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ABSTRACT. Consider the difference equation

o o]
(E) (=)™ A Ay + > ppdy_y, =0,
k=0

where m is a positive integer, (px)k>0 is a sequence of positive real numbers
and (/x)x>o is a sequence of integers with 0 < /p < /y < [, < ---. The
characteristic equation of (E) is

(o]
(%) (=" +Y pa~k =0.
k=0

We prove the following theorem.
Theorem. (i) For m even, (E) has a positive solution (An)pez Wwith
limsup, o, An < 00 ifand only if (x) has a root in (0,1).

(it) For modd, (E) has a positive solution (An)yez if and only if (x)
has a root in (0,1).

1. INTRODUCTION

Recently, there has been a lot of activity concerning the oscillatory behavior
of the solutions of difference equations. See, for example, [1,2,3 and 4] and
the references cited therein. Our aim in this paper is to obtain necessary and
sufficient conditions for the existence of positive solutions of certain difference
equations.

Let Z={...,—-1,0,1,...}. The forward difference operator A is defined
as usual, i.e.

S

n?’

AS, =S neZz

n+l
for any sequence (S,),., of real numbers. Moreover, if (4,),., is a sequence,

we define
0 i i-1 .
A'4,=4,, andA'4, =A(A 4, (i=1,2,...)
forevery ne Z.
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Consider the difference equation

oo
(E) (-)"'A" 4, + > p4,_, =0,

k=0
where m is a positive integer, (p, )., IS a sequence of positive real numbers
and (1), is a sequence of integers with 0 < <l <l<--.

By a solution of (E) we mean a sequence (A4,),cz Which satisfies (E) for all
ne€Z. Asolution (4,),., of (E)is called positiveif 4, >0 forevery ne Z.
Moreover, a positive solution (4,),., of (E) is said to be bounded at oo if
lim sup A, <oo.

n— oo

The characteristic equation of (E) is
oo
(%) ~(1=H"+Y p i =0

In this paper we prove the following result.

Theorem. (i) For m even, (E) has a positive solution which is bounded at oo
if and only if (x) has a root in (0,1).

(ii) For m odd, (F) has a positive solution if and only if (x) has a root in
0,1).

To prove our theorem we need two lemmas. These lemmas are established
in §2. The proof of the theorem will be given in §3.

It is easy to verify that
m™!

sup [(1-2)"A]= for/€{0,1,...}.

A€(0.1) (m+ 0™

(Here, we use the convention that =1 .) Hence, for every A € (0,1)

S-S g = 1 3
( ) +Zpk [ Z (l—ﬂ.)mlll‘:l

k=0
00 m+1;
> (1 - [ Z (m+ri[)/;\ ]

k=
and so the assumption

[o.¢] )m+l,\

(m+1,
(C) > b > 1
k=0 l
implies that (x) has no roots in (0,1). Therefore, our theorem leads to the
following corollary.
Corollary. Suppose that (C) holds. Then:
(i) For m even, there is no positive solution of (E) which is bounded at o .

(i1) For m odd, there is no positive solution of (F).
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The oscillatory behavior of solutions of the difference equation

N
(~1)""A"4, + 3P, =0,
k=0
where N is a non-negative integer, p, (k=0,1,...,N) are positive constants
and /[, (k =0,1,...,N) are integers with 0 < [, </, < --- <[, can be

studied by a detailed analysis of the representation of the solutions in terms
of the roots of the characteristic equation. The above equation is the discrete
version of the delay differential equation

N
(=)™ %" @) + Y pex(t —7,) =0,
k=0
where N > 0 is an integer, the coefficients p,, p,, ... ,p, are positive numbers
and the delays are constants such that 0 < 7, < 7, <--- < 7, . The oscillation
of solutions of this differential equation is treated in [5]. However, this is the
first paper dealing with difference equations of the form (E). For such difference
equations no representation of solutions in terms of the roots of () is known.

2. LEMMAS
The following two lemmas will be useful in §3.

Lemma 1. Let (4,)
Then

ncz be a positive solution of (E) which is bounded at oo .

(-1YA'4, >0 forallneZ (j=0,1,....,m—1,m).
Proof. From (E) we obtain for ne€ Z
oo
(-1)"A"4, =3 "pA,_,
k=0
and consequently
(1) (-1)"A"4, >0 forallne Z.

For m = 1 the proof is complete. So, we assume that m > 1. We now claim
that

(2) (-1)"'A"'4 >0 foreveryne Z.
Otherwise, there exists an integer n, with
m—1,,m—1
(-7 (A" 4,),., <0.

From (1) it follows that the sequence ( (—l)""lA"'"lAn)mE  is strictly decreas-
ing. Hence, if we choose an integer n, > n, , then we derive for n > n,

<(-n""'a"ta,), _, <o.

n=n; —

(_l)m—lAm—lAn S(_l)m—l(Am—lAn)

Therefore

n=np

(_l)m—lAm—lA

WS for every n > n,,
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where y = —(—l)m_'(A’"_lA") , > 0. So, we obtain for n > n,

n=n
m—1,m=2 m—1,, m=2
(=7 A" "4, - (-1)" (A7 "4,),_,,
m—1,m-2 m—1,m=2
=[(-1)"A"T4, - (-1 A4, ]
+[(_1)m—lAm—2A _ (_l)m—lAm—ZA
+

n—1 n—2]

+ |:(_l)m—l(Am—2A )

n’n=ny+1

_ (_l)m—l(Am—ZA”)

n=n2]

_ (—l)m_lAm_lAn_l + (_l)m—lAm—lAn_2 4o
S (_l)m—l(Am—lAn)":n2
< _y(n - nz) 5
which gives
(3) lim (-1)""'A" 7?4, = —c0.
n—oo

Since (4,),c, is bounded at oo, (3) is a contradiction if m = 2. So, we
suppose that m > 2 and we consider a positive constant y, . Then (3) implies
the existence of an integer n, such that

(—1)'"_1A'"_2An < -y, foreveryn>n,.
Thus, by applying the method used previously, we can obtain

lim (-1)"'A" 7’4 = —c0.

n—oo n

Next, repeating the above procedure if m > 3, we finally find

lim (-1)""'4

n—oo

n=—00,

which contradicts the fact that (4,),., is positive and that this sequence is
bounded at co. We have thus proved that (2) is true. If m = 2, the proof of
the lemma is complete. If m > 2, then, repeating the above arguments, we can
show that

(-1)"?A"4, >0 forallneZ.

By using this technique, we can complete the proof of the lemma.

Lemma 2. Let m be odd. Then every positive solution of (E) is bounded at oo .

Proof. Assume, for the sake of contradiction, that (E) has a positive solution
(A4,),cz Which is not bounded at oo. Since m is odd, from (E) it follows that

(4) A"A4,<0 forallneZ.

Thus, we always have m > 1. Furthermore, (4) implies that, if j € {1, ...,
m—1}, then A’A4 , 1s either positive for all large n or negative for all large 7.
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In particular, since (An)nel is not bounded at oo, there exists an integer n,
such that

(5) A4, >0 for every n > n,,.
Furthermore, we have
(6) A"'4, >0 forallneZ.

Indeed, in the opposite case we can apply the method used in the proof of
Lemma 1 to obtain lim (-1)"'4 = —00. So, since m is odd,

n—oo n

lim A, = —oo.
n—oo

This contradicts the positiveness of (4,),., and hence (6) is true. Now, we
observe that, by (5), the sequence (4,),- no is strictly increasing. By using this
fact, (6) and (E), for n > N = nj + [, we obtain

_ (Am-lAn)nzN < Am—lAn _ (Am——lA")nzN

—1 —1 —1
=(Am An_Am An—l)+(Am An—l_A An—2)+'”

AT,y — (A4, 0]

ne

m—1

m m m
=A An_l +A An_2 +---+ (A An)nzN
oo o0 o0
== ZpkAn—l—lk - EpkAn—Z—lk T ZpkAN—/k
k=0 k=0 k=0
< =PoAy__fy = PoAy_gyy =~ PyAN_y,

< _pOA,,o(n - N)

and so we arrive at the contradiction
1
pyA

n<N+ (Am—lA")”zN for every n > N.

No

3. PROOF OF THE THEOREM

In view of Lemma 2, for m odd there is no positive solution of (E) which
is not bounded at co. Hence, it is enough to prove part (ii) of our theorem
only for positive solutions which are bounded at co. Therefore, the proof of
the theorem has been reduced to proving, for arbitrary m , the following result:
Equation (E) has a positive solution which is bounded at oo if and only if (%)
has a root in (0,1).

Assume first that (+) has a root 4 € (0,1). Then we set 4, = A, neZz
and we obtain

0o 0o
(_I)m+lAmAn +ZPkA,,_,k _ (_l)m+l(,1_ l)m).” +Zpkln—1k
k=0 k=0

=[-(1=-A"+Y prA 1" =0
k=0
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forall ne€ Z. Thus, (4,),., is a positive solution of (E) which obviously is
bounded at co.

Suppose, conversely, that there is a positive solution (4,),., of (E) which is
bounded at oco. Also assume, for the sake of contradiction, that the characteris-
tic equation (*) has no rootsin (0,1). From Lemma 1 it follows that A4, < 0
for all n € Z and consequently (4,),., is a strictly decreasing sequence. So,
from (E) we obtain for every ne€ Z

o0 o0
0=(-1)""A"4, + S pA,_, > (-1)"™'A" 4+ <Zpk> A,
k=0 k=0
and therefore
o0
(7 0<3 p, <co.
k=0
Set

FA)=-(1-2"+Y pa% forre(o,1].
k=0
Then

F(1)=)"p, €(0,00).
k=0

Moreover, we have F(A) > —(1 = A)" +p1,1_" for every 4 €(0,1), and so
F(0+0) = oo.

Hence, as F(4) = 0 has no roots in (0, 1), there exists a positive number u

such that

(8) (=" +Y pa " >u  forallie(0,1).
k=0
Next, by taking into account (7), we put

0o 1/m
Ag=1- (Zpk) , andA =1-[(1-4_)"+m"" (r=1,2,...)
k=0

Furthermore, we define
ALOI =4, forneZ

and

m—1 . L
AV =S =2 )" YA ATY fornez (r=1,2,.00),
j=0

Then, for any r € {0,1, ...}, (AL’])nez is a positive solution of (E) which
is bounded at oo. Indeed, consider a positive solution (/;lvn)nez of (E) which
is bounded at co. In view of Lemma 1, we have

(-1YA'4, >0 forallneZ (j=0,1,....,m—1,m).
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Thus, if j € {0,1,...,m— 1}, then ((-1) N4 2)ncz 1S @ pOsitive sequence
which is strictly decreasing (and, therefore, bounded at oo). Moreover, since
(E) is linear and the coefficients p, (k = 0,1,...) and the indices /, (k =
0,1,...) are independent of n, it follows that, for each ; € {0,1,

m — 1}, the sequence ((— l)fA’ A 2)ncz 18 @ solution of (E). Hence, each one
of the sequences ((—1)’A’A Az (G=0,1, — 1) is a positive solution
of (E) which is bounded at oo. Therefore because of the linearity of (E),
it follows that, if ¢,, ¢,,...,c,_, are positive constants, then the sequence
(Z;";OI c,(-1)A ANn)n€ , is a positive solution of (E) which is bounded at oo .
Now, we can easily see that 1 -4 >0 (r=0,1,...). So, by the above particu-
lar result and by mathematical induction, we can show that: If r€ {0,1, ...},
then (AL’])n <z 1s a positive solution of (E) which is bounded at oco.

We have
(9) +1 [r] [r] [r+1] [r+1]
m m r r r r
(=07 A4, +(1- A) A, =4 - 4,4, forneZ (r=0,1,...).

n+1

In fact, for any r € {0,1, ...} and every n € Z, we obtain

A+ _ 2 A[r+1]

n+l

m 1- J IAJA[’] —). Z(l_ m—1— J I)IAJA[’]
n

il
l\/ls

n+l1
Jj=
o NN N
m—1— r r
=Y (1-4) f(-1)’(A’An+I A4
Jj=0
m—1 —i Ny
m—1-— r
+(1=24) > (1-2)"" T (-1YN 4,
j=0
m

(1=2)"" /A A ST (- 2)" T (- 1) AT
0

J= j=0

m m—

Z )AJ [’]_'_Z(l )’)m J( 1) AI [’]
j=1 Jj=0

m+1 [rl [r]
=(-1)"A"4 + (1-4)"4, .
Now, we will prove that
(10) AU A" <0 forallnez (r=0,1,...).
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Indeed, in view of Lemma 1, the sequence (4,,),, is strictly decreasing. There-
fore, we obtain for every n € Z

oo
(=D A" AN (1= 2)" AN = ()" A" 4, + (Zpk) A,
k=0
1 (e o)
< (_l)m+ AmAn + ZpkA"—[k =0
k=0

and hence, by (9), we conclude that (10) is true for r = 0. Next, assuming
that (10) holds for some r € {0, 1, ...} we should prove that it is also true for
r + 1. By the inductive assumption,

[r+1] (r+1]
A4, —44, <0 foreveryne Z.

This implies in particular that A, > 0. On the other hand, 4, < 1. So, we must
have 0 <A, < 1. Furthermore, we have

[r+1] -1 [r+1]
A, >4, A4, forne Z.

By applying this inequality, we can verify that

At l“"’ALrH] forallne Z

n—ly ="r
and
A S oAl forallnez (k=1,2,...).
Hence, from (E) we obtain for n € Z

(e o)
0= (_1)m+IAmALr+l] +zpkALri-[lk]
k=0

oo
> (_1)m+lAmALr+l] + ( pk)',-_lk) ALr+I].
k=0
But (8) ensures that

St (=) v u=-4 )"
k=0

So, in view of (9), we have for every n€ Z
0> (—l)mHAmAE:H] + (1 _er)mALrH]
[r+2] [r+2]
=4 - )“r-HAn :

n+l

That is, (10) is also satisfied for r+ 1.
Finally, since AL’“’ >0 forall neZ (r=0,1,...), from (10) it follows
that

A,>0  (r=0,1,...).
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On the other hand, it is easy to verify that the sequence (A)p—01.. 18 strictly
decreasing. So, L =1lim,_ 4, existsand 0 < L <A, < 1. Since

ho=1-10-4_)"+m"™  (r=1,2,..),

we obtain
L=1-[1-L)"+p"",

which gives u = 0, a contradiction. The proof of our theorem is complete.
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