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POSITIVE SEQUENCE TOPOLOGICAL ENTROPY
CHARACTERIZES CHAOTIC MAPS

N. FRANZOVÁ AND J. SMÍTAL

(Communicated by Andrew M. Bruckner)

Abstract. We prove that a continuous map / of the interval is chaotic (in

the sense of Li and Yorke) iff its sequence topological entropy hA (f) relative to

a suitable increasing sequence A of times is positive. This result is interesting

since the ordinary topological entropy h(f) of chaotic maps can be zero.

In the sequel, let / be from the class C(7, 7) of continuous maps 7 —► 7,

where 7 is a compact real interval. The trajectory of x £ I is a sequence

{f"(x)}^L0 where f" denotes the «th iterate of /; the ty-limit set of this

trajectory is denoted by coj-(x), and co(f) = \J{o)j-(x) ; x £ 1}. A map

/ is chaotic (in the sense of Li and Yorke) [6] if there is an uncountable

set S such that for any x, y £ S, x ^ y, and for any periodic point

p of /, lim sup |/" (x) - f"(y) \ > 0, liminf|/"(x) -/"(v)| = 0, and
lim sup |/" (x) - f"(p)\ > 0, for n —► oo; an extensive list of equivalent con-

ditions, as well as other notions, terminology, and references can be found in

Any map / of positive topological entropy h(f) is chaotic, but the converse

is not true [6] (cf. also [1] for other references). It is interesting that contrary

to this sequence topological entropy is a suitable tool for characterizing chaos.

We prove the following theorem that completes results from [1].

Theorem. A map f £ C(1, 7) is chaotic in the sense of Li and Yorke iff there is

an increasing sequence A = {n(i)}°lx of positive integers such that hA(f), the

sequence topological entropy of f with respect to A, is positive.

We recall the notion of metric sequence entropy, which is a generalization of

Bowen's metric entropy. For compact metric spaces this entropy is equivalent

to the topological sequence entropy [2].

Definition. Let fie C(I, I), A = {n(i)}°lx be an increasing sequence of posi-

tive integers, m > 0 be an integer, and e > 0. A set Eel is an (A, m, fi, e)-

span, if for any x £ I there is some y e E such that \fi"   (x) - f    (y)\ < e
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for 1 < j < m. Let S(A, m, f, e) be an (A, m, f, e)-span with minimal

possible number of points. Then

(1) h,(f) = limlimsup ¿ log card S(A, m, f, e).
e-*0   m-»oo

Remark. If A is the set of positive integers then hA(f) = h(f) is (ordinary)

topological entropy. There are examples proving that sequence entropy is a

stronger invariant than ordinary entropy, and also examples showing that cer-

tain properties of ordinary topological entropy are not satisfied by the sequence

entropy (cf. [2, 3], among others).

Proof of our theorem is based on the following

Lemma. Let f e C(1, 7) be nonchaotic. Then fior any e > 0 there are points

xx, ... , xke oj(fi), and a set U D co(f), relatively open in I, with the following

property: if

(2) fiJ(x)£U   fior0<j<r

then there is some i such that for any j with 0 < j < r,

(3) \fJ(x)-fiJ(xi)\<e.

Proof. Let / be nonchaotic. Then by Theorem 2.3 in [1],

(4) fi\(o(fi) is Ljapunov stable (has equicontinuous powers)

and

(5) every point u £ co(fi) is almost periodic

(in some terminology also "regularly almost periodic"), for any neighborhood

G of u there is an integer n > 0 such that fi"J(u) e G for every j . Let e > 0.

By (4), for any u £ co(fi) there is a neighborhood O(u) of u, relatively open

in 7 such that

(6) \fJ(u)-fJ(v)\<e/2   for any v £ 0(u) n co(fi) and any ;'.

Since 03(f) is compact (cf. [4]) there are points xx, ... , xk from co(fi) such

that co(fi) c 0(xx) U ■ • • U 0(xk). By (5), for any y £ 0(x{) n co(fi) there is a

positive integer q(y, i) such that f      iy) £ 0(xf) ; we can clearly assume that

(7) q(y, i) is divisible by q(xi, i) if y e 0(x¡) n co(fi).

By the continuity of /, there is a neighborhood U(y, i) c 0{x¡) of y in 7

such that

(8) fiy'i)(U(y,i))cO(xi)

and

(9) diamfiJ(U(y,i))<e/2   for 0 < j < q(y, i).
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Put U¡ = \J{U(y ,i); ye 0(x¡) n co(f)} and U = Ut U • • • U Uk. Clearly U is
open in 7 and co(f) c U.

Now assume (2) and fix some j. We prove (3). There are y £ co(f) and

i such that x £ U(y, i). By (8) and the well-known fact that f(co(f)) =

co(f), there is a maximal sequence {y(t)} (finite or infinite) of points from Ui

such that y(0) = y and fp{n)(x) £ U(y(n), i), where p(0) = 0 and p(n) =

q(y(0), i)-{-\-q(y(n- I), i) for n > 0. By (2) there is some n with p(n) <

j < p(n + 1). Then \fij(x) - f](xA\ <A + B, where A = \fiJ~p{"\fp{n)(x)) -

fiJ-p(n)(y(n))\ and B = \fij-p{n)(y(n)) - fi]-p(n)(fip(")(xA)\. Since j - p(n) <

q(y(n), i), (9) implies A < e/2 . Since co(f) is invariant under /, by (7) we

have fip{n)(xi) e 0(x¡) n co(fi), hence (6) implies B < e/2 . This proves (3).   D

Proof of Theorem. Let / be nonchaotic and let e > 0. Let U and x¡ be

as in the lemma. Let {K¡}si=l be pairwise disjoint sets with diamÂ^ < e for

any i, and Kx U • • • U Ks = I\U. Assign to any x £ I an itinerary a(x) =

{aj(x)}°°=0 such that aj(x) = Ki if fiJ(x) £ Kr If fij(x) G U, let M(j) he

the maximal subinterval of the set of nonnegative integers such that j £ M(j)

and fi'(x) £ U for any i £ M(j). Then by the lemma there is some t such

that \fi'(x) - fi'(xt)\ < e for any i £ M(j). Put a¡(x) = t for any i £ M(j).

It is easy to see that for any x, y £ I, a(x) = a(y) implies \fj(x)-f](y)\ <

2e, for any j. Let A = {n(i)}°Âx be an increasing sequence. Keeping the

notation from the definition, we get card5'(yl, m, fi, 2e) < card N(m), where

N(m) is the set of all possible codes {a„,jAx)}"lx . By BirkhofFs theorem

(cf. Sarkovskii's refinement [5]), for any neighborhood U of co(fi) there is an

integer q > 0 such that the number of points of an arbitrary trajectory lying

outside U, is less than q. Consequently, every code from N(m) consists of

at most 2q + 1 blocks, and each block is formed by only one of the symbols

1, ... , k, Kx, ... , Ks (with possible repetitions). It is easy to verify that

cardW(m) = o(n2q+2), and (1) gives hA(f) = 0.

Now let / be chaotic. We may assume that h(fi) = 0, since otherwise

hA(f) — h(f) > 0, if A is the set of positive integers. By [6] (cf. also Theorem

2.3 in [1]) there is an infinite cu-limit set containing two nonseparable points

u < v . Choose e with 0 < e < v - u. For any integer i > 0, let X(i) be

the set of /-tuples of binary symbols 0 and 1. By Lemma 4.1 in [6], there is

a system {Aa: a £ X(i)}°^x of compact subintervals of 7, and an increasing

sequence A = {n(i)}°lx of positive integers such that, for any sufficiently large

»,

(10) AaßGAa    iiaß£X(i),

(11) AaDAß=0    iia,ß£X(i),  ajiß,

(12) dist(fi"{,)(Aa0), fi"U)(AaX))>e   ifa£X(i).

Here aß or aO means concatenation of codes. Let i > 1 and choose xn £ An
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for every a £ X(i).   If a,  ß £ X(i),  a / ß, then by (12),   \fi"(])(xa) -

fU)(xp)\ > s for a suitable j < i. Let Mi = {xa;  a£ X(i)}. Then by (10)

and (11), cardS(A, i, f, e/2) > cardAf, = 2', and by (1) we get hA(f) >
log2>0.   G

Remark. Here we only need a part of Lemma 4.1 from [6]. An analysis of its

proof and application of results from [ 1 ] shows that in the theorem we can take

A = {2'}°^0 ; however, the proof does not seem to be easy.
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