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(Communicated by Kenneth R. Meyer)

Abstract. Consider a smooth Hamiltonian function on the cotangent bundle

of the «-dimensional torus such that its restriction on every fiber is strictly

convex. Let L be a Lagrange invariant torus of the Hamiltonian flow which is

homologous to the zero section. We show that, under some assumptions, L is

a smooth section of the cotangent bundle.

1. Introduction and main results

In [B], G. D. Birkhoff developed the qualitative theory of symplectic twist

maps of the cylinder C = R x S (see [HI] for a modern survey). One of

his theorems (which is known as the second Birkhoff theorem) states that any

embedded noncontractible invariant circle of such a symplectomorphism is a

section of the R-bundle C over S . In the present paper we prove the anal-

ogous assertion for Lagrange invariant tori of optical Hamiltonian systems on

the cotangent bundle T*Tn of the «-dimensional torus.

Definition. A smooth Hamiltonian function 77: T*T" -+ R is called optical

if its restriction to every fiber of the cotangent bundle is strictly convex (i.e.,

Hpp > 0, where p is a linear coordinate on a fiber).

Example. The Hamiltonian function associated with a Riemannian metric on

the torus is optical.

Main Theorem. Let L c t*T" be a smooth Lagrange torus which lies in a

regular level {77 = const} of an optical Hamiltonian function. Assume that

(cl) L is homologous to the zero section;

(c2) the Hamiltonian flow on L preserves a smooth measure.

Then L is a smooth section of the cotangent bundle.

Remarks.

1. For the case n = 2, this theorem (under slightly different assumptions)

was proved together with M. Bialy in [BP1] (see also [Bi], [Po]). In the present

work we use to a great extent the ideas of [BP1].
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2. In [Al], V. I. Arnold suggested a program of studying topological properties

of optical Lagrange submanifolds. This program includes the hypothesis that

(under some additional assumptions) such a submanifold is a section of the

cotangent bundle.

3. One can find some interesting generalizations of BirkhofFs theory to the

«-dimensional case in an article by M. Herman [H2].

4. The following result is crucial for our proof:

Proposition [Vi], [LS]. The Maslov class of any embedded Lagrange torus in

T*T" which is homologous to the zero section is zero.

The proof of this proposition is based on the result by C. Viterbo [Vi] con-

cerning the Maslov class of embedded Lagrange tori in C" .

5. It seems that the assertion of the theorem holds without the measure-

preserving condition (c2). However, this condition is rather natural for Hamil-

tonian systems of classical mechanics. For example, it holds for Lagrange in-

variant tori carrying quasi-periodic motion.

The following corollary is a simple generalization of [BP2, Theorem la], see

also [BP1].

Corollary 1. Consider a smooth Lagrange invariant torus of the Hamiltonian

system associated with a Riemannian metric on T" . Assume that the conditions

(cl) and (c2) of the main theorem hold. Then the natural projection of any

trajectory of the Hamiltonian flow which lies on this torus is a minimal geodesic

(this means that a lifting of such a geodesic to the covering space R" minimizes

the Riemannian distance between any two of its points).

Corollary 2. Let d be a Riemannian metric on T" which has a "bump" in the

following sense: There exists an embedded ball 77" c T" and a point K e 77

such that 2d(K, dB) > diam(<977), where diam(<977) is the diameter of dB in

the induced Riemannian metric on dB. Then the geodesic flow associated with

the metric d has no Lagrange invariant tori satisfying the conditions (cl) and

(c2) of the main theorem.

Proof of Corollary 2. Due to Corollary 1, it is sufficient to show that no minimal

geodesic of the metric d passes through the point K. Suppose that such a

minimal geodesic exists. Then it contains a segment g such that K £ g c

77 and its ends lie on the boundary dB. Thus 2d(K, dB) < length(g) <

diam(<977). This inequality contradicts our assumptions.   D

Remark 6. An analogous example of a Riemannian metric with a "bump" on a

two-dimensional torus was constructed in [BP1], [Ba], and [BR2].

2. Proof of the main theorem

1. Denote by n: t*T" —> T" the natural projection. Define the critical set

S(W) of a closed Lagrange submanifold W as the set of critical points of the
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restriction n\w . We will say that W is generic if 5 consists of an (n - 1)-

dimensional submanifold S and its boundary 5'\»S whose codimension in

W is not less than 3 .

2. We claim that it is sufficient to prove the theorem for Lagrange tori which

are generic. It is well known [A2, Appendix 12] that there exists a sequence Fk

of symplectomorphisms of the cotangent bundle such that {7^} C°°-converges

to the identity and all Fk(L) are generic.

It is clear that, for large k, all Lagrange tori Fk(L) satisfy the conditions

of the theorem with the optical Hamiltonian function Hk = H o Fk . Due to

our assumption, each 7^(7.) is the graph of a smooth map Q>k:Tn -> R" (we

identify T*Tn with fxR").

It is easy to check that the property of 77^ of being optical implies that

the corresponding Hamiltonian field is monotone positive in the sense of M.

Herman [H2, p. 15]. Thus all the maps <&k satisfy the a priori Lipschitz estimate

||7)4>fe||L < C, where C depends only on H and the norm of the perturbation

\\Fk - id ||coo . These estimates and the smoothness of L give us the result that

L is the graph of some smooth map T" —» R" . Our claim is proved.

3. In the following we will assume that L is generic. Suppose that the critical

set S is nonempty.

Lemma 1 [Ch]. The Hamiltonian field v is not tangent to the critical set S.

Thus the Hamiltonian field determines a coorientation (and the orientation)

of the cycle S.

Lemma 2. The cycle [S] is dual to the Maslov class of the Lagrange torus L.

This lemma is a simple generalization of Theorem 2.1a of [BP1]. To prove

it, it is sufficient to check that the Hamiltonian field in the nonsingular points

of S is directed to the positive side with respect to the canonical Maslov coori-

entation. The proof is based on the fact that 77 is optical.

Lemma 3. The cycle S is homologous to zero:  [S] - 0.

Proof. The Maslov class of the Lagrange torus L is zero (see Remark 4). The

statement of the lemma follows now from Lemma 2.   D

Thus there exists an «-dimensional chain U such that dU = S. Denote by

Q the volume form which is preserved by the Hamiltonian field v . This means

that divQ = 0. From Lemma 1 one can conclude that /5/„ii # 0. On the

other hand, Js /WQ = fv divQ = 0. This contradiction proves the theorem.   D
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