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Abstract. Given a metric space (X, d) we study the existence of an ultra-

metric S which is dominated by d . We give a number of examples and prove,

among other results, that such an ultrametric exists if (X, d) is locally compact

and totally disconnected.

In some applications of ultrametric theory to real-world problems in physics

and other sciences, it is of interest to know the precise relationship between a

given metric d on a certain finite set X and the so-called subdominant ultra-

metric ô, defined as the largest ultrametric on X among those that are less

than or equal to d for every pair of points. The existence of such an ultra-

metric is trivial for any finite metric space, and some procedures are known for

effectively computing the function a in a combinatorial way; see [RAD] and

[RTV] for these and other related questions.

Here we study the existence problem when the finiteness condition is dropped.

We prove that the subdominant ultrametric exists and is equivalent to the given

metric whenever the space is totally disconnected and locally compact and that it

also exists for the metric completion of a space X if it exists and is uniformly

equivalent to d over X. We also give a number of related examples. As a

consequence of the first result, we prove very easily that a metrizable locally

compact and totally disconnected space has covering dimension zero.

Throughout this paper, (X, d) will be any metric space with more than

one point. Observe that, given the collection {S¡: i € 1} of ultrametrics over

X (i.e., metric functions fulfilling the strong triangular inequality Vx, y, z €

X , S¡(x, z) < max{f5((x, y), o¡(y, z)}) dominated by d , a := sup{<5; : i €

1} is the largest ultrametric over X dominated by d. In this case, we call

ô the subdominant ultrametric of the space (X, d). Obviously, .existence of

one ultrametric dominated by d guarantees the existence of the subdominant

ultrametric.
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On the other hand, defining for each pair (x, y) € X x X the number

ôx(x, y) as the infimum of the set of positive numbers a such that

3« eN, 3{ax, ... , an} cX, ax =x, an =y, (V/ <n,d(a¡, ai+x) < a),

one obtains exactly the subdominant ultrametric of the space (X, d) whenever

it exists, i.e., whenever Sx(x, y) > 0 for x ^ y .

Definition. We call the metric space (X, d) preconnected when ôx is identi-

cally zero and totally dispreconnected when ôx is zero only on the diagonal,

that is, when the subdominant ultrametric of (X, d) exists.

This notion was introduced by G. Cantor (see [W, p. 312] for related his-

torical remarks, including a complete reference to the original work of Cantor).

We call it preconnectedness because it is the natural uniform counterpart of

a characteristic property of connected spaces (cf. [W, Theorem 26.15]). It is

clear that preconnectedness and total dispreconnectedness are uniform proper-

ties and can be defined on any uniform space. We will follow that direction

elsewhere; here we will be concerned only about metric spaces.

The following example shows that the existence of a subdominant ultrametric

is not a topological property:

Example 1. Define X as the space of complex numbers 1, -1, and all those
iff iff

re such that for some n € N, r — 1 - 1/n and e is an «th root of unity.

Now let Y be the space

{z€X: Rez<0}u(l+{zsl: Rez>0}).

The spaces X and Y are homeomorphic, but Y is totally dispreconnected,

unlike X, since Sx (1, — 1 ) = 0.

The space Q of rational numbers provides an example of a metric space

with (covering) dimension zero but preconnected. Therefore, the existence of

a compatible ultrametric does not guarantee the existence of the subdominant

ultrametric.

As a consequence of Theorem 2, for locally compact metric spaces the exis-

tence of a compatible ultrametric is equivalent to the existence of the subdomi-

nant ultrametric. However, we next give an example of a complete metric space

which is ultrametrizable but has no subdominant ultrametric.

Example 2. Consider the following sets of sequences of real numbers, where n

is a natural number, n > 2 :

k/n with k = 0, 1, ... , n and xm = 0 if m ^ n}

1, xn = k/n with k = 0, 1, ... , n and xm = 0ifl^m^«}

1, x, = k/n with k = 0, 1, ... , n and xm = 0 if 1 ̂  m ^ n}

An = {(XJ-Xn

*„ = {(*„):*,

C„ = {(xm):xn
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Let X be the union of all these sets, and endow it with the sup distance

d((xm),(ym)) = sup\xm-ym\.
m

Then ôx((0, 0, ...), (1, 0, ...)) = 0.

As usual, we say that two metrics over the same set are topologically equivalent

when they define the same topology and that they are uniformly equivalent when

they define the same uniformity.

It is an open problem whether the existence of a subdominant ultrametric

guarantees the existence of a topologically equivalent ultrametric. A simple

modification of the last example gives a complete ultrametrizable metric space

whose subdominant ultrametric exists but is not topologically equivalent:

Example 3. With the same notations as in Example 2, define

B'n — {(xm) : xx — 1, xn = k/n with [n/2] < k < n and xm - 0 if 1 ^ m ^ n}

and let X' be the union of all An u B'n u Cn endowed with the sup distance as

above. Then the sequence (x") defined by

x" = (l,0,...,0, 1/2,0,...)€B2n,  «GN,

ôx> -converges to (0,0,...), but is not d-Cauchy.

Theorem 1. Let (X, d) be any metric space, and assume that there exists an

ultrametric 6 on X uniformly equivalent to d. Then there also exists an ul-

trametric 5 on the completion (X, d), uniformly equivalent to d. Moreover, if

ô < d, then ô can be chosen in such a way that S < d.

Therefore, on the space Q of rational numbers there is no ultrametric uni-

formly equivalent to the Euclidean metric.

Proof. Let us prove the first paragraph, from which the second paragraph fol-

lows.

Consider the completion of the uniform space associated with (X, d) [or

with (X, ô)]. The two metrics d and ô can be extended to the completion

in a unique way to metrics d and ô compatible with its uniformity. The

statements in the first paragraph are now obvious.

Example 4. If n > 2, then R" contains a discrete subspace X that has a

subdominant ultrametric topologically equivalent to the Euclidean metric such

that there is no subdominant ultrametric on its completion X. Take X as the

space in Example 1 minus {1, -1}.

Therefore, the condition about uniform equivalence stated in Theorem 1

cannot be dropped in general.

However, as a consequence of Theorem 4, no such subspaces exist in R.

Theorem 2. If (X, d) is a locally compact and totally disconnected metric space,

then there exists an ultrametric ô on X dominated by d and topologically

equivalent to d.
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Proof. Let x, y be two different points of X. Since X is locally compact

and totally disconnected, there is a compact open subset K such that x € K

and y fi K. Then ôx(x, y) cannot be less than the distance from K to its

complement; that is, it must be strictly positive. This proves that (X, d) has a

subdominant ultrametric.

Assume that (xn) is a sequence in X and x is a point in X such that

d(x, xn) ■+* 0 . Then for some positive e and for infinitely many n , d(x, xn) >

e . Reasoning as above, we take a compact open set K that contains x and

is contained in the ¿-ball of radius e around x ; then for infinitely many n ,

ôx(x,xn) is greater than the ¿-distance from K to its complement. Therefore

Sx and d are topologically equivalent.

As a consequence of Theorem 2, we prove very easily that every locally com-

pact and totally disconnected metrizable space has covering dimension zero.

Example 5. Unlike the case when (X, d) is compact, if (X, d) is only locally

compact, the conditions

(i) ô < d is an ultrametric

(ii) ô < d is an ultrametric topologically equivalent to d

are not equivalent. Take X = N, d = usual distance on N, /= the metric

induced on N via the map N^R,  lr-»0,m-» 1/« if n > 2, and S = an

ultrametric dominated by d', which exists by Theorem 2.

See, however, Theorem 4.

Example 6. Again unlike the case when (X, d) is compact, if (X, d) is lo-

cally compact and totally disconnected, its subdominant ultrametric may not

be uniformly equivalent to d . Take

X:=X'\{(0,0,...)},

where X' is the space of Example 3. Then the sequence (x") defined by

x" = (l,0,...,0, 1/2,0, ...)€B2n,  «eN,

is 5^-Cauchy but is not ¿-Cauchy.

Recall that a metric space (X, d) is metrically convex if, given any two

different points x, y € X and any X € (0, 1), there exists another point z in

X such that

d(x, z) = Xd(x,y)       and       d(y, z) = (1 - X)d(x, y).

Any metric space can be isometrically imbedded in a metrically convex space;

consider the tight span introduced by A. Dress in [D]. The ultrametric equivalent

has been studied by the authors in [BM].

Theorem 3. If (X, d) is totally dispreconnected, then it is nowhere dense in any

metrically convex space that contains it.

Proof. Assume that Y is a metrically convex space that contains X, and

int(Cl(A")) ^0. Let B(y0, 3r) c Cl(A') ; since Y is metrically convex, there

exist two different points a , b inside B(yQ , r) n X .
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Call k — d(a, b), let q be a positive real number not greater than k, and let

n be the integer part of k/a ; by metrical convexity of Y , there is a yx with

d(a, yx) — a       and       d(yx , b) = k - a .

Inductively, we pick y2, ... ,yn with

d(yk_x ,yk) = a       and       d(yk,b) = k-ka       (2 < k < n).

All these yk belong to the ball B(y0, 3r) because

d(yk, y0) < ka + d(y0, a) < k + r < 3r       (1 <k < n),

and therefore they belong to C\(X), so that we can choose xk € X with

d(xk,yk) <a   (1 <k < n). Then Sx(a, b) = 0.

The converse of Theorem 3 is false, even for complete spaces of covering

dimension zero, as the space of Example 2 shows: we need to prove only that

if Y is any metrically convex superspace of X, then the interior of X in Y

is empty; consider in the space Y any ball B(x, r) with center in X, and let

x be any point in X different from x. Since Y is metrically convex, for any

irrational number t with 0 < t < min{r, d(x, x')} , there is some y € Y such

that

d(x, y) = t       and       d(x , y) = d(x, x) - t.

It is obvious that y <£ X, so that X has no interior.

Nevertheless, for subspaces of R the following characterization can be proved:

Theorem 4. If (X, d) is a metric subspace of R, then the following properties

are equivalent:

(i) there is an ultrametric that is dominated by d and topologically equiva-

lent to d ;

(ii)  X is totally dispreconnected;

(iii) int(Cl(X)) = 0.

Proof, (i) => (ii) is trivial, and (ii) => (iii) follows from the previous theorem.

To show that (iii)=>(i), let â := ax . Suppose there is a sequence (xn) c X

and a point x € X such that 5(x, xn) converges to zero but d(x, xn) does

not tend to zero. Then there is a positive e and infinitely many «'s satisfying

d(x, xn) > e . Assume that there are infinitely many n's such that xn < x - e

(otherwise, for an infinity of «'s, xn > x + e) ; then [x - £, x] is contained in

C\(X), against our hypothesis.
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