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ISOMETRIC IMMERSIONS WITH CONGRUENT GAUSS MAPS

JOHN DOUGLAS MOORE AND MARIA-HELENA NORONHA

(Communicated by Jonathan M. Rosenberg)

Abstract. A characterization of pairs of isometric immersions which have con-

gruent Gauss maps is given.

1. Introduction

The purpose of this article is to present a refinement of some aspects of a

beautiful theorem due to Dajczer and Gromoll [DG], which characterizes pairs

of isometric immersions from a given Riemannian manifold into Euclidean

space with congruent Gauss maps. We will reformulate part of the theory of

circular isometric immersions, which is the proper context for the theorem, by

systematically utilizing the notion of complexification.

The simplest case of two distinct isometric immersions with congruent Gauss

maps is provided by the helicoid and the simply connected cover of the catenoid.

These are conjugate minimal surfaces, i.e. the real and imaginary parts of a

holomorphic map from a Riemann surface into C , and they fit into a one-

parameter family of associated minimal surfaces, which are pictured in do

Carmo's text [dC, pp. 223-224]. All of the associated minimal surfaces have

congruent Gauss maps.

More generally, it was discovered by Dajczer, Gromoll, and Rodriguez that

a minimal isometric immersion / from a simply connected Kahler manifold

M into a real Euclidean space R is the real part of a holomorphic map h

from M into C . The maps fg — re(e' h), for 0gK, are minimal isometric

immersions with congruent Gauss maps, and the collection {fg : 8 e R} is

called an associated family of minimal isometric immersions.

Theorem. Let M be a complete simply connected Riemannian manifold, and

suppose that

f,f:M-*RN
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are two isometric immersions with congruent Gauss maps. Then M, f, and f

have Riemannian product decompositions

M = MQx Mx x • • • x Mk ,

f = f0xfxx---xfk:M0xMxx---xMk—^RN°xRN>x---xRNk,

f = f0xfxx---xfk:M0xMxx---xMk^RN°xRN>x^xRNk,

where N = N0 + Nx-\-h Nk , and each M¡, for 1 < i <k, possesses a complex

structure making it into a Kahler manifold, so that

( 1 )   f0 and f0 differ by a rigid motion, and

(2) for 1 < i < k, f and f, are members of an associated family.

2. Circular isometric immersions

Minimal isometric immersions of Kahler manifolds into real Euclidean spaces

are orthogonal projections of holomorphic maps. To see this, recall that the

complexified tangent bundle of a Kahler manifold M " of real dimension 2zz

divides into a Whitney sum,

TM®C = TX0M®T0XM,

with Tx QM denoting the holomorphic tangent bundle, T0 XM the image of

7, 0M under the conjugation operation z !-► z. The curvature operator R :

A TM —* A TM   extends to a complex linear map

R : A2TMp ® C -» A2TMp 0 C,

which satisfies

R(z f\w) = R(zAw) = 0,

for all z, w e Tx 0M .

Suppose now that / : M " —> M is an isometric immersion. We extend the

Riemannian metric (, ) of M and the second fundamental form a of / to

complex bilinear maps

(,) : (TMp®C) x (TMp®C) —*C,

a : (TMp ® C) x (TMp ®C)^ (NMp ® C),

which satisfy the complex Gauss equations,

(R(x Ay), z A w) = (a(x, z), a(y, w)) - (a(x, w), a(y, z)>,

for x, y, z, w e TM <g> C.

Definition. The isometric immersion / : M " —> R    is circular if a(z, w) = 0,

for all z e Tx 0Mp , w eT0JMp.

Equivalently, / is circular if its real-valued second fundamental form satis-

fies

a(Jx, Jy) + a(x,y) = 0,
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for x, y e TM , where J is the almost complex structure. It follows from

this characterization that a circular isometric immersion is automatically mini-

mal. Dajczer and Rodriguez [DR, Theorem 1.2] prove the converse: a minimal

isometric immersion from a Kahler manifold into a real Euclidean space is nec-

essarily circular. Indeed, if (ex, ..., en) is a unitary basis for Tx 0M , then

minimality implies (via a straightforward calculation) that

¿a(*|f *,)-<>.

1=1

Hence if z e Tx 0M , it follows from the Gauss equations that

n

0 = ^2(R(zAe,),zAëi)
i=X

n

i=X

= -¿T\\a(z,el)\\2.

It follows immediately that a(z , g A — 0 for all z, which is exactly the circular

condition, since z e Tx 0M   was chosen arbitrarily.

Suppose now that / : M —» R is a circular isometric immersion from a

simply connected Kahler manifold M with second fundamental form a. We

can define

à : TM xTM —► NMp p p

by à(x, y) = —a(x, Jy). Leaving the connections on TM and NM un-

changed, we can replace the second fundamental form a by à, and the new

data still satisfy the Gauss, Codazzi, and Ricci equations. Hence it follows from

the fundamental existence and uniqueness theorem [BC, Chapter 10, Theorem

5] that there is an isometric immersion / : M —> R , unique up to a rigid

motion, which induces the new data. Moreover,

h = f+if:M2n—>CN = RN + iRN

is a holomorphic map, isometric after the Kahler metric of M " is multiplied by

sJ2 . The given circular immersion lies in an associated family {fg - Re(e h) :

6 e R} ; all the members of the associated family have the same tangent and

normal connection, and their second fundamental forms satisfy the identity

iß
ag(z , w) — e   a(z , w),        for z, w e Tx QM .

It now follows from Calabi's rigidity theorem [C] that any two minimal iso-

metric immersions from the same simply connected Kahler manifold M " into

Euclidean space E    must be orthogonal projections of the same holomorphic
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map from M " into C^ . The moduli space of such minimal isometric immer-

sions is a linear variety in the closure of a Siegel domain, as described in [L,

Chapter IV, Theorem 9].

3. Proof of the theorem

Suppose that M is a complete simply connected Riemannian manifold, and

that f, f : M —► R are two isometric immersions with congruent Gauss

maps. This means that after subjecting / to a rigid motion, we can construct

an orthogonal linear transformation

djn : TMn —> TMn

such that

dfpo<f>p = dfp:TMp-+RN,

for each p e M. The é 's fit together to form a vector bundle map </> : TM -*

TM. If X is a section of TM,

x(f) = df(X) = df(<p(X)) = d>(X)(f).

Note that since df (TM) — df(TM), the normal bundles of / and /

are the same and have the same normal connections. Denoting the second

fundamental forms of /, /by

a, à : TM x TMn —► NM„,' p p p '

we claim that

a((ppx, y) =ä(x,y),

for x, y e TM . Indeed, if X is a vector field extension of x and zz e NM ,

n ■ a(<ppx ,y) = n- (d2f)p(y, <¡>p(x)) = n ■ y(<t>(X)(f))

= n ■ y(X(f)) = n ■ d f(x, y) = n ■ à(x, y).

Lemma 1. 7/ V is the Levi-Civita connection on M, then [Vx, 4>] = 0, for

x e TM , i.e.  <j) is a parallel section of Hom(rv\7, TM) with respect to V.

Proof. The Levi-Civita connection V is the pullback via either / or / of the

tangential component of the Euclidean conection on R . Since df = df o <f>,

the Levi-Civita connection is invariant under pullback via (p, i.e. [V , <f>] = 0.

Now we extend </> to a complex linear endomorphism of TM ® C. Since

(j) is orthogonal, its eigenvalues X are of length one. It follows from Lemma 1

that

Ex = {v € TM <S) C : 4>(v) = Xv}

is a parallel distribution on M. Thus we have a direct sum decomposition into

parallel distributions

TM <g> C = Ex ® E_x © ̂ (7^ @EX),
i=i

where X¡,1< i < k, are the distinct eigenvalues of the form e'   , for 0 < 6 < n .
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Lemma 2. If (,) and a are extended complex linearly to TM <g> C,

( 1 )   (Ex, E ) = 0 unless X — p — l/p,

(2)   a(Ex, E ) = 0 unless X — p.

Proof. If x e Ex, y e E ,

X(x, y) = (cf>x,y) = (x, 4>~xy) = (l/p)(x,y)=>(X- (l/p)(x, y) = 0,

so either (x, y) = 0 or X = l/p . Similarly,

Xa(x, y) = a(4>x, y) = a(x, y) = a(x , 4>y) = pa(x, y)

=>(X-p)a(x,y) = 0,

so either a(x, y) - 0 or X-p.

Lemma 3.  M divides into a Riemannian product,

k

M = Mx xM_x x Y[MX ,
i=X

where TMX — Ex, TM , = E x, and TMX = Ex © Ex .

Proof. This is a direct consequence of the de Rham decomposition theorem

[KN, Chapter 4, Theorem 6.1], since the holonomy at each point divides into a

direct sum.

Lemma 4. The isometric immersions f and f divide into Riemannian products

f = A X /_! X fK X • • • X fK , J = /j X /_, X f^ X • • • X fh

where /,,/,: Mt - RN> ,..., fh , /^ : M^ - RNh .

Proof. This is a direct consequence of the Main Lemma of [M], together with

Lemmas 2 and 3.

It remains now to investigate the individual factors. Let Mr = Mx x M_x ,

/, = /, x/L,, / = /, x/_,.

Lemma 5.  ff and fr differ by a rigid motion.

Proof. fx and /, differ by a rigid motion by the uniqueness part of the fun-

damental existence and uniqueness theorem [BC, loc. cit.], because /, and

fx have isomorphic tangent and normal connections, and isomorphic second

fundamental forms.

The second fundamental forms a_x , a_x of /_, , /_, satisfy the relation

a_x = -à_x, but after an isometry of normal bundles ( zz i-f -n ), we again have

the same initial data for the fundamental existence and uniqueness theorem, so

/_, and /_, also differ by a rigid motion.

We now focus on fx , fx : Mx —» R *•. Let

J : TMX®C —> TMX ®C
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by
(   iz,    for z e Ex

/(z) = l-zz,    for zeE'.

Then J = -I and J is real, i.e. J(z) = J(z). Moreover, / is parallel by

construction.

Lemma 6.  J makes Mx  into a Kahler manifold with holomorphic tangent space

Ti.oMx,=Ex,-

Proof. Clearly J is Hermitian,

(Jx, Jy) = (x, y),

for x, y e TMX ® C, and is preserved by the Levi-Civita connection V . The

integrability of J follows from the integrability of Tx 0M = Ex , which in

turn, follows from the fact that V preserves Ex :

X, Y eT(Ex) *> [X, Y] = VxY-VYXer(Ex).

Lemma 7.  fx   and fx   are circular.

Proof. It follows from Lemma 2 that the second fundamental forms ax , àx_j

of fx , fx¡ satisfy

ax(x, y) = 0,        ax(x,y) = 0,

for xeEx = Tx 0MX¡, yeT0 XMX/.

If z, w e Tx 0MX ,

àx (z, w) = ax (<j>z , w) - X¡a(z, w),

and hence by the discussion in §2, fx and fx have the second fundamental

forms of associated circular immersions. Since the connections in tangent and

normal bundles are the same, it follows from the fundamental existence and

uniqueness theorem that fx and fx are associated isometric immersions. This

finishes the proof of the theorem.
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