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Abstract. A triple (G, x , /) of a finite group G with a faithful character x

and a character value / is called sharp if

w n <'-»
11  k€L\{l)

is a unit in algebraic integers (where / 6 L , the set of character values of

X , and a(l) is the number of x e G with x(x) = I), which generalizes

the notion of sharply multiply transitive permutation groups. In this note, we

shall determine sharp triples admitting the character values L = Im^\{/(1)}

as follows: (i) L consists of roots of unity together with 0 6 Z, and (ii)

Ü = {0, /,, l2,... , /,} with (\G\, /,) = 1   (/,. e Z , t > 2). In both cases,

if (G, x , 0) is sharp of type L as above, G is either a sharply 3-transitive

permutation group or a 2-transitive Forbenius group.

Introduction

M. Kiyota in his recent seminar talk [4] has introduced a class of finite groups

with certain characters, called sharp triples, which class includes that of sharp

pairs consisting of finite groups with sharp characters in the sense of Cameron

and Kiyota. Where this theory of sharp pairs, which generalizes the notion of

sharply multiply transitive permutation groups, has been developed and many

examples are known [2, 5]. We shall investigate the problem of determining

sharp triples. In order to describe our results, we shall recall their definitions.

Let G be a finite group with a character x of degree zz, 7 the image of x

on G, and Ü = 7\{zz}. For each / of 7, a(l) will denote the number of

elements x of G with x(x) - I ■ Now the number B(l) defined by |a(/)/|G||

rL,eL\{/}(/ - k) is an algebraic integer for each / of 7; this fact is known

as a theorem of H. F. Blichfeldt [1]. We shall call a triple (G, x, I) a sharp
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triple (or, simply, sharp) of type 7 provided that B(l) is a unit in algebraic

integers, and then the cardinality |7"| is called the zyzzzzc. In particular, when x

is faithful, a pair (G, x) is called sharp of type Li provided that B(n) = 1,

and then x is also called sharp in the sense of Cameron-Kiyota. The problem

above in the case of rank 2 was studied by the first author in [6]. This note will

investigate it in special cases of rank > 3. Without loss of generality, we may

assume that ^ is a faithful character, so we always assume so throughout this

article. Now we shall state our results.

Theorem 1. Let G be a finite group with a faithful character x of degree n,

and let L the image of x » and Ü = L\{n}. Assume that Û consists of roots

of unity in C together with 0 e Z. If (G, x, 0) is a sharp triple of type 79 of
rank > 2, either (i) or (ii) below holds:

(i) G is a sharply 3-transitive permutation group and x is irreducible.

(ii) G is a 2-transitive Frobenius group and x is a sum of a linear character

and the irreducible character induced from the kernel.

Remark. If G is a sharply 3-transitive permutation group, then either G ~

PGL(2, q), or G ~ PSL(2, q)(a) and q is the square of an odd prime power,

where a is the product of diagonal and field automorphisms of order 2 [7].

Furthermore, in the case 7" c Z of rank > 3 , we can prove the following:

Corollary 2. Let G be a finite group with a faithful character x of degree n,

and let L be the image of x » 7" = 7\{zz} . Let m be any nonpositive integer

and l¡ any nonzero integer for i= 1,2, ... , t. Assume that each /; is prime to

\G\. If (G, x , tn) is a sharp triple of type Û = {m, m + lx, m + l2, ... , m + lt}
of rank>3, either (i) or (ii) below holds:

(i) G is a sharply 3-transitive permutation group and x is irreducible; more-

over, x is sharp of type {-1,0, 1} in the sense of Cameron-Kiyota.

(ii)   G is a 2-transitive Frobenius group with an involutive linear character

and x  Is a sum °f the linear character and the irreducible character

induced from the kernel.

Our notation is largely standard.  A¡ will denote the set {x e G\x(x) = /},

and a(l) the cardinality \At\ for / of 7.   1G is the principal character of G.

Proofs of Theorem 1 and Corollary 2

Before proceeding with the proofs of the theorem let us first note a congruence

relation for character values:

Lemma. Let G be a finite group with a character x ■ For any element x of G,

any integer e , and any prime p ,

X(xp) = x(x)P     modp,

where p is a prime divisor of p .
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This immediately follows from the fact that x(x) is a sum of n roots of

unity, where zz is the degree of x ■

Proof of Theorem 1. Let a = a(0), and Û = {0} U {ax, a2, ... , at}, where

each a( is a root of unity. Set zc — fl|=1 a,, which is ±1 since 7 is Gal(ß/Q)-

invariant. By definition we have that B(0) = (a/\G\)nk e {±1} and so, from

B(n) e N, it follows that |G| = an divides zz n^ií*2 _ Q,) • First, let us note,

zz 7^ 1 ; if not, then G Ç AQ, a contradiction. We also note that there exist

distinct primes p , q e n(G) such that p divides zz but q does not divide zz.

This follows from 7"\{0} ^ 0 by the lemma.

Now let us take any prime p which divides zz, and take any x e G of order

p . We note x e A0 by the lemma. We shall claim that |CG(x)| = zz and A0 =

clG(x) the conjugacy class of x in G. Indeed, we shall first show that |CG(x)|

divides zz. For if it were not the case, as |CG(x)| divides nV['i=i(n - a¡),

we can take q e n(CG(x)), which does not divide zz, and let y e CG(x) of

order q ; then z — xy is of order pq . The lemma gives x(z<1)P = Omodp, so

X{xq) = x(z9) — 0, and x(x) = Xiz) = Omodq, where q is a prime divisor

of q, so we have x(x) = x(z) = 0. However, since q does not divide zz,

the same lemma also gives x(z)P ^ Omodq. We must have x(z) # 0, so

X(z) is a unit, contrary to the above, as asserted. Since clG(x) Ç. A0, we have

a < (G: CG(x)) < a, so |CG(x)| - n and clG(x) = AQ .

We note here, by the lemma, that CG(x)" Q A0 = clG(x). Thus, we have

shown that zz is a power of p and CG(x) is a /»-subgroup.

We next claim that CG(x) is a Sylow /»-subgroup of G and NQ(CG(x)) is

a 2-transitive Frobenius group. Indeed, |G|/zzri,= 1(" - «,) ; this yields, as zz

and q(. are coprime, that CG(x) is a Hall subgroup. Thus we have shown that

CG(x) is a Sylow /z-subgroup of G and CG(x) is contained in the conjugacy

class clG(x) for any element x of G of order p. Now we shall show that

P - CG(x) is an elementary Abelian /z-group; in fact, if p = 2, this holds

obviously. We may assume /» is odd. By Burnside's theorem [3, Theorem

(7.1.1)], we have that NG(P) acts transitively on Z(P)i, so NG(P) has an

involution. Since CG(x) e Syl (G) for any x e G of order p, the involution

of NG(P) acts on P fixed point freely, and hence, as 78 Q clG(x), we obtain

that P is elementary Abelian. Furthermore, by Burnside's theorem cited above,

N = NG(P) acts transitively on P*, and CN(x) = 7 for any x e 7*, thus N

is a Frobenius group. Further, since (N : P) = \P \ and |A^| = zz(zz - 1), we

have that NG(CG(x)) is a 2-transitive Frobenius group, as asserted.

Let bi = a(a¡) (i = 1,2, ... , t). Since |G| = azz = 1 + a + £-=] bt and

a¡a¡ = 1 , we have

(1) (X,X) = j^{n2 + an- (a + 1)}.

Hence, since CG(x)' Ç A0, we have zz < a + 1 , and thus, from \G\ = an, it
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follows that

U, *> < 1 + ^~ < 2.

In the case where {x, X) — 2, we must have a = n - 1, so G = NG(CG(x)) is

a 2-transitive Frobenius group with x = ¥ + <P (where y/ is a linear character

and tp is the irreducible character induced from the kernel P), which satisfies

the hypothesis. In the case x € Irr(G), from (1) and |G| — an , it follows that

|G| = zz(zz - 1). Hence, as 7 = CG(x) is a T.I. set, G is a sharply 3-transitive

permutation group on Syl (G). This completes the proof of Theorem 1.

Proof of Corollary 2. Replacing x by a character cp = x - mlG we may as well

assume that (G, tp, 0) is sharp of type Ü = {0, lx, l2, ... , /,}. It is sufficient

to show that 78 = {-1, 0, 1}. Indeed, suppose this is the case, G is a sharply

3-transitive permutation group or a 2-transitive Frobenius group by Theorem 1.

In the former case, cp is a sharp character of type {-1,0,1} in the sense of

Cameron-Kiyota, since |G| = zz(zz2 - 1). In the latter case, as Ü is as above, tp

must be a sum of a nonprincipal involutive linear character and the irreducible

character induced from the kernel. In both cases, since (tp, 1G) = 0, we obtain

0 < {x, 1G) = zzz, so zn = 0, x = <P > thus our reduction is valid.

Let n be the degree of tp and let k - rj'=i /, e Z. As (G, cp, 0) is sharp,

it follows from the definition that B(0) = (a/\G\)nk e {±1}, where a = \{x e

G\cp(x) = 0}|. So we have |G| = anek , where s = ±1 with ezc > 0. Since each

/( and |G| are coprime, we obtain that ezc = 1 . Thus, as |7 | > 3, we have

t = 2, /, = -1, and l2 = 1 , so 7* = {-1, 0, 1}, as asserted. This completes

the proof of Corollary 2.

Consequence and remarks

We shall call a character x normalized provided (x, 1G) — 0. As a conse-

quence of Corollary 2, we shall give a characterization of sharp triples of rank

3 with sharp characters, and shall state the result, without proof, as follows:

Let G be a finite group with a faithful character x of degree n, L be the

image of x , and L = L\{n}. Assume that x is normalized. Then the following

properties are equivalent:

(i) (G, x , I) is a sharp triple of rank 3 with 7" c Z for some I e L , and

X is irreducible, sharp in the sense of Cameron-Kiyota.

(ii)  (G, x , 0) is a sharp triple of type Lt = {-1, 0, 1}, and x is irreducible.

(iii) G ¿s a sharply 3-transitive permutation group, and x is irreducible,

sharp of type {-1,0, 1} z'zz the sense of Cameron-Kiyota.

As for Theorem l(i), a sharply 3-transitive permutation group G admits a

sharp character x — £g(@g ~ ^g) °^ lype 79 = {-1, 0, 1} in the sense of

Cameron-Kiyota (where 6G is the permutation character of G and eG is an
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involutive linear character of G). Furthermore, (G, x, 0) is also a sharp triple

of type 7 .

We note that a 2-transitive Frobenius group in Theorem 1 and Corollary 2

also admits the irreducible, sharp character of rank 2, which is induced from

the kernel.

As for Corollary 2, in the case of rank 1; i.e. (G, x » m) is sharp of type

{zzz}, we have G ~Z2 and x = <P where tp is the nonprincipal linear character

of Z2 [6].
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