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ON TWO FUNCTION SPACES WHICH ARE SIMILAR TO L0

S. J. DILWORTH and d. a. TRAUTMAN

(Communicated by William J. Davis)

Abstract. Let Aq consist of all functions / measurable on (0, oo) with

À{s: \f(s)\ >t}<oo

for all t > 0, where X is Lebesgue measure, and let Lo(0, oo) consist of all

measurable functions / with

limoX{s:\f(s)\>t} = 0.

Let each space have the topology induced by convergence in measure. We show

that every infinite-dimensional Banach subspace of Aq contains Co or lp for

some  1 < p < oo . We also identify the duals of A0 and Lo(0, oo).

1. Introduction and notation

Let .2^(0, oo) denote the collection of all (equivalence classes of) almost

everywhere finite measurable functions on (0,oo), and let L0(0,oo) denote

the collection of all / e -2^(0, oo) satisfying X{{s: \f(s)\ > t}) —> 0 as t —> oo,

where X is Lebesgue measure. L0(0,oo) is a topological vector space under

the topology of convergence in measure, and it is the largest linear subspace

of .2^(0, oo) with this property. Routine calculations show that L0(0,oo) is a

non-separable complete metric linear space, with the metric given by d(f,g) =

||/-#||, where

the supremum being taken over all E c (0,oo) of measure one.

The distribution function dAt) of a measurable function / on (0,oo) is

defined by

df(t) = X({s:\f(s)\>t})       (0</<oo),

and the decreasing rearrangement /*(/) by

f*(t) = inf{s>0:dAs)<t}.
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We shall study the separable subspace of L0(0,oo) consisting of all / e

L0(0,oo) for which dAt) < oo for all t > 0. In view of the classical identity

U/H a = \\df ll¿ (0 < a < oo), where La and Aa are the standard Lebesgue and

Lorentz function spaces (see [10] for the original definition of AQ ), it seems to

be appropriate to denote the collection of all functions on (0, oo ) with a finite

distribution function by the symbol A0 , and we have chosen to do so.

In §2 the Banach subspaces of A0 are investigated. It is proved that A0 con-

tains an isomorphic copy of every Orlicz function space on (0, oo). The main

result of the paper is Theorem 2.3, which says that every infinite-dimensional

Banach subspace of A0 contains a subspace isomorphic to cQ or to I (I < p <

oo). The prototype for results of this kind, of course, is the famous theorem

of D. J. Aldous [1] that every infinite-dimensional subspace of Lx(0,1) con-

tains / for some 1 < p < 2. Subsequently, various generalizations of Aldous's

theorem have been obtained (see e.g. [5]). Our strategy in proving Theorem

2.3 is perhaps the obvious one of reducing the problem to the consideration of

Banach spaces whose subspace structure is already clearly understood.

In the short third section the dual spaces of A0 and L0(0, oo) are computed.

It is proved that A0 has trivial dual and that the dual of LQ(0,oo) may be

identified with an infinite-dimensional subspace of the dual of £^(0,00).

Let us now state some definitions and notation which we shall use in the

remainder of the paper. An Orlicz function tf>: [0,oo) —> [0,oo) is a strictly

increasing function, continuous at 0, with <j)(0) = 0. We say that cf> satisfies the

A2-condition at 0 if sup0<x<1 cj)(2x)/<p(x) < 00. We define the Orlicz function

space L,(0,oo) as the space of all functions / measurable on (0,oo) with

for all a > 0. The topology is given by the quasi-norm

U/H, = inf{a>0: J%^JMjdt<l}.

The Orlicz sequence space /, is defined as the space of all sequences (an) such

that

for all a < 00. We use a quasi-norm similar to that of L,(0,oo) to define the

topology.

In a topological vector space X, a sequence (xn) is a basis for X if, for

each x e X, there exist unique scalars (an) with

00

X = T,anXn-
n=\
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A basic sequence (xn) is a sequence which is a basis for its closed linear

span lin(xn). Two bases (xn) of X and (yn) of Y are equivalent when-

ever JZ^li ^n-^« converges if and only if ¿~^T=i ar¡yn converges. A basis (xn)

of X is symmetric if for each permutation n of Z+ , (xn,n)) is equivalent to

If A^ is a subset of a topological vector space, conv(A) will denote its convex

hull. In A0 or L0(0,oo), for e > 0 we let

B£ = {f:\\f\\<e}.

The indicator function of a set E is denoted by 1(E). The reader should

consult [8] and [9] for other standard notation and terminology.

2. Subspaces of A0

Our first proposition shows that A0 has a very large collection of Banach

and quasi-Banach subspaces. This observation lends interest to the main result,

Theorem 2.3 below, and provides a motivation for wishing to prove it.

Proposition 2.1. Let cf> be an Orlicz function. Then L,(0,oo) is isomorphic to

a subspace of A0.

Proof. Since A0 is clearly isomorphic to the space Ä0 consisting of all measur-

able functions on (0, oo) x (0, oo) possessing a distribution function, it will be

enough to show that Ä0 contains a subspace isomorphic to L,(0,oo). To this

end, let f(s) = (<p~[(s)y[, and define T: L0(O,oo) -» Ä0 by g(t) r- f(s)g(t).

To see that T maps L,(0, oo) into Ä0 , observe that g e L,(0, oo) if and only

if, for all a > 0, we have

nm dt < oo;

that is, if and only if

L10

This is the case if and only if

=0/"'(«)d'<00'

r
Jo

H{s:f(s)\g(t)\>a})dt<oo

for all a > 0. By Fubini's theorem, the latter condition is simply the statement

that f(s)g(t) belongs to Ä0 . It is also easy to check from the above calculation

that T is an isomorphism onto its range.

The main calculations used in the proof of Theorem 2.3 are brought together

in the following lemma. There is a close affinity between this lemma and [3,

Proposition 2.3].
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Lemma 2.2. Let X be a Banach space and let T: X —> AQ be an isomorphic

embedding. For each M > 0, let y/M(f) = f- I(0,M). If, for each M > 0,
VM°T does not restrict to an isomorphic embedding of any infinite-dimensional

subspace of X, then X contains a symmetric basic sequence.

Proof. By passing to a subspace, if necessary, we may assume that X has a

normalized Schauder basis (xn)™=i . Let e > 0 be given. Since t//M o T

is not an isomorphism on any infinite-dimensional subspace of X for any

M, one can find by induction a normalized block basic sequence {yn)^Lx of

(x„)^=l and an increasing sequence (Mn)™=x of positive numbers such that

\\T(y~)-I(0,Mn_x)\\ < 6/2" and \\T(yn) ~I(M„ ,oo)|| < e/2" . Let zn =
T(yn) ■ I(Mn_x ,Mn). Provided e > 0 is chosen so small that inf{||zj|: 1 <

n < oo} > 0, [6, Lemma 4.3] shows that (zn)^l1 is a basic sequence in A0

equivalent to (T(yn))™=x. Select measurable subsets An c (Afn_1,oo) such

that X(An) = 1 and essinf{|z/I(i)|: t e An) > esssup{|zn(i)|: t e ACJ, and let

Zn   =   Zn •/(^»)-    lX ÍS eaSÍ1y Seen  that   |IEr=lö«Znll   =   ll£~lfl„zjl    for a11

scalars (an)™=x , and so (zn)~, and (zn)™=x are equivalent basic sequences.

Let S = inf{||zj|: 1 < n < oo} and let Zn be the decreasing rearrangement

of zn . By passing to a subsequence and relabeling, we may assume by Helly's

selection theorem that Zn —» Z pointwise, where Z is a decreasing function

supported on [0,1]. By Egorov's theorem we may also assume, after passing to

a further subsequence, that \Zn- Z\ < a/A" except on a set of measure less

than a/4". By [2, Theorem 7.5], for each n there exists a measure-preserving

transformation an: An —> [0,1] with \zn\ = Znoan almost everywhere. Let

Wn = (Z o an) ■ sgn(zj.   Then \\zn - Wn\\ < 2öj4n, and so by [6, Lemma

4-3] {Wn)™=x and (zn)~, are equivalent basic sequences. Clearly (Wn)n=x isa

symmetric basic sequence as each Wn has Z as its decreasing rearrangement.

Remark. It is easy to see that if the function Z of the previous proof is

bounded, then {Wn)°^=x spans a subspace isomorphic to c0. Since c0 does

not embed isomorphically into L0(0,1) it follows that A0 and L0(0,1) are

not isomorphic spaces. (The latter fact also follows from Proposition 2.1.) In

particular, A0 has at least two non-isomorphic complemented subspaces.

Theorem 2.3. Let X be a Banach subspace of A0. Then X contains a subspace

isomorphic to c0 or to I  for some 1 < p < oo.

Proof. Suppose that T : X —► A0 is an isomorphic embedding. If, for some M,

(pM o T restricts to an isomorphic embedding, then some infinite-dimensional

subspace of X is by dilation isomorphic to a subspace of LQ(0,1), and thus

isomorphic to a subspace of Lq(0,1) for all 0 < q < 1 (see [11]). One can

then modify Garling's work ([5, Theorem 16, p. 167, Theorem 7, p. 138 and

Theorem 6, p. 136]) to show that L (0,1) is stable, that all stable g-Banach

spaces have an / -type for some q < p < oo, and that all infinite-dimensional

stable <?-Banach spaces contain an isomorphic copy of /   for some q < p < oo .
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Since I isa Banach space it follows that X must contain a copy of / for

some 1 < p < oo.

Now suppose that I isa Banach subspace of A0 satisfying the hypotheses

of Lemma 2.2. Then X contains a subspace isomorphic to the closed linear

span of a sequence of functions (fn)°^=x, each having a common distribution

function dj{t). By the remark following Lemma 2.2 we may assume that /

is an unbounded function.   Let <j>(t) = dAl/t).   A short calculation shows

that Y^=\anfn converges in A0 if and only if Y^=i^\i) < °° f°r aü"

A > 0. Hence lin(fn) and /, are isomorphic spaces. By aping the proof of

[9, Proposition 4.a.4], we see that either /, contains c0 or <j> satisfies the A2-

condition at 0. If (p satisfies the A2-condition at 0, then by [7, Theorem 3.3] L

is isomorphic to / for some convex Orlicz function y/ which satisfies the A2-

condition at 0. An appeal to [9, Theorem 4.a.9] shows that / , and hence both

/, and lin(/n), contains an isomorphic copy of c0 or /   for some 1 < p < oo.

3. The dual of L0(0, oo)

We begin by showing that A0 has trivial dual. The proof is modelled on

Day's proof [4] that Lp has trivial dual for 0 < p < 1 .

Proposition 3.1.  A* = {0}.

Proof. Let e > 0 ; we shall show that A0 = conv Be. Let / e A0 and let

A = {t: \f(t)\ > e/2} . Since X(A) < oo we may decompose it into finitely many

sets At( 1 < i < n) of measure less than e/2. Let f = nf ■ I{At) + / • I(AC).

Then each f. e B£ and / = E^iO/'")f, ■ II follows that A0 has trivial dual.

Two easy lemmas are required to identify the dual of L0(0,oo).

Lemma 3.2. Let JV be a neighborhood base of the origin for L0(0,oo). Then

Ao = n[/e^convC/-

Proof. The fact that A0 c nUe r conv U was essentially proved in Proposition

3.1. Let f e L0(0,oo)\A0; then there exists a > 0 suchthat X{t: \f{t)\ > a} =

co. Let 0<e <a/(l+a), let /,,...,/„ e B£, and let £, = {/: \f(t)\ > a}.

Clearly A(£\) < 1 , and so X{t: |(^"=i a,^)(0l > a) < n whenever a, > 0,

Z)"=i a, = 1 • Thus / / Yj1=\ aifj f°r any sucn ai » ana so / ^ conv(ße). It

follows that nU€r conv U c AQ.

Lemma  3.3. The space   L0(0,oo)/A0   is  isomorphic to the Banach  space

Loo(0,œ)/(A0nLJ0,œ)).

Proof. Let / e L0(0,oo). Then there exists M > 0 such that k{t: \f{t)\ >

M}<oc. Clearly f-I{t: \f(t)\ < M} e L^O,™), while /•/{/: \f(t)\ > M) e
A0 , and so the mapping T: ¿^(O.oo) —» L0(0,oo)/A0 given by T(g) = g+AQ
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is onto. T is clearly continuous and its kernel is A0 n £^(0,00), whence the

result.

Theorem 3.4. The dual of the space LQ(0,00) may be identified with the dual of

the Banach space Loo(0,oo)/(A0nLoo(0,oo)).

Proof. By Lemma 3.2 every element of (L0(0,oo))* vanishes on A0. The

result now follows from Lemma 3.3.

Remarks. 1. Theorem 3.4 allows an explicit description of the dual of

L0(0,oo). Let y/ e (L0(0,oo))*. Then there exists a finitely additive signed

measure pv on the Lebesgue a -field of (0,oo) such that p. (A) = 0 for every

A c (0,00) with k(A) < 00, and such that for all / e L0(0,00) we have

W(f)=   lim   ¡{f A M) dp
M—KX J Y

where (/A M)(t) = min(f(t),M). Conversely, every such measure p defines

a continuous linear functional on L0(0,oo).

2. It is possible to show that there is no continuous linear projection from

L0(0,oo) onto A0 by adapting Whitley's proof [12] of the non-existence of a

bounded projection from /^ onto c0 . We omit the details of this result.
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