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ON THE OSCILLATION OF DIFFERENTIAL EQUATIONS
WITH PERIODIC COEFFICIENTS

CH. G. PHILOS

(Communicated by Kenneth R. Meyer)

Abstract. This paper is concerned with the oscillation of first-order linear de-

lay differential equations in which the coefficients are periodic functions with

a common period and the delays are constants and multiples of this period. A

necessary and sufficient condition for the oscillation of all solutions is estab-

lished.

1. Introduction

The oscillation theory of delay differential equations has been extensively

developed during the past few years. We refer, for example, to the recent book

by Ladde, Lakshmikantham and Zhang [3] and to the references cited therein.

Tramov [4] obtained a necessary and sufficient condition for the oscillation

of all solutions of the delay differential equation
m

(E0) x'(t) + J2qkx(t-ok) = 0,
k=l

where qk are positive numbers and ak are nonnegative numbers, k = 1, ... ,

m . More precisely, Tramov proved that all solutions of (E0) are oscillatory if

and only if
m

(C0) -k + ^2qkek°k >0,    foralU>0.

fc-i
Another proof of this result appears in [2]. It is an important problem to extend

the above criterion for the case of first-order linear delay differential equations

with variable coefficients. In this paper we examine the special case where the

coefficients are periodic functions with a common period and the delays are

constants and multiples of this period.

Consider the delay differential equation
m

(E) x'(t) + ^pk(t)x(t-rk) = 0,
_ k=l
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where pk (k = 1, ... , m) are nonnegative continuous functions on the interval

[0, co) which are not identically zero, and tk (k = 1, ... , m) are nonnegative

constants. It will be supposed that the coefficients pk (k = 1, ... , m) are pe-

riodic functions with a common period T > 0 and that there exist nonnegative

integers nk   (k = 1, ... , m) such that

zk = nkT      (k = 1, ... ,m).

Let /0 > 0. By a solution on [t0, co) of the differential equation (E) we

mean a continuous function x defined on the interval [t0 — r, oo), where t =

maxk=x m xk , which is differentiable on [/0, co) and satisfies (E) for all t >

t0. A solution of (E) is said to be oscillatory if it has arbitrary large zeros, and

otherwise it is called nonoscillatory.

Our main result is the following theorem.

Theorem. Set

Pk = \\ PkWdt      (k=l,...,m).

All solutions of (E) are oscillatory if and only if

m

(C) -k + Y, Pke*k > 0,    for all k>0.
fc-i

We observe that minA>0(e a/k) = ea for every a > 0. Thus,

e a > eak,     for k > 0 and a > 0

and therefore for all k > 0

m f m \

-X + "£Pke^>X   -l+e£/ta   ,
k=l \ k=l J

where Pk (k = 1, ... ,m) are defined as in the theorem. So, from our theorem

it follows that all solutions of (E) are oscillatory if

m .

fe-i

2. Proof of the theorem

First of all, we observe that the constants Pk (k = 1, ... , m) are positive,

since the functions pk (k = 1, ... , m) are nonnegative and not identically

zero on the interval [0, T]. Set

t=    max   t,.
j=l,...,m   J

Moreover, for any k > 0, we define (cf. [1, p. 100])

m

¿(0 = 5>,-(VT;    fori>0.
J=l
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Then, by taking into account the fact that the functions p, (j = 1, ... , m)

are T-periodic and that rk = nkT (k = 1, ... , m), we can see that for each

A>0
et m

/   fx(s)ds = Tk¿rpjt
Jt-xt ,_,

i.r,
(1) /      fx(s)ds = zk^P/i',    fort>xk(k = l,...,m).

;=1

Assume first that condition (C) does not hold. We may then choose k0 > 0

such that
m

;=i

Hence, ( 1 ) implies that

(2) /     fx(s)ds = k0Tk,    forallt>Tk(k = l,...,m).
Jt-xk     °

Set

x(f) = exp \-     fx (s)ds   ,    fort> 0.

Then, by using (2), we get for t > x

m

x'(t) + ^2pk(t)x(t-rk)
k=i

= -fXg(t) exp [- JÍ fXo(s) dsj + ¿.pt(i) exp [- jf   ** f^s) ds

= 1-4,(0+ Î>*W exp
I k=i

m

-4w + E^(^Vt
k=l

■jC'«.«»*

= o.

Thus, x is a solution on [t, co) of the differential equation (E). Obviously, x

is positive on [0, co). So, (E) has a nonoscillatory solution.

Assume, conversely, that (C) is satisfied. Moreover, assume for the sake of

contradiction that there is a nonoscillatory solution x on an interval [t0, co),

t0 > 0, of the differential equation (E). Without loss of generality, we suppose

that x(t) ^ 0 for all t > t0 — T. As the negative of a solution of (E) is also

a solution of the same equation, we may (and do) assume that x is positive

on [i0 - t, co). Then from (E) it follows that x'(t) < 0 for every t > t0 and

consequently x is decreasing on the interval [i0, co).

Define

A = {k > 0 : x'(t) + fx(t)x(t) < 0 for all large t}.

We will show that the set A is nonempty. We have

(3)
Px

x(t-zk)>e   kx(t),    for all t > t0 + r + tk (k = 1, ... , m),
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where

p^Epj>°-
j=i

In fact, consider an arbitrary number k € {1, ... , m}. Since for xk = 0 the

above inequality is obvious, we restrict ourselves to the case where xk > 0. By

the decreasing nature of x on the interval [t0, co), from (E) it follows that

*'(/) +

;=i

x(t)<0,    for í>í0 + t.

Thus, by using the hypothesis that the functions Pj   (j = 1, ... , m) are T-

periodic and that xk = nk T, we obtain for every t > tQ + x + xk

x(t-rk)

x(t)
= exp In

x(t)

x(t-xk)

> exp
Jt-x,,

5>«j=i

exp

ds

Jt-x

t    Jx(s)

x(s)
ds

exp ±[kpM)ds =exp{T*ê[^/0VH}

1 fT
TJo  PJ{S)dS

Now, in view of (3), from (E) we obtain for every t > t0 + 2x

m

0 = x'(t) + J2pk(t)x(t-xk)

exp {Tk E
;=i

= exp(T*X>,]=e x

>x'(t) +

k=l

m

E^')<?
jt=i

pt,*(0

= x'(t)+fp(t)x(t),

which means that PeA and so A / 0. Clearly, A is a subinterval of (0, co)

with inf A = 0.

Next, we will prove that A is bounded from above. When all delays xk

(k = 1, ... , m) are 0, condition (C) does not hold. We shall therefore assume

that there exists an index k0 € {1, ... , m} with xk > 0. Then, since pk   is a
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T-periodic function and x,  = n, T, we get for t > x.
"o "o Ko

/      PkJ<s)ds=      hpk(s)ds
Jt-xko      ° Jo

1 fT
tJ0 \{s)ds

437

= T.

= T.

= TjLZJ,   >0.

For any t >xk ,let t  = t (t) be a point in the interval (i - t, , i) such that

(4)
/_t   ^0(s)^= jt.\^ds

-- ̂ k Pk2    ^    ft

From (E) it follows that

x'(t) + pk (t)x(t - T, ) < 0,     for t > t0.

Thus, since x is decreasing on the interval [tQ, oo), we obtain for / > i0 + 2xk

x(t*) > x(t) + / pk (s)x(s -xk)ds
J,'    "-o "-o

Hence, we can use (4) to derive

(5)
1

x(t ) > ~xk Pk x(t - xk )   for every t > tQ + 2xk

Let k € A. Then there exists a tx> t0 such that for all t > tx

x'(t) + fx(t)x(t)=x'(t) +

and consequently

EPkW
Ax,

U=i

*(0 < 0

At,
x(t)+pka(t)e  ^x(t) <0,    for t > tx.

So, if we put

fiW = x(t) exp ^    [pkn(s)ds

then we get for í > rA

{[I^o^H^}' / > ?x>

cp'x(t) = [x(t)+pkii(t)ekXk°x(t)] exp j U pko(s)ds e**° \ < 0.
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This means that the function cpx  is decreasing on the interval [tx, oo)  and

hence, for any t > tx + xk , we derive

x(t*)exp ¡\kQ(s)ds
>.l

e ^    = cpx(t ) < cpx(t - t, )

or

x(t-xK)exo\y j    k°Pko(s)ds A,J

£    pkQ(s)dsx(t ) <x(t - xk )exp < -

Therefore, by (4), we obtain

(6) x(f) < x(t - xkJexp (-lxkoPk/r^ ,     for all t > tx + xk

Combining (5) and (6), we conclude that

or

So, the number

k< — In

k=— In

hpk
In

, Tkpk

In

xkPk

Hpk

is an upper bound of the set A.

Now, we put k* = sup A. Clearly, k* is a positive number. Consider an

arbitrary number p € (0, k*) and set r = k* - p . Obviously, 0 < r < k* and

so r € A. Thus, there exists a tr> t0 such that

x'(t) + fr(t)x(t) < 0   for all* >L.

For any k € {1, ... , m} and every t > tr + xk , we obtain

x(t-xk) _

x(t)
exp In

x(t)

= exp

> exp

x(t-xk)

_ ç  As)
Jt-x,  X\(s)

ds

f   fir(s)ds
Jt-x,,

Hence, by using (1), we have

x(t - xk) > x(t)exp j xk EPje"'    >     for t>tr + xk(k = 1, ... ,m).
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Thus, from (E) we obtain for every t > tr + x

m

0 = x'(t) + ^2pk(t)x(t-xk)

439

fc-1

>x'(t) + lj2pk(t)exp
U=i

= x'(t)+fR(t)x(t),

x(t)

where

j=i

This means that R € A and consequently

rx¡
e '.

m m

EVr'<^ or Ep/-^<r,
k=l k=l

As p —► 0+ , we obtain

fc=i

A* T.
<A   ,

which contradicts condition (C). The proof of the theorem is complete.

3. Remark

Consider the advanced differential equation

(E') x'(t)-YdPk{t)x(t + xk) = 0.
k=i

By a solution on [t0, co), where t0 > 0, of the differential equation (É) we

mean a differentiable function x on the interval [f0, co) which satisfies (E')

for all t>t0.

Our theorem has a straightforward extension to the advanced equation (E').

By similar arguments we can establish the following dual result.

Let Pk (k = 1, ... , m) be defined as in our theorem. All solutions of (E')

are oscillatory if and only if (C) holds.

If k0 > 0 satisfies -k0 + ¿£,, Pkex°h = 0, then (E7) has the nonoscillatory

solution

x(t) = exp
Jo

(s)ds t>0.

Also, if x is a positive solution on [i0, co), tQ > 0, of the differential equation

(E'), then the set A must be defined by

A = {k > 0 : x'(t) - fx(t)x(t) > 0 for all large t}.

We omit the details.
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