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DIFFERENTIAL INEQUALITY
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(Communicated by Kenneth R. Meyer)

Abstract. Under suitable assumptions on r , g , and F , we show that every

zero of a solution of the nonlinear differential inequality

(r(t)y'(t))' + g(t)F(y(t)) < 0(> 0)

is simple.

Recently, Kwong [1] proved the following very interesting result:

Theorem A. If y(t) is positive (negative) in an interval (a, b) with y(a) = 0 or

y(b) = 0 and it satisfies the inequality

(1) At) + f{t)y'(t) + g(t)y(t) < 0(> 0) in (a,b),

where f and g are continuous functions, then y'(a) /0 or y'(b) ^ 0; that is,

the given zeros of the solution are simple.

Kwong's proof is based on the formula of variation of constants.

The purpose of this article is to extend Theorem A to a nonlinear case by

using the following LaSalle inequality [2]:

Theorem B. Let

( C, ) F e C([0, c] ; [0, oo)) be positive and nondecreasing on (0, c),

for some c> 0,

(C2) heLx(R;[0,oo)),

(C3)        yeC([a,b];[0,c)).

Then the inequalities

(2) y(t) < ['h(s)F(y(s))ds  for te[a,b]
Ja
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and

(3) y(t)< j h(s)F(y(s))ds  forte[a,b]

imply that

ry(')  ds        r>
/      J^-< /  h(s)ds  forte[a,b]

Jo       F(s)       Ja
(4)

and

fy{t)  ds        fb
(5) 4k^      h^ds   forte[a,b],

Jo     F(s)     Jt

respectively. In addition, if

fc  ds
( C4 ) /   =— = oo,  then y(t) = 0 on [a, b].

Jo  F(s)

Theorem 1. Assume that

(Cs) reLx([a,b];(0,oo)) and geLx([a,b]; R),

( C6 ) F e LX(R; R)  and there exist a positive constant c  and a

function F satisfying (Cx), (C4), and \F(y)\ < F(\y\) for all
ye(-c,c).

Suppose that y(t) is positive (negative) in the interval (a, b) with y(a) = 0 or

y(b) = 0 and it satisfies

(6) (r(t)y'(t))'+ g(t)F(y(t)) <0(>0).

Then y'(a)¿0 or y'(b)¿0.

Proof. We prove only the case y(a) = 0. Suppose to the contrary that y'(a) =

0.
Case (1). Suppose that y(t)> 0 on (a, b). It follows from (6) that

r(t)y'(t) < - ! g(s)F(y(s))ds,    forte(a,b),
Ja

which implies

Then

y(t) <-fa {-^f g{u)F(y(u))du} ds.

y(t)< f m\g(s)\\F(y(s))\ds
Ja

<  f m\g(s)\\F(y(s))\ds,  for te[a,d],
Ja
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where m := fa ^4 and d e (a, b] such that \y(t)\ < c for t e [a, d]. Hence,

by LaSalle's inequality, we see that y(t) s 0 on [a, d]. This contradicts the

hypothesis y(t) > 0 on (a, b).

Case (2). Suppose that y(t) > 0 on (a, b). It follows from (6) that

r(t)y'(t) > - f g(s)F(y(s))ds,    for t € (a, b),
Ja

which implies that

y(t)>-£{-¡^-}f*g(u)F(y(u))du}ds.

Then

\y\(t)\<  f m\g(s)\\F(y(s))\ds
Ja

< f m\g(s)\\F(y(s))\ds,    for te[a,d],
Ja

where m and d are defined as in Case (1). Hence, by LaSalle's inequality,

we see that y(t) = 0 on [a, d]. This contradicts the hypothesis y(f) < 0 on

(a,b).

Theorem 2. Assume that

( C1 ) re C([a ,b];(0, oo)) and g e C([a ,b];R),

( Cg ) FeL'(R;R) such that yF(y) > 0 on (-c, c) - {0} for some

c > 0, and
ds

= oo.fJoo  (I^F(s)ds)x/2

Suppose that y(t)  is positive (negative) in the interval (a, b)  with y(a)  or

y(b) = 0 and it satisfies (6). Then y (a) /0 or y'(b) ^ 0.

Proof. Using the classical Liouville transformation, we can always get rid of the

coefficient r(t). So we may assume without loss of generality that the inequality

we are studying is

(7) y"(t) + g(t)F(y(t))<0.

Let C > 0 be a large constant, larger than the maximum of |^(/)| over [a, b].

Then

(8) y"(t) - CF(y(t)) < -(C + \g(t)\)F(y(t)) < 0,

at least in a neighborhood of a when \y(t)\ is still less than c. We can now

work with (7), which has a constant coefficient C. Multiplying (8) by y'(t)

and integrating it from a to t (near a ), we obtain that

,2 fy(t)
y  (t)<2c        F(s)ds,

Jo
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which implies that

/(f) < Í2cj*il)F(s)ds\      .

Integrating the above inequality from a to t (near a ), one obtains that

y(t)<V2c Í I f     F(u)du\     ds.

Hence, by LaSalle's inequality, we see that y(t) = 0 in a neighborhood of a.

This contradicts the hypothesis y(t) > 0 on (a, b).
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