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ON THE CLUSTERING CONJECTURE
FOR BERNOULLI FACTORS OF BERNOULLI SHIFTS

G. KELLER

(Communicated by J. J. Uhl, Jr.)

Abstract. We give sufficient algebraic conditions on the probabilities pi

of a Bernoulli shift B(p) = B(px, ... ,pM) which imply that if B(q) =

B(qx , ... , qN) is a continuous factor of 5(p) , then q is a clustering of p .

Let p — (px, ... , pM) and q = (qx, ..., qN) be probability vectors defining

Bernoulli shifts B(p) = ({1, ... , M}z, pz, aM) and B(q) = ({1, ... , N}z, qz,

aN). We assume throughout that B(q) is a continuous factor of B(p), i.e., there

is a continuous homomorphism  <t>  from  B(p)   to  B(q).   (Homomorphism
y _ i y

means that p   o O     = q    and O o aM = aN o <p.)  If h(p) = -E/^/iog/7,

denotes the entropy of B(p), then h(p) > h(q).

Tuncel [4] and, independently, del Junco et al. [2] showed that if h(p) = h(q) ,

then q is just a permutation of p, i.e., there is a trivial factor map from

B(p) onto B(q). Note, however, that O need not be this trivial map! Del

Junco et al. showed that if p = (\/M, ... , \/M) and h(p) > h(q), then q =

(/', /M, ... , iN/M) with i- g N . These results lead to the clustering conjecture:

If B(q) is a continuous factor of B(p), then q is a.clustering of

p, i.e., there is a partition (Ix, ... , IN) of {1, ... , M) such

that qk=J2i€hPr

This conjecture was disproved by Boyle and Tuncel [1]. They showed that

B(^ , 3 , 3) is a continuous (two-block) factor of ß(g , ¿ , |, |, |). Smorodin-

sky [3] analyzed this example and arrived at a method for producing further

counterexamples to the clustering conjecture.

In this note we present an algebraic independence condition on the pt which

assures that B(p) obeys the clustering conjecture.
u, -times w2 -times un -times

Suppose now that p = (nx, ... , nx , n2, ... , n2 , ... , nn, ... , nn), E; ",-

= M, and let P - p , a = aM . Set X¡ = n¡/nx , i = 1, ... , n, and note

that nx~{ = ux + E"=2^iMi-   Fix 5 G {\, ... ,N)  (the state space of B(q))
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and let A = A(s) = <P~ (0[s]0), the set of all bisequences over {1, ... , M)

whose images under O have 5 as its O-coordinate. Since O is continuous,

there are r,, r2 G N such that A is the disjoint union of cylinders {co G

{1, ... , M}z ; coi = x,,  —r¡ < i < r2)  for certain xi G {1, ... , M).   Let

r = rx+r2+\ and Pk(A) = P(A n a~x A n ■ ■ ■ n <t"(*_1)/4) , ifceN, Pfc(¿) can

be written as

j

where the sum extends over all «-tuples j = (jx, ... , jn) of nonnegative inte-

gers with J2VJ„ = ^ + r - 1 • The coefficients a^j) are nonnegative integers,

too.

Extracting nx+r~   this can be rewritten as

Pk(A) = nkx+r-XRk(X2,...,Xn),

where Rk is the polynomial given by

Rk(x2,...,xn) = i2^(i)-4z-4n'
j

the sum ranging over the same index set as above.
k

Since O is a homomorphism, Pk(A) = (PX(A))    or, equivalently,

and we get the following necessary condition for B(q) being a continuous factor

of B(p):

(i)    *,(¿2,.--,A) í Rx(k2,...,in) y '

Proposition 1. Suppose that X2, ... ,Xn are algebraically independent. If B(q)

is a continuous factor of B(p), then q is a clustering of p.

Proof. In this case (1) is equivalent to the corresponding polynomial identi-

ties with X¡ replaced by X¡. As the polynomials in n - 1 variables over

the integers constitute a unique factorization domain and as the linear poly-

nomial (ux + E"=2^¡U¡) is irreducible over Q[X2, ... , Xn], it follows that

(wi + Yl"=2^iui)r~l   divides RX(X2, ... , Xn).   Hence there is a polynomial

S(X2, ... , Xn) over Z such that

/

(2) RAX2, ... , Xn) = S(X2, ... ,Xn)-[ ux+Y,u,X,

r-\

1=2

Since Rx  is of degree < r, S(X2, ... , Xn) = cx+ E"=2 C¡X¡ f°r some c, G Z,

and, comparing the coefficients on both sides of (2), one gets

nA(i) :=ax(0, ..., 0, r, 0, ..., 0) = cju~  ,        i=\,...,n,
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(the r occurs at the zfh position). nA(i) is just the number of blocks over the

r coordinates -rx, ... ,r2 which are contained in A and all of whose entries

have probability nj. Hence c¡ = c¡(A) = nA(i)u~        is a nonnegative integer,

P(A) = 7i\Rx(X2,...,Xn)

= «i (ci + X>A■ j *7X (",• + ¿2M,

71

= T,cini>
1=1

and, for each fixed i = 1, ... , n,

i=l 5=1

Remark. If p = ( 1 ¡M, ... , 1 ¡M), then ( 1 ) reduces to the key observation in

the proof of the clustering conjecture for this case as given by del Junco et al.

[2].

Note added in proof. Recently, S. Tuncel [Ergodic Theory Dynamical Systems

9 (1989), 561-570] proved a considerable extension of this result to the case

where only the transcendental elements from {X2, ... , Xn} are assumed to be

algebraically independent. This includes the case where all X¡ are algebraic.
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