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THE ROCHLIN INVARIANT

OF SURGERED, SEWN LINK EXTERIORS

MARK R. WOODARD

(Communicated by Frederick R. Cohen)

Abstract. One method of producing 3-manifolds is the sewing-up construc-

tion of W. R. Brakes. This involves identifying the boundary components of the

exterior of a 2-component link. Under certain assumptions, this process yields

homology handles which can be surgered to obtain homology spheres. The main

result is a formula for the Rochlin invariant of homology spheres obtained by

this construction when the link is proper.

0. Introduction

W. R. Brakes [Bl, B2], produced a class of 3-manifolds via the following con-

struction: Let L = {Kx, K2) be a 2-component link in a Z-homology 3-sphere.

Then, since the exterior of L has two components, one can "sew up" the link

exterior by identifying the boundary components. Under appropriate assump-

tions, the manifolds obtained by this method are homology handles. These can

then be surgered to produce homology spheres. This method yields a homology

handle when ßn - 2« + y = ±1, where ß, y come from the gluing matrix

and n = lk(Kx, K2). We will denote the sewn-up link exterior by S(L, A),

and a surgered, sewn-up link exterior by SS(L, A, to, /0). M(KX, K2, A)

will denote the result of gluing two knot exteriors via A, that is, identifying

the boundary components of the exteriors of two knots in disjoint homology

spheres.

In this paper, a formula is given for the Rochlin invariant of homology

spheres obtained by Brakes's method, for the case of a proper link. This gener-

alizes the formula of Gordon [G] for glued-knot exteriors.

1. Preliminaries

All work that follows takes place in the smooth category. Let M be a Z-

homology 3-sphere. Let L — {Kx, K2) be an oriented 2-component link.   L
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is proper if lk(Kx, K2) is even. We will assume that each K¡ comes equipped

with a tubular neighborhood N(K¡) and a longitude-meridian pair (/¡., m^ ,

in which /i is a preferred longitude. Let g: dN(Kx) —► dN(K2) be an

orientation-reversing diffeomorphism. Then g is characterized by a matrix A

with integer entries as follows: If g sends the homology class [/,] to the class

[a/2+ym2] and the class [mx] to the class [ß/2+om2], then A = ["¿].

Since g is a diffeomorphism, det(A) — ±1, but g is orientation-reversing, so

det(¿) = -l.

The sewing-up construction of Brakes [B1 ] is carried out as follows: Identify

points on d(N(Kx)) with points on d(N(K2)) via the map g corresponding

to the matrix A . The closed manifold obtained from E(L) under the identifi-

cation will be denoted S(L, A).

2. Fundamental group and homology

Brakes [B2] has shown that

HX(S(L, A);Z) = Z@(\p, </>\any + (y - n)tf> = 0; (ßn - l)w + S<f> = 0).

Here y/ and cp are represented by meridians on N(KX) and N(K2). Note

that when n = 0, Hx(S(L,A);Z)^Z®Zy.

A G-homology handle is a 3-manifold with the same C7-homology groups

as Sx x S . From the above presentation for Hx (S(L, A) ; Z), it is clear that

S(L,A) isa Z-homology handle exactly when the matrix f^"]7^"] has de-

terminant ±1 . This occurs when ßn  - 2n + y = ±1.

Moreover, S(L, A) is a Z2-homology handle exactly when this matrix has

an odd determinant. Note that ßn2 - 2n + y is odd if and only if y is odd,

since n is even.

Kawauchi [Kl] has demonstrated a way to turn any homology handle into a

homology sphere via surgery. For the sewn-up link construction, Brakes [B2]

describes this as follows: Choose a path co in E(L) between (0, 0) € d(N(Kx))

and (0, 0) 6 d(N(K2)). Let T be a tubular neighborhood of co chosen in

such a way that T n d(N(Ki)) = D2 (i = 1, 2) are two 2-disks which are

identified in S(L, A). Thus, if p: E(L) —► S(L, A) is the quotient map,

p(T) is a solid torus in S(L, A). Let m^ be a meridian on p(T) and /0 be

any longitude meeting mQ once. Form S(L, A) -p(T) u W, where W is a

solid torus and the gluing identifies a meridian of W with /0 . The result of

this Dehn surgery will be denoted SS(L, A, co, /0). When the link is split,

S(L, A) = M(A^j, K2)#SX x S , and it is clear that the surgery simply kills

the S1 x S2 term as long as co is chosen to intersect the splitting sphere in one

point.
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3. Decomposition of matrices

and a framed link description of s(l, a)

Any 2x2 matrix A

the following manner:

1    0

[ " s ] w*tn determinant -1 can be "decomposed" in

m.
A =

or, equivalently,

A' =

0
1

Ô

ß

mk-\

m. m

0
1    I

k-l

r
0

mx
-1

-1

m.

The proof is due to Gordon [G].

In [Hl], Hoste demonstrates a method for obtaining a framed link description

of S(L, A) for L c S3. We will summarize his work here.

Let |- /£), K2 <-|   be shorthand notation for S(L, A), and let K[—hK2 be

notation for the 3-manifold obtained by gluing together knot exteriors via the

matrix A . The slash on the arrow is to indicate that the knots K'x and K2 sit

in different copies of S

The meaning of K[ K. , K.-h+K' and

B   T

should now be clear.

Lemma 3.1 [HI].

(a)   Kx

KX,K2

Kx, K2

Kx, K2

t   A

GO >Kj is homeomorphic to K, -1-> K
2 ■

(b)   B  4-

LGO
•  A  is homeomorphic to r> Kx, K.U

°[\W

Proof. The exterior of the Hopf link is homeomorphic to torus x /. This

product structure induces the homeomorphism J = [ °{ ¿ ] between the tori

which make up d(.E(Hopf link)).   Q.E.D.

If one knew how to obtain a framed link description for S(L, A) in the

]  and knew how to obtain a framed link description for gluedcase A = -i o
m i

knot exteriors when A = [~^ °J , then Lemma 3.1 together with the matrix

decomposition would indicate how to proceed in general.

Hoste shows that for the glued knot exterior case and A as above, the framed

link diagram may be obtained by band-connect summing the two knots with a

framing of —m. For the sewn-up link exterior case, the knots are also band-

connect summed, but the band passes geometrically once through a 0-framed

unknot. The framing on the other knot is -m + 2lk(Kx, K2).
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4. The Rochlin invariant: statement of main theorem

Eells and Kuiper [E-K] (see also [H-N-K]) defined an invariant ß(M) G Q/Z

of Z2-homology 3-spheres. It can be proved that any Z2-homology 3-sphere

bounds a 4-manifold W so that Hx ( W ; Z) has no 2-torsion, and the quadratic

form of W (the intersection form on H2(W ; Z)) is even. Then

p(M) = -^l    (modi)

where o(W) is the signature of the quadratic form of W. Since this is well

defined by Rochlin's theorem [Ro], this invariant is often called the Rochlin

invariant.

It has also been demonstrated [C-S] that ß(M) may be computed directly

from a framed link diagram for M. Here

ß(M) = C ~°^ + Arf(C)    (mod 1)
lo

where C is a characteristic sublink and T is the linking matrix for the diagram.

C means the self-linking of the characteristic sublink. A characteristic sublink

is one so that C • x = x • x (mod 2) for all components x of the framed link.

In 1965 Robertello [Rob] defined an invariant of a knot in S3. Gordon

[G] generalized this to an invariant of a knot in a Z-homology sphere, and

Kawauchi [K2] generalized it still further to an invariant of a proper link in a

Z2-homology 3-sphere. The definition we will need is for a proper link in a

Z-homology 3-sphere.

Let (M, L) be a proper link in a Z-homology 3-sphere. Suppose W is a

4-manifold with Hx ( W) = 0 and F is a locally flat (possibly disconnected) sur-

face of total genus zero in W. We say that ( W, F) is admissible for (M, L) if

d(W, F) = (M, L) and if B = [F] G H2(W, d W ; Z) is characteristic for the

quadratic form of W. That is B-z = z2 (mod 2) for all z € H2(W ; Z). (Note

that H2(W; Z) £ H2(W, dW;Z) since Hx(dW; Z) = 0.) The Robertello in-

variant p(L) is now defined by

B2 -o(W)
p(L) =-r^-//(¥)eQ/Z.

The possible values for p(L) are 0 and 1/2. For the case of a knot, Gor-

don [G] has shown that p(K) = Arf(K), the Arf invariant of the knot. Also,

Kawauchi [K2] has shown that p(L) — p(KQ) where K0 is obtained from L by

band-connect summing the components. But by definition, Arf(L) = Arf(ATQ)

[H2]. Thus we have p(L) = p(KQ) = Arf(A^0) = Arf(L) ; so, for a proper link,

the Robertello invariant is just a geometric version of the Arf invariant.

In preparation for the main theorem, consider the following construction.

Let F be a 4-manifold with boundary S(L, A) U -M, //,(F;Z)^Z and
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Mxl

-•-i-•-i-

-Kx -K2 -M

Figure 4.1

H2(V; Z) = ©¿=1Z with intersection numbers

' -mi i = j,

1 i = j±U

Z/ ' Zj~ |  lk(Kx ,K2) i= I, j = r or i = r,j= I,

. 0 otherwise.

Such a F is constructed by decomposing the matrix A as in §3, attaching two

2-handles to Mxl along N(Kx)x 1 and N(K2) x 1, and then attaching a string
2 2

of plumbed D bundles over S . The attachings are chosen to correspond to

the integers in the decomposition, so that the boundary of V is as desired (see

Figure 4.1). See [G] for more details about this construction.

We want to perform surgery in S(L,A) c dV to turn S(L,A) into

SS(L, A, co, /0). This is accomplished by adding a 2-handle along the loop

co. The result is a 4-manifold V' with HX(V'; Z) St 0 and H2(V;Z) S

H2(V' ; Z). This is seen by considering V' = V u B2 x D2 and examining the

long exact sequence of the pair (V1, V).

The following lemma is now easy:

Lemma 4.2. // L is a proper link in a Z-homology sphere, then

ß(SS(L,A,co,f0))

is independent of co, /
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Proof. From the discussion above, we see that for a given L and A, each

SS(L, A, co, /0) bounds a 4-manifold with Hx = 0 and the same quadratic

form. Thus they all have the same p invariant, independent of co, /0 . Note

that the link must be proper for the quadratic form to be even.   Q.E.D.

Our goal is to find a formula for the ß invariant of SS(L, A, co, /0) anal-

ogous to the formula given by Gordon for glued knot exteriors in [G].

We are now ready to state the main theorem:

Theorem 4.3. Let L = {Kx, K2} be a proper link in a Z-homology 3-sphere

M. Let A = [" ^] be a matrix with determinant -1. Let n = lk(Kx, K2) and

assume ßn  -2n + y is odd so that S(L,A) isa Z2-homology handle. Then

p(SS(L,A,co, /„)) = 0(1- a)p(Kx) + a( 1 - â)p(K2) + aôp(L)

+ ß(M) + ß(SS(L", A)) + aôp(Ln) (mod 1),

where L" is the (2, 2n) torus link.

These last terms can be computed by

Theorem 4.4. When L" c S   is the (2, 2n) torus link, we have

ß(SS(L" , A)) + aôp(L") = p(L(y, S)) + ((1 - (-l)aS)n/l6) - (z(A, n)/l6),

where z(A, n) G {0, ±2} will be defined in §6.

Corollary 4.5. We recover Gordon's formula [G] for glued knot exteriors.  This

follows because SS(L°, A) = L(y, ô) and because the Robertello invariant is

additive for a split link [Mu]. We have

ß(M(Kx,K2,A))

= öp(Kx ) - aôp(Kx ) + ap(K2)- aôp(K2)

+ aôp(Kx) + aôp(K2) + ß(M) + ß(L(y, S))

= ôp(Kx) + ap(K2) + p(Mx) + ß(M2) + ß(L(y, ô)) (mod 1),

where M = MX#M2.   Q.E.D.

5. Proof of Theorem 4.3

The proof is somewhat analogous to the proof for glued knot exteriors given

by Gordon [G]. The reader should be familiar with that proof.

Construct a 4-manifold V' with d(V') = SS(L, A, co, /0) U -M as in

the previous section. Let U be a simply connected 4-manifold with even

quadratic form and d{U) Si SS(L,A, co,/0). Let H = V' U -U along

SS(L,A,co,/0).     Then   H2(H;Z2)   a   H2(V'; Z2) © H2(U ; Z2),   since
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SS(L, A, co, /q) is a Z2-homology sphere. This fact also assures us that the

quadratic form of V' over Z2 is nonsingular and thus there exists a unique

element I 6 H2(V';Z2) so that z • 0 = 02 (mod 2) for all 0 e H2(V';Z2)
— — —2

(see [H-N-K], p. 26). Also, since U has an even quadratic form, z-8 = 0 = 0

for all 6 G H2(U ; Z2). Thus if z G H2(H; Z) is a class which reduces  mod 2

to z , then z is characteristic for the quadratic form of H.

Now let z = Y?i=\ aizi > «j = 0 or 1. Each z(. is represented by a 2-

sphere for i = 2, ... , r - I, while z, and zr are represented by 2-discs with

boundaries -Kx and -K2, respectively. Let the surface which represents z.

be denoted by Fi. We pipe these together to obtain a surface representing z

as in [G], although the case ax — 1, ar = 1 must be handled differently. Notice

that in this case not all other a('s are one (in fact ax = 1 implies that a2 = 0,

since z is characteristic and n is even), so there exists a k with ak = 0. In

this case, pipe together all of the surfaces for i < k and pipe together those for

i > k . The result is a surface F such that

(1) if ax = ar = 0, F is a 2-sphere in int(H).

(2) if ax = 1 and <ar = 0, F is a 2-disc with <9F = -Kx c -Af.

(3) if ax = 0 and ar = 1, F is a 2-disc with dF = -A:2 c -Af.

(4) if Cj = ar = 1, F is the union of two 2-discs which intersect /A:^ , #2)

times, and dF = -L c -M.

We will define an admissible pair (W, B) for the four cases mentioned

above. In case (1), let HQ be obtained from H by attaching a copy of Ux

along M. Here Ux is a simply connected even 4-manifold with boundary

M. Define ( W, B) = (H0, F) - (E4, E2) where (F4, E2) is a standard disc

pair neighborhood of a point on F. For cases (2) through (4), simply let

(W,B) = (H,F).
Then d(W, B) =: an unknot in S3 (case 1); -Kx c -M (case 2); -^2 C

-M (case 3); -L C -M (case 4). 5 is characteristic for the quadratic form

of W by construction. Notice that for case ( 1 ) this statement uses the evenness

of Ux.
Let d(W, B) = (Y, J) so that (Y, J) is the above for the four different

cases. By definition,

(1) p(J)=Z  ~^W) -ß(Y)    (modi).

Define b¡ = 1 — a{. Then the following are easily verified by a case-by-case

analysis:

(2) p(J) = -axbrp(Kx) - arbxp(K2) - axarp(L) ;

(3) ß(Y) = -ß(M) + bxbrß(M);

(4) o(W) = o(H) + bxbro(Ux).
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Also,

(5) o(H) = cr(V') - o(U) (by construction)

Working in Q/Z, we obtain the following:

ß(SS(L,A,co,/Q)) = -4^ = g(//) ~ a(y ]    (substituting (5):
16

(substituting (4))
cr(W) - bxbro(Ux) - a(V')

16

a(W)-z2     bxbra(Ux)     z2 -o(V')

16 16       +        16

= -p(J) -ß(Y) + bxbrß(M) + -—^^    (substituting (1))

= axbrp(Kx) + arbxp(K2) + axarp(L) + p(M) + Z  ~^(F )

(substituting (2) and (3)).

Now o(V') depends only on the integers m¡ and n = lk(Kx,K2), and z2

is determined by m¡ and n. Thus to figure out what z ~fyv 1 is, we set

L = L  , the  (2,2n)  torus link.    Thus  Kx  = K2 =  unknot in S , and

lk(Kx,K2) = n. Then p(Kx) = p(K2) = p(M) = 0, so ^j^1 + axarp(L) =

ß(SS(L", A, co, /0)). This term will be examined more closely in §6. It re-

mains to be seen that ax = S and ar = a, which is proved by Gordon [G, p.

162]. This result also requires n to be even.   Q.E.D.

6. ß(SS(L", A) : Proof of Theorem 4.4

The idea will be to compare the link diagram picture of L(y, a) with that

of SS(Ln , A, co, /q) . Since the ß invariant does not depend on (co, /0), we

will assume that co is chosen as pictured below in Figure 6.1a. Moreover, if /'0

is chosen so that the framing on co is 2, we can blow down two components,

yielding a 3-manifold with the same ß invariant as the one pictured in Figure

6.1b.
There is an obvious correspondence between the standard link diagram for

a lens space [R, p. 272] and the one pictured above. The pictures differ only in

the linking number of two components. Also, note that if C is a characteristic

sublink for the link diagram of L(y, S), then choosing the corresponding com-

ponents in the diagram gives a characteristic sublink C' for SS(Ln , A), since

the linking numbers are the same mod 2. However, if C contains both ends,

then C'  = C  +2n , while if C does not contain both ends, C'  = C .

Now let T be the intersection matrix for L(y, a) and T' the intersection
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Figure 6.1a

-COX
m2m$

Figure 6.1b

m.

matrix for SS(Ln , A). Then T and T' have the following form

r-m,       1

T =

-m.

0
1

0
0 •••
1 0-

0

0       1

0
0

1

■m.
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r =

-m,

1

0

0
n

-m,

0
1

0 1

n

0

1

It is clear that a(T) = ct(T')±{2 since after diagonalizing the matrices are

identical except for one entry.

Lemma 6.3. The characteristic sublink for the framed link diagram for SS(L" , A)

contains both ends if and only if both a and ô are odd.

Proof. Gordon [G] proves that ax = ô and ar = a" when C = X)"=i a,z, *s

characteristic, and the quadratic form is as in T above.   Q.E.D.
i7 7 tl 7

Thus, C = C when either a orí are even, but C — C +2n when

both a and ô are odd. Thus C'2 = C2 + (1 - (-if5)«. Also, Arf(C) = 0,
but Arf(C') = a¿Arf(L").

It remains to compare o(T) and ct(T') . Let mx, ... , mr be the integers in

the decomposition of A . Let

1 1
yr = ~mr.     yr-x = ~mr-i - - > • • •> y i = ~mi - — ■

yr y2

(Without loss of generality, mx ^ 0 and mr ^ 0, by controlling the matrix

decomposition in §3). Then when one diagonalizes T, the result is the diagonal

matrix with (yx, ... , yr) on the diagonal. However, when one diagonalizes T1,

the result is the matrix with (z,y2, ... ,yr) on the diagonal where

z =yx-
1   yr

Now, given -mx,

y2yr_x    (yryr^)2yr-2

-m., let

-n-^ + (-Dr+X

Ov-.j's) y 2

2n

yr...y2

0   if yx and z have the same sign,

z(A, n) = I -2   if yx > 0 and z < 0,

2   if y, < 0 and z > 0.

Then o(T') = a(T) + z(A, n). Now we have

C'2 -cj(T')
ß(SS(L" , A)) + aô Arf(L")

16

C2 + (1 - (-If5)« - o(T) - z(A, n)

= ß(L(y,S) +

16

(l-(-l)aä)n z(A,n)

16 16     "
It would be desirable to have an easier method of computing z(A, n) or

some nice characterization. The following theorem has some partial results

toward understanding z(A, n), although it does not cover all cases.
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Theorem 6.4. Assume ¿,a/0.

(1) If y/S is positive, then z(A, n) = 0 or -2, while if it is negative, then

z(A, n) = 0 or +2.

(2) If y /a is positive, then z(A, n) — 0 or +2, while if it is negative, then

z(A, n) = 0 or -2.

(3) If a/S is positive, then z(A, «) = 0.

Proof. (1) follows because yx = y/S . That is, when the matrix is diagonalized,

yx is a continued fraction with entries determined by the decomposition, and

the decomposition really is a continued-fraction decomposition for y/ô. Now

if yx is positive, +2 is not a possibility for z(A, n), while if y, is negative,

-2 is not a possibility.

(2) is similar to (1), although the continued fraction must be turned around.

Details are left to the reader. (3) follows immediately from (1) and (2), since

a/S = (Y/S)/(7/a).   Q.E.D.
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