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ABSTRACT. We consider the measure of the set of all unit vectors tangent to rays
emanating from a point p in a finitely connected complete open Riemannian
2-manifold M . If M with one end admits total curvature c(M), then this
measure tends to min{2ny(M)—c(M),2rn} as p tends to infinity, where x(M)
is the Euler characteristic.

0. INTRODUCTION

Let M be a complete, noncompact, connected, oriented and finitely con-
nected Riemannian 2-manifold without boundary. The total curvature c(M)
of M is defined by the improper integral over M of Gaussian curvature G:

c(M):= /M GdM ,

where dM is the area element of M . It is a well-known theorem due to Cohn-
Vossen [1] that if M admits total curvature, then c¢(M) < 2mx(M), where
x(M) is the Euler characteristic of M . We study asymptotic behavior of the
mass of rays in terms of the total curvature of a complete open surface.

A ray y:[0,00) — M is defined to be a geodesic any subarc of which is
a minimizing segment joining its endpoints. We denote the tangent space of
M at p by Mp. Let Sp C Mp be the set of all unit vectors at p and let
4, c Sp be the set of all unit vectors tangent to rays emanating from p. We
denote by “meas” the Lebesgue measure on the unit circle Sp with the total
measure 27 . Since the limit of a sequence of rays in M is a ray, A, is a
closed and measurable subset of Sp and the function p — meas(4 p) is upper-
semicontinous. Thus this function is locally integrable in the sense of Lebesgue.

The first result on the relation between the total curvature and the measure
of A , was obtained by Maeda.
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Theorem (Maeda [6]). If M is homeomorphic to R? and if it has nonnegative
Gaussian curvature everywhere, then
plélﬁf:[ meas(4,) = 2n — c¢(M).

In [10], Shiga extended this result to the case when the sign of Gaussian
curvature changes. Moreover, Oguchi [8] extended their results to the case
when M has only one end. Shiohama proved the following integral formula
for the mass of rays.

Theorem (Shiohama [13]). Assume that M with one end admits total curvature
with 2rny(M) — ¢(M) < 2n. If {K j} is a monotone increasing sequence of
compact sets with |JK = M, then

Jx meas(4 )dM
() lim — 2
Jj—o0 ij aM

The following Theorem A which will be proved in §2 plays an essential role
throughout this paper.

=2nx(M)—c(M).

Theorem A. Assume that M with one end admits total curvature. Let {p} be
an arbitrary divergent sequence of points of M . Then,
lim meas(A4_)=min{2ny(M) — c(M),2n}.

j—o0 bs

In the case when 27y (M)—c(M) < 2n, Theorem A was proved by Shiohama
in the proof of the integral formula (x). A crucial point of the proof of ()
in the case when 2ny(M) — ¢(M) < 2z is nonexistence of straight lines. We
emphasize that in our case M admits straight lines and this situation makes
the proof difficult. To overcome this difficulty we need delicate arguments as
developed in Lemmas 2.1, 2.2, 2.3, and 2.4. In §2, we will prove Theorem A in
the case when 2zny(M) — c¢(M) > 2n. We can extend Theorem A to the case
when M has more than one end as stated in Theorem B.

In §3, we will discuss the case when M has finitely many ends. To state
Theorem B some definitions and notations are needed. Assume that M is
finitely connected with k& ends and that M admits total curvature. Let K be a
compact domain on M such that M —Int(K) is a union of disjoint closed half
cylinders U, ..., U, (we call them tubes) and 9K consists of k simple closed
piecewise smooth curves. For any domain D bounded by piecewise smooth
curves ¢, , ... ,c, each of which is parametrized positively by arc length relative
to D, we denote by «(D) the sum of curvature integrals of ¢,, ... ,c, and of
the outer angles at all the vertices of D. If we set 5,(M):= —c(U,) —«(U,) for
i=1,...,k,then

> s(M)=2mx(M)-c(M).
1<i<k
The value s,(M) does not depend on the choice of tube U, by the Gauss-Bonnet
Theorem.
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With these notations Theorem B is stated as follows.
Theorem B. Assume that M with k ends admits total curvature. Let U, be
a tube of M and let {p j} be an arbitrary divergent sequence of points of U, .
T . .

hen lim meas(Apj) = min{s,(M),2n}.

j—oo
The following Corollaries C, D, and Theorem E are straightforward conse-

quences of Theorem B and the isoperimetric inequality stated in Lemma 1.3
(2) (see [14]). The proofs are omitted here.

Corollary C. Under the same assumption as in Theorem B, let {p ;} be an arbi-
trary divergent sequence of points of M . Then,

+ . < . .
min {s;,(M), 27} < lim inf meas(4, )
< lim sup meas(4,, )

Jj—oo /

< i . .
llglasxk min{s,(M),2n}

Theorem D. Assume that M with k ends admits total curvature. Let {K ;) bea
monotone increasing sequence of compact subsets of M with JK ;= M. Then

h
we nave ' Jy meas(4,)dM
min {s5,(M),2n} < liminf —

1<i<k J=00 Jx, dM
i [k, meas(4,)d M
< limsup
joo Jx, dM

< in{s; .
lgasxk min{s,(M),2n}

Theorem E. Assume that M with k ends admits total curvature. Let ¢ be a
simple closed smooth curve in M and let B(t) := {x € M ;d(x,c) <t}. Then
we have

1 i A !2
me meas(Ap)dM _{ D<ok S (M) min{s; (M) 27} if 2nx(M) - c(M) >0,

2nx(M)—c(M)
0 if 2ny(M)—c(M)=0.

lim
1—00 fB(,) aM

1. PRELIMINARIES

In this section, we state the notations and lemmas used for the proof of our
results. Let M be a finitely connected complete open 2-manifold admitting
total curvature. Let D C M be a domain as stated in §0. Then x(D) has the
following properties.

(1.1) k(D)= —-k(M - D).

(1.2) If D is bounded, then ¢(D) =2nyx(D)— k(D).

(1.3) Assume that 9D consists of a curve ¢ homeomorphic to a line such

that c|(—o00,a],c|[b,00) are geodesics for some a,b € R. Then,

c¢(D)<2nx(D)—n—-k(D).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use




498 TAKASHI SHIOYA

(1.4) In (1.3), if d}(c(t),c(=t)) > 2t —r forall £ > 0 and for some constant
r >0, then
c(D) L 2ay(D) - 2n — k(D)
where d;, is the inner distance on CI(D), the closure of D, induced
from the Riemannian structure of M .

(1.1) is obvious. (1.2) follows from the Gauss-Bonnet Theorem. (1.3) and (1.4)
are due to Cohn-Vossen [2].

For the rest of this section we assume that M has only one end. The fol-
lowing Lemma 1.1 plays an important role for the proof of Lemmas 2.1 and
2.2

Lemma 1.1 (Shiga [10]). Let o,y be rays emanating from a point p in M.
Assume that o Uy bounds a domain D and that Int(D) does not contain any
ray emanating from p. If 0 is the inner angle of D at p, then we have

c(D)=2ny(D)-2n+86.

The proof of Lemma 1.1 proceeds in outline as follows. Since Int(D) does
not contain any ray emanating from p, there is a divergent sequence {g j} in D
with the property that there exist two minimizing geodesics & ; and 7 ; joining
p tog in D such that lim¢ ;=7 and lim n,=a and such that the inner
angle at q; of the disk domain Dj. in D bounded by éj and n; tends to zero
as j — oo. The sequence {D j} of disk domains is monotone increasing and
satisfies |JD ;=D.

For a point p € M and for u € 4, let y, (¢) == exp, tu for ¢t >0. Let K
be an arbitrary fixed compact domain bounded by a piecewise smooth closed
curve such that M — K is an open half cylinder. For any geodesic y passing
through a point of K, set

to(?) == min{z;y(1)NOK}, t,(y) ;== max{t;y(t)NOK}.
For a point pe M — K, set
A(K) = {ved;,(0,00)NK # 2},
A(K) :={v € 4,;7,(10,00)) NInt(K) = B}
For u,v € 4,(K), the two subarcs ,([0,,(7,)]), 7,([0,2,(7,)]) of the rays
?,»?, and a subarc of 9K joining y,(¢,(7,)) to »,(¢(7,)) together form a
simple closed curve in M —Int(K) which bounds an open disk domain A (u,v)

in M- K. If we set
AK) = | 4,0

u,vEAy(K)
and if 0p(K ) is the inner angle of Ap(K ) at p, then the following lemma is
true.

Lemma 1.2 ([14]). For any divergent sequence {p;} of pointsin M -K, 6, (K)
tends to zero as i — oo.
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The following isoperimetric inequality is used for the proof of our integral
formulas. For a point p € M let
S(p)={xeM;dp,x)=t}, B/(p):={xeM;dp,x)<1t}.

Lemma 1.3 (Hartman [4] and Shiohama [11]).
(1) There exists a constant R > 0 such that for almost all t > R, S,(p) isa
simple closed curve of class C* except finitely many cut points from p.

(2) We have
lim Z8@) _ yy, 2Ar2B0) LS, )’
t—o00 t T o t T S 2Area(B (p))

=2nyx(M) —c(M),

where L(a) is the length of a curve «.

2. THE CASE WHEN M HAS ONE END

In this section, we assume that M has only one end and that M admits

total curvature with 2ny(M) — c¢(M) > 2n. Let K be a compact domain such
that M — K is an open half cylinder and p a point in M — K. Assume that
A;(K ) is nonempty. Then we denote by Dp(K ) the unique component of
M —{exp,tv;v € A (K), t >0} such that K C D,(K).
Lemma 2.1. Let {p;} be a divergent sequence of points of M. Assume that
for any compact set K such that M — K is an open half cylinder, A;l(K ) is
nonempty for all sufficiently large i and that the inner angle 6, of D, (K) at p,
tends to zero as i — oo. Then

lim meas(4,) = 2n.
1—00 !

Proof. Let ¢ be an arbitrary given positive number. Let K be a compact subset
of M such that M — K is an open half cylinder and such that

(2.1.1) / G'dM <e.
M-K

For each i, let {E; ,'} ; be the family of all connected components of
M—({exp twiveAd, ,,tZO}UD (K)).

Each E - 1s an open half plane bounded by two rays emanating from p,, and
has the property that there are no rays emanating from p, in it. Lemma 1.1
implies that ¢(E; ,) is equal to the inner angle of E, . at p,. It follows from
(2.1.1) that

J

2n — meas( ) - 0—C<UE,,><8

for all /. Since 6, tends to zero as | — oo and ¢ is arbitrary, this completes
the proof.
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Lemma 2.2. Let {p,} be a divergent sequence of points of M . Assume that for
any compact set K, there exists a point p(K) € {p;} such that 4, )(K ) is

empty. Then, there exists a subsequence {p } of {p;} such that

11m meas( ) 2r.

Proof. Let {K;} be a monotone divergent sequence of compact sets with
UKJ, = M such that M - K ; is an open half cylinder. Set p; = p(Kj),
Then

UD, (K)=M and c(D, (K,)=2nx(M)-2n+0,,

where Hj is the inner angle of Dpj(K ;) at p;. Thus,

¢(M) = lim c(D, (K})) = 22x(M) = 22 + lim 6.

joo d

Since 2ny(M) — c¢(M) > 2m, limj_,oo 0} = 0. Therefore Lemma 2.2 follows
from Lemma 2.1.

Lemma 2.3. For any compact domain K' ¢ M such that M —K' is homeomor-
phic to an open half cylinder, there exists a compact convex domain K bounded
by a simple closed curve such that K' c K .

Proof. Let T be the set of all simple closed curves freely homotopic to 4K’ in
M —Int(K'). Let {c;} be a sequence of elements of I" such that

lim L(c,) = inf L(c).
i—o0o cel

For each ¢; and for an arbitrary fixed point x; on ¢; thereisa y, € I' such
that
L(y,) = inf{L(c);c € T, c passes through x,} .

If there exists a subsequence {x j} of {x,} such that {x j} converges to some
point in M , then limy f becomes a simple closed curve. The lim y f bounds
a compact convex domain, say, K. If {x;} does not contain any convergent
subsequence, then neither does {y,} and hence y; is a geodesic loop for all
sufficiently large i. Let D, be a compact domain bounded by y, and let 6, be
the inner angle of D, at x,. The Gauss-Bonnet Theorem implies

(D) =2mx(M)-m+0,.
Since UD, =M,
c(M)=2nx(M)-=m+ lim§,,
[—00
which contradicts 2nx(M) — ¢(M) > 2n . This completes the proof of Lemma
2.3.

Lemma 24. Let {p;} be a divergent sequence of points of M and let K be
a compact domain of M such that M — K is homeomorphic to an open half
cylinder. Then there exists a number i(K) such that A;i(K ) is nonempty for all
i>i(K).

Proof. Suppose that there exists a divergent sequence {p;} such that all rays
emanating from p, intersect K . From Lemma 2.3, without loss of generality we
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may assume that K is a convex set and each ray emanating from p; intersects
Int(K). Take a point p, with p, € M — K and fix it. Assume that 9K is
parametrized positively by arc length relative to K . Let f: A, - 0K (a=0,1)
be the mappings defined by

f(v) = exp,, 1,(7,) forved, .

Convexity of K implies that there exists a unique minimal subarc J a’ of 0K
such that f;z(Api) C J;. All rays emanating from p; pass through points on
J{. The endpoints of Jli are denoted by f (v,) and f(w,) for v,,w,; € A, .
Set g, := Yo, and 7, := Y, - Let D; be a domain in M — K homeomorphic
to an open half plane whose boundary consists of g;|[¢,(c;),0), 7,|[£,(7;),00)
and 0K — Jli. By Lemma 1.3 (1) we get a monotone divergent sequence {¢ j}
such that each S,j (p;) 1s a piecewise smooth simple closed curve and K C
B, (p;). By the choice of D; , any ray emanating from p, does not intersect
the arc Stj (p) N D;. The same argument as developed in the outline of the
proof of Lemma 1.1 implies that there are a cut point g; to p, in St, (p;) nD,’.
and minimizing geodesic segments & j,nj:[O,tj] — M joining p; to q; with
liméj =0, and lim n=71. Since o; and 7, intersect Int(K), both é’j and
n; for each sufficiently large j intersect Int(K). Let Fji be a disk domain in
M — K bounded by éj][tl(éj),tj], n;|lt,(n;),t;] and the subarc of 0K from
éj(tl(éj)) to n;(¢,(n;)) which is contained entirely in K — Jli. Let A, bea
disk domain in M — K bounded by ¢,][0,7,(g;)), 7,|[0,,(7;)) and the subarc
of 0K joining a,(t,(d;)) and 7,(¢,(7;)). Set D, := D; —CI(4,) (see Figure 1).

FIGURE 1.
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Since |J } Fj" = D; , a slight modification of the discussion in the outline of
the proof of Lemma 1.1 implies

(2.4.1) c(D,)=n—-x(D,) and c(D)) =n-«k(D).

Since 0, and 7, intersect K for all i, there are subsequences {o,} and
{t,} such that limg, = ¢ and limt, = t for some straight lines ¢ and 7.
Then either 6 =7 or oN7 = . Since K contains finitely many handles, there
are two cases for the configuration of four points a(¢,(c)), a(t,(a)), ©(¢y(7)),
7(¢,(7)) on OK.

Case 1. The four points a(t,(0)), t(t,(1)), 1(t,(1)), o(t,(a)) lieon dK in
this order. Choose disjoint two open half planes H and H_ in M — K such
that H_ (resp. H,) is bounded by g|(~o0,,(0)], o|[t,(d),00) and a subarc
from a(t,(c)) of K (resp. t((—o0,,(7)]), 7([¢,(7),00)) and a subarc from
7(ty(7)) to t(¢,(1)) of K). Since the inner angle of D, at p, tends to 2z
as k — oo by Lemma 1.2, we have

(2.4.2) limx(D,)=k(H UH )—-m.
On the other hand, ¢(H ) < —k(H,) and c(H_) < —k(H,) by the remark (1.4).
Hence

¢c(H,UH)<-k(H UH).

For a fixed number ¢ € (0,7/2) choose a compact set L as to satisfy

(2.4.3) - G'dM <ée¢ and o(H UH)NL)<-x(H,UH)+e.

Then, it follows from (2.4.1) and (2.4.3) that
n—-k(D,)=cD,)<c(D,NL)+e<c((H,UH)NL)+2 < -k(H UH,)+ 3¢

for sufficiently large k. Since ¢ < m/2, this contradicts (2.4.2).

Note that the above arguments imply that ¢ = 7 does not occur.

Case 2. The four points a(t,(0)), t(t,(7)), a(t,(a)), t(t,(1)) lieon OK in
this order. Let H_ be the open half plane in M —K bounded by o|(—o0,,(0)],
dl[t,(o),00) and by a subarc of 0K such that 7((—o0,y(7))) C H  andlet H,
be defined similarly. Then, it follows from (1.3) and (1.4) that ¢(H,) < —x(H,)
and ¢(H, - H)<mn-kx(H, - H ). Hence,

(2.4.4) ¢(H UH,) < —k(H,UH,).

Let ¢ € (0,7/4) be a fixed number, and let L be a compact domain such

that
/ G dM < ¢.
M-L

Then, it follows from (2.4.1) that
n—k(D,)=c(D;) <c(D,NL)+e<c((H UH)NL)+2e
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FIGURE 2.

for sufficiently large k. This means that ¢(H, U H,) is finite. Therefore,
n—k(D,) < c(H UH)+3¢ < —k(H UH,)+3e.
for all sufficiently large k. Moreover, since o, ,7, tend to 7,7,
limx(D,) = k(H,UH,).
This contradicts ¢ < m/4. This completes the proof of Lemma 2.4.

Proof of Theorem A. Let {p,} be an arbitrary divergent sequence of points
of M and let K be a compact convex domain as obtained in Lemma 2.3.
In view of Lemmas 2.2 and 2.4 we may assume that 4, (K) and A;l_(K ) are
nonempty forall /. Let y,, p, be two rays bounding D, (K). If {p,} contains
a subsequence {p;} such that both {yj} and {p;} converge to straight lines,
then it follows from Lemmas 1.2 and 2.1 that

lim meas(Apj) =2m.

Now assume that {y;} does not contain any convergent subsequence. For any
i,let g;,7; be the rays as defined in the proof of Lemma 2.4 and let D, be the
open half plane bounded by y,,0,|[0,¢,(s,)), ,|[¢,(,),00) and by a subarc of
0K suchthat D, C Dpl(K )— K . Without loss of generality we may assume that
D, does not contain 7,([,(7,),00)). Then there are no rays emanating from p,
in D;. By a discussion similar to the proof of Lemma 2.4, it follows that

(2.A.1) (D) =n—-x(D,).

Since each o, intersects K, there is a subsequence {aj} of {g,} converging
to some straight line o intersecting K. Let H be the open half plane in
M — K bounded by o|(-o0,,(0)], o|[t,(d),00) and a subarc from o(¢,(0))
to o(t,(c)) of 0K . Since {y j} does not contain any convergent subsequence,
D, tendsto H. By (1.4),

(2.A.2) c(H) < —k(H).
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For any positive number ¢, there exists a compact set L such that
(2.A.3) / G'dM <e.
M—-L

Then it follows from (2.A.1) and (2.A.3) that
n—k(D;)=c(D;)<c(D;NL)+&< c(HNL)+2e
for all sufficiently large j. This means that ¢(H) is finite. Hence, by (2.A.2),
n—k(D;) <c(HNL)+2e<c(H)+3e<—k(H)+3e

for all sufficiently large j. On the other hand, if we denote by y; the inner
angle of Dj at p,, then

lim[x(Dj) -n+yl= K(H).

Thus v, < 4e for all sufficiently large j. Thus the argument above applies to
p; and implies that the inner angle between p; and 7, at p; also tends to zero.
From Lemma 1.2 the angle between o, and 7; at p; tends to zero as i — oco.
This completes the proof of Theorem A.

3. THE CASE WHEN M HAS MORE THAN ONE END

The aim of this section is to prove Theorem B. We assume that M has k
ends and admits total curvature.

Proof of Theorem B. Let K be a compact domain and U, a tube as in §0. Let
M, be a complete open surface with one end such that there exists an isometric
embedding 1: U, UK — M, and M, —1,(U; UK) consists of kK — 1 open disk
domains. Then the Gauss-Bonnet Theorem implies

(3.B.1) s(M)=2mx(M,) —c(M,).

Now, without loss of generality we may assume that K contains a com-
pact domain K’ such that M — K’ is a disjoint union of k tubes and that
d(M — K ,K') is greater than the length of AK'. Then each minimizing
segment joining two points in U, is contained in KU U,;. For any p in U,,
set

Ap(i) ={ve Ap;yv([O,oo)) CcU UK}

and let 4, be the set of all unit vectors at 1,(p) tangent to rays emanat-
ing from 1,(p) in M,. It follows that the restriction of differential mapping
dzilAp(i):Ap(i) — 4, , is bijective. In particular we have

meas(Ap(l)) = meas(4; )
for all p in U,. It follows from the construction of M, that A(i)c A, =
A, ())UA,(K) and

(3.B.2) meas(Al.’p) < meas(Ap) < meas(Ai,p) + meas(Ap(K))
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forall p in U,. On the other hand, for a divergent sequence {p j} of points in
U,, Theorem A and Lemma 1.2 imply

(3.B.3) jlingo meas(4, , ) = min{2ny(M,) — c¢(M,),2n}
and
(3.B.4) lim meas(Apv(K)) =0.

j—oo i

Therefore, by (3.B.1), (3.B.2), (3.B.3), and (3.B.4),

lim meas(4, ) = lim meas(4; , ) = min{s,(M),2n}.
J J—oo ’pl !

J—oo

This completes the proof of Theorem B.
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