ g 7|(ad /) is inner} is a subspace of L . We

compare 7(7(3:«)) and P(W(m:r)).

In W(m:x) define ^ to be the subalgebra spanned by all uD with u G

2l(m)| . For 3 e 5?^, since (3xf = 0 for x G Vl(m)x , 33 is a special

derivation leaving 2l(m:R) invariant. Therefore, since (ad 3) — ad 3 ,

-2£ c P(W(m:r)). (ad Z),)3 = 0 if r¡ = 1, and 3 £ P(W(m:x)) for 3 e

(Dj\r] ¿ 1). Thus P(W(m: r)) = _2£ © E , where E = (Dj\r] = 1).

By Theorem 2.2 the /7-mapping associated with the restricted algebra

12¡>o ^(3)m can ^e restricted t0 H;>o ^(3)[/i ' tnus establishing its restrict-

edness.   Thus (£ >0 7(3), ,) n^ ç 7(7(3:«)) for =S^ associated as above

with W(3:n). Since (ad e_xf = (ad /_,)3 = 0, but clearly d_2 <¿P(T(3:n)),

we have 7(7(3: «)) = E^T" H[jx .

Thus 7(7(3:«)) has codimension 1, but 7(W/(«z:r)) has codimension 1

only if r is a permutation of r = (1, ... , 1 ,/) with t > 1 . For W(m:r),

(ad DJ3' = 0, while for 3 e T(3:n)\P(T(3:n)), (ad 3)v~x ¿ 0. Thus

isomorphism of these algebras requires t > n. However dim W(m:x) = m ■

3l+m~ > 2 • 3n+ if t > n and m > 2. Thus there is no isomorphism unless

m = 2 and t — n .

Suppose that f2:7(3:«) —> W(2:(\,n)) - W is an isomorphism. Since

[//,_,],//,_,,] = //(_2]£ 7(7(3:«)), but //,_,, C 7(7(3: «)) and dim//,,,, =

2, Í2(//,  ,j) has a basis {zx,z2} with z, g7(H/)\=2^ and z2&3pQ having a

nonzero x^-component (with respect to the {x['])x22)D }-basis). Q(//,m) c

P(W). If y e Q(//[0]) but y g £fQ, then [z2y] $ P(W), a contradiction

since Q(#M]) c 7(1^). Therefore £2(//[0]) C -S£. But then ß(//M]) =

[z2 ,Q(//[0])] c _z^ , a contradiction, and the theorem is established.    D

Acknowledgment

The author is grateful to the referee for several helpful suggestions.



SIMPLE LIE ALGEBRAS OF CHARACTERISTIC THREE 905

References

1. R. Block and R. Wilson, Classification of the restricted simple Lie algebras, J. Algebra 114

(1988), 115-259.

2. G. Brown, Properties of a 29-dimensional simple Lie algebra of characteristic three, Math. Ann.

261 (1982), 487-492.'

3. _, Freudenthal triple systems of characteristic three. Algebras Groups Geom. 1 (1984),

399-441.

4. J. Faulkner, A construction of Lie algebras from a class of ternary algebras. Trans. Amer. Math.

Soc. 155(1971), 397-408.

5. M. Frank, A new simple Lie algebra of characteristic three, Proc. Amer. Math. Soc. 38 (1973),

43-46.

6. A. I. Kostrikin, A parametric family of simple Lie algebras, Izv. Akad. Nauk. SSSR Ser. Mat.

34 (1970), 744-756 [Russian]'; Math. USSR-Izv. 4 (1970), 751-764 [English translation].

7. R. Wilson, Classification of generalized Witt algebras over algebraically closed fields, Trans.

Amer. Math. Soc. 153 (1971), 191-210.

Department of Mathematics, University of Colorado, Boulder, Colorado 80309


