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WEIGHTED DECAY ESTIMATE FOR THE WAVE EQUATION

VALERY COVACHEV AND VLADIMIR GEORGIEV

(Communicated by Barbara L. Keyfitz)

Abstract. The work is devoted to the proof of a new L°°-L weighted esti-

mate for the solution to the nonhomogeneous wave equation in (3 + l)-dimen-

sional space-time. The weighted Sobolev spaces are associated with the gen-

erators of the Poincaré group. The estimate obtained is applied to prove the

global existence of a solution to a nonlinear system of wave and Klein-Gordon

equations with small initial data.

1. Introduction

Essential results concerning the global existence of solution to the (3 + 1)-

dimensional nonlinear wave equation have been obtained recently by Klainer-

man [9, 10], Hörmander [6, 7] (see also [1-4]). The use of Sobolev weighted

spaces associated with the generators

dt,dj = d/dxj,     / = i,2,3,

(1.1) Qjk=Xjdk-xkdj,        l<j<k<3,

Oçj^tdj+Xjd,,       j =1,2,3,

of the Poincaré group in R4 plays the key role in the approach developed by

Klainerman and Hörmander. Denote the above generators by ri, ... , ri0 .

One of the sharpest estimates of the L°°-norm of the solution to the non-

homogeneous wave equation is obtained by Hörmander in [7]. This estimate

improves some previous estimates due to Klainerman [9, 10]. More precisely,

if u(t, x) is a solution to the Cauchy problem

3

(1.2) Uu = f,        n = d¡2-J2dj>        u(0,x) = dtu(0,x) = 0
;=i

and f(t, x) G C°°(R+ ; ¿^(R3)), then the estimate derived in the Appendix of
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[7] implies

(1.3) (l + t + \x\)\u(t,x)\<C   J2    f íy^of(^y)\níysd'iviy
\ß\+j<2

Here LQ = tdt + 2j,=i x¡dj is the radial vector field.

On the other hand, some important coupled systems of nonlinear wave and

Klein-Gordon equations have been investigated in [1-4]; these show that the

use of the radial vector field L0 is not convenient for the proof of a global exis-

tence theorem. To overcome this difficulty, in [2, 3] another L°°-L weighted

estimate is proposed, when the inclusion

(1.4) supp/(5,y)ç{|v|<S + JR}

is fulfilled for some constant R > 0. The estimate has the form

(1.5) (l + t)\u(t,x)\<CJ2Yl     SUP   (l+sfVf(s)\\.
r=0\ß\<3s€lr^°'t]

Here /, is the interval [2r~x, 2r+x] for r > 1, /0 = [0, 2] and \\g(s)\\ denotes

the norm

\\g(s)\\=^\g(s,y)\2dySj     .

The main goal of this work is to obtain an improved estimate of type ( 1.5) for

the solution u(t, x) to the Cauchy problem (1.2), provided assumption (1.4) is

not fulfilled.
Such an estimate will be crucial for the proof of the global existence of solu-

tion to some important nonlinear systems of wave and Klein-Gordon equations,

when the initial data are not compactly supported (see the approach developed

in [1-4]).

2. Main result

Given any function f(s, y) G C°°(R+, ^(R3)) consider the weighted L2-

norm

(2.1) \\f(s)\\k=^(l+s + \y\f\f(s,y)\2dy^      ;

and, analogously, for f(y) G J/*(R3), denote

\\f\\k=(fRi(i + \y\)2k\f(y)\2dyJ
1/2

If k = 0, then we omit the index k and write simply ||/(s)|| and

Theorem 1. Let f(s, y) G C°°(R+ ; ^(R3)) and let u(t, x) be a solution to the

Cauchy problem (1.2). Then we have
oo

(l+t+\x\)\u(t,X)\<C^2Yl       SUP      Hr/?/WII3/2-
r=0|/,|<3i6/'n[0-"
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Taking advantage of the fact that the generators T commute with the oper-

ator D, we obtain the following.

Corollary 2. Under the assumptions of Theorem 1 we have

oo

(l + í+|x|)|rM(í,x)|<C^      J2 SUP      11^/(5)113/2-
r=0|/.|<3+|a|i6/'n[°-']

Combining the above estimates with the estimates due to W. von Wahl [11],

one can treat also the case when the initial data of the solution to (1.2) are

nonzero. Namely, assuming u(0, x) = ef(x) and dtu(0, x) = eg(x), f, g G

S^(R3), for any positive real number ô > 0 we have

(2.2) (I + t+ 1x1)1^^1, x)\< Ce+ C    J2      sup \\Yßf(s)\\y2+s.
\ß\<3+\a\Sel0't]

3. Preliminaries

The main goal of this section is to obtain some estimates of the Radon trans-

form

,2
&>eS(3.1) 3ê(f)(p,œ)=f      f(x)dSx,        PgR,

J X(ll=p

of a function f(x) G ̂ (R3).

Lemma 3.1. Suppose f(x) G C0X(R ) and supp/ ç {\x\ < R}. Then we have-o
the estimate

sup    \3ê(f)(p,œ)\<C(l+RY12 Y, Wñ,
p€R,w€S2 |Jg|<2

where Qß = Qf'Q^fif3 and ÍÍ,, Q2, Q3 are the generators Qjk = Xjdk-xkdj,

1 < J < k < 3, of the group of rotations on R .

Proof. The assumption supp/ ç {|j»c| < R} implies that

su

and we get the inequality

suppp3?(f)(p, co) C{\p\<R}

\3ê(f)(p, co)\ < C f \dp3ê(f)(p, co)\dp.
J —R

Applying the Cauchy-Schwartz inequality we get

(   r \ 1/2

\3?(f)(p, co)\ < C(l+R)x/2 UR\dp3?(f)(p, co)\2dp\

The Sobolev inequality on S   gives

\g(co)\2<c¿2 [2\npgm\2dd.
\ß\<2
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Combining the above estimates with the Plancherel identity (see [5])

(3.2) J°^J2\dp3ê(f)(p,co)\2dcodp =

we get the needed estimate.

This completes the proof.   G

Corollary 3.2. Suppose f(x) G C0°°(R3) and

suppf(x)ç{cxR<\y\<c2R}

for some positive constants cx, c2 and R > 1. Then we have

\3?(f)(p,co)\<cJ2 linVll1/2.
\ß\<2

The next step in this section is the analysis of the case when the function

f(x) is not compactly supported.

Lemma 3.3. Let f(x) G S?(R ). Given any R > 0, we have the estimate

\3ê(f)(p,co)\<C(l+R)-l/2 J2 \\nßf\\x + C(l+R)l/2 J2 H"V||.
\ß\<2 \ß\<2

Proof. First, consider the case \p\>l+R. Then the relation

3l(f)(p,co) = p-x (" d¿x3Z(f)(x,to))dx
Jo

and the Cauchy-Schwartz inequality yield

(3.3) \3?(f)(p, co)\ < p~x/2 ̂ \dr(x3t(f)(x, co))\2d^      .

Applying the Sobolev inequality on S , we find

\3ê(f)(p, ai)\ < C(l+R)~x'2 J2 (f2 [P\dr(T3£(Cißf)(r, d))\2dxdd

Since

v3?(g)(x, 6) = x [      g(y)dSy = J2dj^^jS)(^ e) >
;=1

we conclude that

\xdx(3?(g)(x, 0))\ < C¿|9t^(^)(t, ö)|,

j = i

and via the Plancherel identity (3.2) we get

(3.4) \&(f)(p, co)\ < C(l+R)-1'2 J2 ll"Vll,
\ß\<2
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The identity (3.1) shows that 3f(f)(p, to) is an odd function. Therefore, to

finish the proof it is sufficient to consider only the case 0 < p < R + 1. If this

is the case, then we apply the estimate

f\+R
\3?(f)(p,to)-3t(f)(l+R,to)\< /       \dT3?(f)(x,co)\dx.

Jo

Applying the arguments given in the proof of Lemma 3.1, we obtain
D

\dz3f(f)(x,co)\dx<C(l+R)x/2 J2 H^/ll-
° \ß\<2

This estimate and (3.4) complete the proof.   □

4. Proof of Theorem 1

We lose no generality assuming that / is a real-valued function.

First, consider the case |jc| > t/2. Then we can use the following represen-

tation of the solution to the wave equation obtained in [2] (see Lemma 3.1 in

[2]),

\x\u(t, x) = - 27r Y a Re r f(P > aP°> > t)elpi'+alxl) dp
f~f,        Jo

L

(4.i;
,        V-      Rp  /    CkAX,Ç)   Ht\í\+x-í)f   ,,*,     *    t)dt

\<r<k<3

where co = x/\x\, fkr(x, i, t) = i,kd^f - Çrd(J', /(t, £, t) is the Fourier

transform of the function f(s, y)x(0 < s < t), i.e.

(4.2) f(x, í, i) = f f f(s, y)e-i{rs+i-y) dy ds.
Jo Jr}

Moreover,  ckr(x, Ç)  axe bounded functions, homogeneous of degree 0 with

respect to x, £ and a x b denotes the vector product in R .

If M < t/2, then we use a similar representation derived in [2] (see Lemma

3.3 in [2])

(4.3)

u(t,x) = Re J2  H [2(t + x ■ co)~]cß(co)(Yßff(p, pto, t)eip{t+x'w) doidp
l£l<i  °   ^sl

3 -oo      r

-ReEy     12(t + x'cori(oj(fj(t,po))-e""fj(0,pco))e,px'wdcodp.

Here (G)~(x, £,, t) denotes the Fourier transform of the function G(t, y) de-

termined by (4.2), fj is the partial Fourier transform of the function y ■/(?, y)

with respect to the spatial variables, i.e.

//*,«) = [jyJf(t,y)e-iy'idy.
J R
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In the sequel, we shall use also the following simple relation between the Fourier

transform of a real-valued function and its Radon transform (see [5], [2])
/•OO

(4.4) 2 Re/    F(t, pco)e'prdp = 3g(F)(x,co,t),
Jo

where

3f(F)(x,co,t)= [      F(t,y)dS

is the Radon transform with respect to the spatial variables. The above relation

yields
/«OO ft

(4.5) 2Re /    F(p, pco, t)e'pxdp =      3f(F)(x - s, co, s)ds
Jo Jo

for any real-valued function F(s, y) G C°°(R+ ; f?(R )).

In the case |x| > t/2 we use the identities (4.1), (4.4) and derive the estimate

(I +1 + \x\)\u(t, x)\ < C    sup     Y / \&<yf)(T-s,to,s)\ds.

The application of Lemma 3.3 with R = s gives

(l+t + \x\)\u(t, x)\ <C [' J2 Wßf(s)\\x/2ds
\ß\<3

+ c [\i+s)-x/2J2 l|rV(s)||,<fr.
Jo ,^77,

0 ly»l<3

Taking advantage of the simple estimate

/'Jo
<t>(s)ds<cT    sup   (l+s)\<f>(s)\,

'o ^,seirn[°''l

we obtain the desired estimate.

Finally, let us turn to the case \x\ < t/2. Now we use the relations (4.3),

(4.4), (4.5), together with Lemma 3.3, and derive

(l + t)\u(t,x)\<C f(l+s)-x/2 £ \\Yßf(s)\\xds
|J»I<3

3

+ C£      sup     \3?(fj)(x-t,co,t)\.
j=\ (T,a;)eRxS2

The finite speed of propagation of the wave guarantees that without loss of

generality we can assume that

supp^/(5,y)ç{|y|<2/}

for 0 < s < t. Now the application of Lemma 3.1 yields

\^(fj)(x-t,oo,t)\<c(i + tf2 J2 lirVwil.
\ß\<2

and we obtain the desired inequality.

This completes the proof.
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5. Application to a system of wave and Klein-Gordon equations

Consider the Cauchy problem

Dm, =Fx(u, Vu),        (D + l)u2 = F2(u, Vu),        V = (d(,Vx),

u(0, x) = ef(x),        dtu(0, x) = sg(x),        xeR3,        e > 0,

where u = (ux,u2), and analogously for / and g. A similar system was

considered in [2, 3], / and g assumed compactly supported. In contrast to

this, here we assume /, g G S^(R ; R ). The nonlinearities FÁu, w) axe

supposed to be smooth in u, w ; and they have the form F Au, Vu) = QAVu) +

CAu, Vu), y'=l,2, where the derivatives of CAu, w) up to order 2 are zero

for (u, w) = (0, 0) while

e,(v«) = ± ± <i?rsdrumdsuk
r,s=0m,k=\

satisfy the strong null condition used in [2], that is

3

E«7m*"^5 = 0   for a°y £ = (í0»íi.Í2.í3) e r4>        m,k,j = 1,2.

r,s=0

The above condition simply means that

,, ~, mkrs mksr
(5.2) qj      =q;      .

Examples of quadratic nonlinearities satisfying the strong null condition are

discussed in [2]. In order to prove the global existence of a solution of (5.1) for

e small enough, we introduce the following norms

Em(u(t))= J2 E sup \\dßra^)h
\a\<m\ß\<l°-'c-t

W))=   E    SUP   ll(l+T + M)r,M(T>3>)||L-(„V
\a\<n   — —

Denote for the sake of brevity F At, x) = Fj(u(t, x), Vu(t, x)) and simi-

larly for Q and C . To estimate the L norm of ux we apply the conformai

estimate for the linear wave equation due to S. Klainerman [11] (see also Chap-

ter VII in [8]),

\\rux(t)\\<Ce + C f    ¿2    Wßfx(x)\\xdx,
\ß\<m-\

where |a| < m . Further, the energy estimate for the wave equation gives

||VraK1(i)||<Ce + c/"' £  \\YßFx(x)\\dx.
Jo   \ß\<m
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Uniting the above two estimates we get

Em(ux(t))<Ce + C    J2    E f\\dyYßFx(x)\\xdx,
\ß\<m-\ \y\<ï Jo

since
3

r^ = ^ c-sxrds, ¿"-constants,      x0 = t.

r,s=0

Similarly, from the energy estimate for the Klein-Gordon equation it follows

that

Em(u2(t))<Ce + C    ¿2    E f\\dyYßF2(x)\\xdx.

Since Fj = Qj + Cj, we need estimates of

Hfl'r'ß/T)!!,  and  IlôT^c/T)!!,

for \ß\ < m - I, \y\ < 1. From the definition of the norms Em and Hm it

follows that

(5.3) IIôVc/t)!!, < C(l+x)-[EJu(x))Hn(u(x))

provided n = [m/2] (the greatest integer in m/2) and Hn(u(x)) is bounded.

To estimate the quadratic nonlinearity, we need the following.

Lemma 5.1. If the bilinear form

QJ(VU,VW)=   Y      E   <hkr$drUm^k
r,s=0  m,k=\

satisfies the strong null condition, then we have

\Qj(Vu, Vw)(t, x)\ < C(l + t + \x\)~X\Yu(t, x)\ \Yw(t, x)\,

where \Yu(t, x)\ = Yl]a]¡<x\Yau(t, x)\.

Proof. If |x| < /+1, then the desired inequality is obtained in Lemma 2.1 in [2].

Suppose \x\ > t+ 1. Without loss of generality we can assume x = (xx, 0, 0).

From

&xk =xxdk - xkdx,        k= 1,2,3,

we express dk

dk = (xk/xx)dx + (i/xx)axk.

Analogously, Q01 = tdx + xxdt implies dt = (-t/xx)dx + (l/xx)ilQ[ . Then

setting <^0 = -t/xx , £,k= xk/xx, k = 1, 2, 3, we have the inequality

Q](Vu,Vw)(t,x)-J2   J2  CWi«,.0!
r ,s=0 m ,k=\

<C\Yu(t,x)\\Yw(t,x)\/\xx\.

'xwk
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The strong null condition guarantees that the left-hand side of this inequality

coincides with \Q-(Vu, Vw)(t, x)\. Keeping in mind that \xx\ = \x\ > t + I,

we complete the proof.    D

By virtue of this lemma we obtain

(5.4) \\d?rßQj(T)\\x < C(l + x)-lEJu(x))Hn(u(x)).

From (5.3) and (5.4) we arrive at

(5.5) Em(u(t)) <Ce + C [' EJu(x))Hn(u(x))(l + x)~l dx.
Jo

In order to evaluate Hn(ux(t)) we use the estimate (2.2) for the linear wave

equation. Thus, for any 6 > 0 we have

Hn(ux(t))<Ce + C   ¿2    sup ||rV2(T)||3/2+<5.

1/^+3°^

In the same way, from the estimate for the linear Klein-Gordon equation due

to T. Sideris [12] we conclude that

Hn(u2(t)) <ce + c ¿2   sup lir^MIW •
|/J|<„+20^'

The quantity \\YßF(x)\\3,2+s can be estimated by means of Lemma 5.1; this

gives the inequality

WßF(r)\\y2+s < C(l + t + \x\)-l/2+âEn+3(u(x))Hn(u(x)),

provided En+3(u(t)) is bounded. If n + 3 = [m/2] + 3 < m , i.e. m > 5 , then

we derive

WßFWh/2+0 <C(l + x + \x\)-l/2+âEJu(x))Hn(u(x));

so

Hn(u(t)) < Ce + C sup (1 + x + \x\rU2+âEm(u(x))Hn(u(x)).
0<T<t

From this estimate and (5.5) following the argument given by S. Klainerman [11]

(see also §5 in [2]), one obtains a global bound for Hn(u(t)) + (l +t) Em(u(t)).

This fact guarantees the existence of a global solution of the system (5.1) as-

suming e small enough.

Another application of our main estimate obtained in Theorem 1 is connected

with the Maxwell-Dirac system. This gives us an idea of how to extend the

approach of [4] for the case when all the initial data of this nonlinear system

are not compactly supported.

References

1. A. Bachelot, Problème de Cauchy global pour des systèmes de Dirac-Klein-Gordon, Ann.

Inst. Henri Poincaré 48 (1988), 387-422.

2. V. Georgiev, Global solutions to the system of wave and Klein-Gordon equations, Math. Z.

203(1990), 683-698.



402 VALERY COVACHEV AND VLADIMIR GEORGIEV

3. _, L'existence des solutions globales pour des systèmes nonlinéaires avec champs massifs

et sans masse, C. R. Acad. Sei. Paris Sér. I Math. 308 (1989), 529-532.

4. _, Existence des solutions globales pour le système de Maxwell-Dirac, C. R. Acad. Sei.

Paris Sér. I Math. 310 (1990), 569-572.

5. S. Helgason, Groups and geometric analysis, Academic Press, New York, 1984.

6. L. Hörmander, On Sobolev spaces associated with some Lie algebras, preprint.

7. _, On global existence of solutions of non-linear hyperbolic equations in R +  , Inst.

Mittag-Leffler report no. 9, 1985.

8. _, Non-linear hyperbolic differential equations, Lectures 1986-1987, vol. 2, Lund, 1988.

9. S. Klainerman, Uniform decay estimates and the Lorentz invariance of the classical wave

equation, Comm. Pure Appl. Math. 38 (1985), 321-332.

10. _, Global existence of small amplitude solutions to nonlinear Klein-Gordon equations in

four space dimensions, Comm. Pure Appl. Math. 38 (1985), 631-641.

11. _, The null condition and global existence to nonlinear wave equation, Lectures in Appl.

Math., vol. 23, Amer. Math. Soc, Providence, RI, 1986, 293-326.

12. T. Sideris, Decay estimates for the three-dimensional inhomogeneous Klein-Gordon equation

and applications, Comm. Partial Differential Equations 14 (1989), 1421-1455.

13. W. von Wahl, V decay rates for homogeneous wave equations, Math. Z. 120 (1971), 93-

106.

Section of Mathematical Physics, Institute of Mathematics, Bulgarian Academy of

Sciences, 1090 Sofia, Bulgaria


