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CONCERNING CONTINUOUS IMAGES
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(Communicated by James E. West)

Abstract. Mardesic ( 1962) proved that if X is a continuous, Hausdorff, infi-

nite image of a compact ordered space K under a light mapping in the sense

of ordering, then to(X) = to(K). He also proved (1967) that a continuous,

Hausdorff image of a compact ordered space is rim-metrizable. Treybig (1964)

proved that the product of two infinite nonmetrizable compact Hausdorff spaces

cannot be a continuous image of a compact ordered space.

We prove some analogues of these results for continuous Hausdorff images

of rim-metrizable spaces.

A topological space X is said to be rim-metrizable if X admits a basis of

open sets whose boundaries are metrizable. A continuum is a compact con-

nected Hausdorff space. Throughout the paper all spaces are assumed to be

Hausdorff and all mappings are continuous.

A compact ordered space admits a basis of open sets with at most two-point

boundaries. Therefore, every compact ordered space is rim-metrizable. Since

1960 there has been a lot of work done on characterizing continuous Hausdorff

images of compact ordered spaces. It is natural to ask whether these results

can be generalized to continuous Hausdorff images of compact rim-metrizable

spaces. Some of the results that have been obtained for continuous images of

compact ordered spaces are the following:

(1) In 1962 Mardesic [4] proved that if X is a continuous Hausdorff image

of a compact ordered infinite space K under a light mapping in the sense of

ordering, then the weight of X equals the weight of K.

(2) In 1967 Mardesic [5] also proved that a continuous Hausdorff image of

a compact ordered space is rim-metrizable.

(3) In 1964 Treybig [6] proved that if the product of two infinite compact

spaces X and Y is a continuous image of a compact ordered space, then X

and Y must be metrizable.
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In this paper we prove some analogues of the above results for continuous

images of rim-metrizable spaces.

Every O-dimensional space is rim-metrizable and every compact space is a

continuous image of some O-dimensional compact space. Thus, in order to

obtain generalizations or analogues of the above results it is necessary to assume

some additional conditions on the domain.

Let L denote the long line and C denote the Cantor ternary set. Let X be

the subspace of the product space [0, 1] x L such that

X = [0, 1]x{0}uCxL.

Then X is a rim-metrizable continuum and there exists a mapping of X onto

[0, 1 ] x L. But [0, 1 ] x L is not rim-metrizable and L is not metrizable. This

example shows that results (2) and (3) of Mardesic and Treybig, respectively

cannot be generalized to continuous images of rim-metrizable spaces.

We shall prove the following analogues of (1) and (3).

Theorem 1.2. Let X be a rim-metrizable continuum and let Y be a continuous

image of X under a light mapping. Then the weight of X equals the weight of

Y.

Theorem 2.1. Let X be a rim-metrizable compact space. Let f: X —> Y x[0, I]

be a mapping of X onto a product of a nondegenerate compact space Y and

[0, 1]. If for every y e Y there exists a continuum K in f~l({y} x [0, 1])

such that f(K) = {y} x [0, 1], then Y is metrizable.

In the third section of this paper, we prove that a continuous image of a rim-

metrizable continuum is rim-metrizable if the mapping is monotone or open,

or if the domain is locally connected and the mapping is pseudo-confluent. The

example given above shows that continuous images of rim-metrizable spaces

are not necessarily rim-metrizable. The space X in the example is not locally

connected. Hence the following question remains open: Is the continuous image

of a locally connected, rim-metrizable continuum under a light mapping rim-

metrizable')

0. Preliminaries

Let X be a topological space. The weight of X, v/(X), is the least cardinal

number a having the property that X admits a basis with cardinality < a.

A family TV of subsets of X is said to be a network for X, if for each open

set O c X and each x e O, there exists V e TV such that x e V c O. The

network weight of X , nw(X), is the least cardinal number a such that there

exists a network for X with cardinality a.

We denote the closure, the boundary, and the interior of a subset of a topo-

logical space by Cl(A), Bd(.d), and Int(^4), respectively. We denote the set of

rational numbers by Q.

The following theorems will be used later.
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Theorem 0.1. (See [1, Theorem 3.1.19, p. 171]). Let X be a compact space.

Then w(X) = nw(*).

Theorem 0.2. (See [1, Theorem 3.1.22, p. 171]). Let f:X—*Y be a mapping

of a compact space X onto Y. Then w(Y)<w(X).

Theorem 0.3. Let X be a normal space and let B be a basis of open sets for

the topology on X. Then X admits a basis B' of open Fa-sets such that

Card(Ti) > Card(Ti') if Card(B) is infinite, and B = B' if Card(B) is finite.

Proof. Let B be a basis of open sets for a normal space X.  If Card(Ti) is

finite, since X is Hausdorff, X has to be finite. It follows that each open set

is an open FCT-set. Hence B is itself a basis of open FCT-sets.

Suppose Card(7?) is infinite. Let

C = {(U, V): U, V eB, CI(U)CV}.

{U e B: (U, V) e C for some V e 77} is a basis for X because X is a

regular space. For each ( U, V) e C, using the normality of X, we can assign

an open FCT-set Buv such that

Cl(U)cBuvcV.

Then 7i' = {Buv : (U, V) e C} is a basis for X.
If Card(77) is infinite, by the definition of the set C, Card(C) = Card(Ti).

It follows that Card(Ti') < Card(77).

Let /:I-»y be a mapping of a compact space X onto a space Y. We

say / is pseudo-confluent, if for every irreducible continuum K in Y, there

exists a continuum L in f~x(K) such that f(L) — K. We say / is light, if

for every y e Y, f~X(y) is totally disconnected.

1. Preservation of weight by light mappings

In this section, we prove that a light mapping of a rim-metrizable nondegen-

erate continuum preserves the weight. The aforementioned result of Mardesic

shows that the weight is preserved by light mappings (in the sense of order-

ing) of compact ordered spaces. Mardesic [3] also proved that a light mapping

of a locally connected, compact space preserves the weight. Theorem 1.2 is

closely related to this result of Mardesic and it extends the result to a nonlo-

cally connected case. By the monotone-light factorization theorem, any mapping

f: X -* Y of a compact space onto a space Y can be represented as a com-

position f — hg where g: X —* Z is monotone (each point inverse g~x(z)

is connected) and h: Z —> Y is light. Monotone mappings do not, in general,

preserve weight. Hence, we assume that the mapping considered is light.

Lemma 1.1. Let X be a continuum, and let U c X be an open set with a

metrizable boundary. Let G denote the upper semi-continuous decomposition

of Cl(U) into its components. Then the quotient space Cl(U)/G is a compact

metric space.
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Proof. Let R = {C ílBd(U): C e G}. By the Boundary Bumping Theorem

CnBd(fy) ¿ 0 for every C e G. Consider the space Bd(U)/R. Then

Bd(U)/R is a compact metric space.

Define /: Bd(U)/R -» Cl(U)/G as follows: If g g Bd(U)/R, let f(g) be
the unique component C of Cl( C7) such that g = CnBd(í7). It easily follows

that / is a homeomorphism. Hence Cl(U)/G is a compact metric space.

Theorem 1.2. Let X be a nondegenerate rim-metrizable continuum and let Y

be the continuous image of X under a light mapping f:X—>Y. Then v/(X) —

w(Y).

Proof. First note that since X is a nondegenerate continuum and / is a light

mapping, Y must also be a nondegenerate continuum. Therefore, w(X) and

w(T) are at least countably infinite.

By Theorem 0.2 w(7) < w(X), because X and Y are compact spaces. We

will show that v/(X) < w(T). It is sufficient to show that X admits a network

with cardinality <w(F) because of Theorem 0.1.

Let {Ua\a € A} be a basis of open 7^-sets in Y such that Card(^4) = w(F)

(Theorem 0.3). Then for each a e A , f~ (Ua) is an open FCT-set. There exists

a sequence of closed sets Fa¡, i = 1, 2,... , in X such that

oo

(D r\uj = \jFai
i=i

and Bd(Fai) is metrizable for all / = 1, 2, ... .

Let Zai = Fai/Gai where Gai is the decomposition of Fai into components

as in Lemma 1.1. Then Zai is a compact metric space, and thus, Zai is second

countable. For each a and i, let 7iQ. = {Bajj\j = 1,2,...} be a countable

basis for Z . Define B' ■ = {\JB ..\j = 1, 2, ...} . Note that the collection

tí . is a collection of subsets of X lying inf.. and also, each Bf, is countable.
al J      ° ai ' ' ai

Let

Since Card(A) is at least countable infinite and B'ai is countable, Card(7?) <

Card(A) = w(T). We will show that B is a network for X.

Let O be an open set in X and x e O. Let y = f(x). Since / is a

light mapping, there exists an open set V such that x e V c O and Bd(F) n

/-1(y) = 0 . Now, / is a closed mapping and Bd(V) is a closed set, therefore,

/(Bd(K)) is closed in Y and Y - f(Bd(V)) is an open set containing the point

y. It follows that there exists ae A such that y € Ua c Y - f(Bd(V)). Note

that the component C of f~ (Ua) containing x lies in V ; i.e. x € C c V c

O. By (I), there exists Fai such that x 6 Fa¡. Obviously, the component C0

of Fai containing x is contained in C. So, we have

xeC0cCcFcO.
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Since C0 c V and V n Fai^ 0, V n Fa; is an open set in Fa; containing C0 .

F n Fai induces an open set in the quotient space Zai. Then there exists 77 ..

for some j, such that Cn e B .. and M B ,.,. c F n F .. It follows that
J ' U a/j *—'     alj ai

xe{JBaijcVcO.

This proves that the collection 77 is a network for X with cardinality < w(Y).

Hence by Theorem 0.1 w(X) < w(Y).

Remark. Theorem 1.2 is not true if X is assumed to be only compact and rim-

metrizable. For example, let Dm be the Cantor cube of weight m > N0 (see

Engelking [1, page 115]) and let C be the Cantor Ternary set. Then there exists

a mapping f:Dm^C of Dm onto C, but w(Dm) > w(C).

One might also ask the question whether the assumption of rim-metrizability

of the continuum X in Theorem 1.2 is essential. The following example shows

that the assumption "rim-metrizability" is necessary.

Example 1.3. Let L denote the long line and [0, Q] denote the set of ordinal

numbers a < Q, where Q is the first uncountable ordinal number.

Let X be the subspace of L x [0, 1] such that

X = Lx{0}U{{a} x[0, 1]: a G [0,0]}.

Let Y be the quotient space X/Lx{0}. Then Y is a nonmetrizable continuum.

It fails to be rim-metrizable at the point {L x {0}} € Y. There exists a light

mapping /: Y —► [0, 1] of Y onto [0, 1] (the mapping induced by the natural

projection of L x [0, 1] onto [0,1]), but w(Y) > w([0, 1]).

However, if we examine the proof of Theorem 1.2 and the conditions in the

hypothesis, it is easy to see that w(Y) is at least countable infinite. Hence, we

have the following generalization of Theorem 1.2.

Theorem 1.4. Let f: X —> Y be a light mapping of a nondegenerate continuum

X onto a space Y. If X admits a basis of open sets whose boundaries have

weight < w( Y), then v/(X) = w( Y).

Proof. We will follow the arguments in the proof of Theorem 1.2. First, from

the proof of Lemma 1.1, it is easy to see that if U is an open set in a continuum

X, then w(Bd(t/) > v/(Cl(U)/R). This implies that each of the collections Baj,

a € A , i = 1, 2, ... , defined in the proof of Theorem 1.2 would have cardi-

nality < w( Y). Thus the collection B of the proof would have the cardinality

< w( Y) and would be a network for X. It follows that v/(X) = w( Y).

2. Some product theorems

Theorem 2.1. Let X be a rim-metrizable compact space. Let f: X ^> Yx[0, 1]

be a mapping of X onto a product of a nondegenerate, compact space Y and

[0, 1]. If for every y e Y there exists a continuum K in f~ ({y} x [0, 1])

such that f(K) = {y} x [0, 1], then Y is metrizable.
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Proof. Let X be a rim-metrizable compact space and let /: X —> Y x [0, 1]

be a mapping of X onto Y x [0, 1] as in the hypothesis of the theorem, and

Y be a nondegenerate compact space. We will show that Y admits a countable

network, and by Theorem 0.1, it will follow that Y is metrizable.

Let Ilj and ny denote the natural projections of Y x [0, 1] onto Y, re-

spectively. Let r, s G ßn[0, 1] with r < s. Consider f~x(UJl((r, s))). Since

(r, s) is an open Fff-set in [0, 1], f~ (Il~ ((r, s))) is an open Fa-set in X.

For every pair r, s G Q n [0, 1] with r < s, let {F": i = 1,2,...} be a

sequence of closed sets with metrizable boundaries such that

oo

/-1(n/-1((r,S))) = (jFiri.

i=i

Since Bd(F") is metrizable and compact, it is second countable and has a

countable network (Theorem 0.1).   Let 77" denote a countable network for
Bd(F{s).

Let

B = \jl\jBris\r,seQn[0, 1],  r < s\

and define

TV={ny(/(C))|CG77}.

Now TV is a countable collection because each 77" is countable and 77 is a

countable union of 77"'s. We shall show that TV is a network for Y.

Let M be a closed subset of Y and let y G Y - M. Next, consider

f-x(Mx[0, 1]) and f~X({y}x[0, 1]). Then f~x(Mx[0, 1]) and f'X({y}x
[0, 1]) are disjoint closed sets in X. By the hypothesis, there exists a contin-

uum K in f~x({y} x [0, 1]) such that f(K) = {y} x [0, 1].

Let r, s G Q n [0, 1] with r < s . Then, since f(K) = {y} x [0, 1],

Knrx(n;x((r,s)))¿0

and

Kn(X-rx(YlJx((r,s)))¿0.

Therefore there exists F" for some i, such that Bd(F") n K ^ 0. Let x G

Bd(F") r\K. Then x is not an element of J~X(M x [0, I]) because K n

f~x(M x [0, 1]) = 0. Thus there exists C e 77" such that x G C and

Cn/_1(Mx[0, 1])^0. It follows that UY(f(C)) G TV, and ny(/(C))rW =
0 and y G Y\Y(f(C)) because y = ny(/(x)). This proves that TV is a network

for Y. By Theorem 0.1, Y is metrizable.

Theorem 2.1 remains true if the domain is a rim-countable continuum or a

rim-scattered locally connected continuum without any condition on the map-

ping (Tuncali [7]).
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Corollary 2.2. The product of a nonmetrizable, compact space and a nondegen-

erate continuum is not rim-metrizable.

Proof. Let X be a nonmetrizable, compact space and let Y be a nondegenerate

continuum. Suppose that X x Y is rim-metrizable. Let /: Y -+ [0, 1] be a

mapping of Y onto [0, 1]. Define g: X x Y -» X x [0, 1] by g(x, y) =

(x, f(y)) • Then g is continuous and for every x G X, g~ ({x} x [0, 1]) =

{x} x Y. Since f'Y) = [0, 1], g({x} x Y) = {x} x [0, 1]. Thus, g satisfies

the hypothesis of Theorem 2.1, and therefore, X is metrizable, contrary to the

hypothesis.

Corollary 2.3. Let X be a rim-metrizable compact space and let f:X—> Y x

[0, 1] be a pseudo-confluent mapping of X onto the product of a nondegenerate

compact space Y and [0, 1]. Then Y is metrizable.

Proof. By the definition of a pseudo-confluent mapping, / satisfies the hypoth-

esis of Theorem 2.1. Therefore Y is metrizable.

Corollary 2.4. Let Z be a nondegenerate continuous image of a rim-metrizable

compact space X under a pseudo-confluent mapping. Then Z does not contain

a product of a nonmetrizable, nondegenerate compact space Y and [0, 1].

Proof. Let /: X —> Z be a pseudo-confluent mapping of a rim-metrizable space

X onto a nondegenerate space Z . Suppose Z contains a product Y x [0, 1 ]

where Y is a nondegenerate compact space.

Let /'=/|/_1(Yx[0, 1]). By the definition of a pseudo-confluent mapping,

it is easy to show that f':f~ (Y x [0, 1]) —► Y x [0, 1] is a pseudo-confluent

mapping. Since X is rim-metrizable, f~ (Y x [0, 1]) is also rim-metrizable.

Hence, the mapping /' is a pseudo-confluent mapping of a rim-metrizable com-

pact space /_1(Yx[0, 1]) onto Yx[0, 1]. By Corollary 2.3, Y is metrizable.

Corollary 2.5. If the product X x Y of two nondegenerate continua is a continuous

image of a rim-metrizable continuum under a pseudo-confluent mapping, then

both X and Y are metrizable.

Proof. Let XxY be the product of two nondegenerate continua and let /: Z —»

X x Y be a pseudo-confluent mapping of a rim-metrizable continuum Z onto

XxY.

Let g: X xY ^> X x[0, 1] be a mapping defined as in the proof of Corollary

2.2. Define h: Z -* X x [0, 1] as the composition of g and /. It is obvious

that A is a continuous mapping. We will show that h satisfies the hypothesis

of Theorem 2.1. Let x eX. Then g~x({x} x [0, 1]) = {x} x Y . Let K be an

irreducible continuum contained in {x} x Y between points p G g~ (x, 0) and

q G g~X(x, 1). Obviously, g(K) = {x}x[0, 1]. Since / is a pseudo-confluent

mapping, there exists a continuum C in f~~x(K) such that f(C) = K. It

follows that h(C) = gf(C) = {x} x [0, 1]. This proves that h satisfies the

hypothesis of Theorem 2.1. It follows that X is metrizable. Similarly, Y is

also metrizable.
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Corollary 2.6. Let X and Y be compact spaces. Suppose that XxY is rim-

metrizable. If both X and Y are not metrizable, then X and Y must be

O-dimensional.

Proof. Suppose that XxY has dimension > 0. We may assume that X is not

O-dimensional without loss of generality. Let K bea nondegenerate component

of X. Then KxY c X xY, and since X x Y is rim-metrizable, so is K x Y.

But this contradicts Corollary 2.2.

Corollary 2.7. Let X and Y be compact spaces. Suppose that XxY is rim-

metrizable. If X is nonmetrizable and has dimension > 0, then Y is metrizable

and has dimension 0, and X is rim-metrizable.

Proof. The rim-metrizability of X follows from the fact that X x {y} is a

subspace of X x Y, for some y G Y. The fact that Y is O-dimensional follows

from an argument similar to that in the proof of Corollary 2.6.

In order to see that Y is metrizable, let K be a nondegenerate component

of X. Since K x Y is rim-metrizable, Y is metrizable by Theorem 2.1.

Theorem 2.8. Let X and Y be compact spaces. Then XxY is rim-metrizable

if and only if one of the following holds:

(a) Both X and Y are metrizable.

(b) Both X and Y are O-dimensional.
(c) X is rim-metrizable, and Y is metrizable and has dimension 0 or vice

versa.

Proof. Suppose that X x Y is rim-metrizable. If X and Y are not metrizable

then Corollary 2.6 implies (b). If X (or Y) is not metrizable and has dimension

> 0 then Corollary 2.7 implies (c).

Conversely, it is obvous that (a) implies the rim-metrizability of 1x7.

Assume (b). If X and Y are O-dimensional compact spaces, then consider the

basis

B = {UxV\UcX,  VcY,  U, F are open, andBd(C/) = 0, Bd(F) = 0}

for the product topology of X x Y. Then for every U x V G 77 , Bd(U x V) = 0 .

It follows that X x Y is rim-metrizable.

Assume (c). In this case, choose a basis as the basis B above except that one

of the open sets would have a metrizable boundary and the other one would

have an empty boundary. Then Bd(U x V) = Bd(U) x V or U x Bd(F). It

will follow that Bd(U x V) is metrizable for all U xV £ B. Thus X x Y is

rim-metrizable.

3.  RlM-METRIZABILITY OF IMAGES

Lemma 3.1. If X is a compact space such that any distinct points p, q g X can

be separated by a closed metrizable subset of X, then X is rim-metrizable.

Proof. Let x G X and let U be an open set containing x.  Then {x} and

X - U are disjoint closed sets. For every y e X - U let Sy be a metrizable
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closed set which separates x and y . Let P and Qy be disjoint open sets such

that X - Sy = Py u Qy, x g Py and y G Qy. Moreover, Bd(Py) c Sy and

Bd(ßy) cSy. Then X-U c\J{Qy: y e X-U}. Since X-U is closed in X,
hence, compact, there exist yx, y2, ... ,yn such that X - U c Qy U • • ■ U Q   .

Let V = X - Cl(lj"=i Qy) ■ Then V is an open set such that x G V c U. It is

easy to see that Bd(F) is metrizable. This proves that X is rim-metrizable.

Theorem 3.2. Let X be a rim-metrizable continuum and let f:X—> Y be a

monotone mapping of X onto Y. Then Y is rim-metrizable.

Proof. Because Y is compact, in order to show that Y is rim-metrizable, by

Lemma 3.1 it suffices to show that any pair of points p and q in Y can be

separated by a closed metrizable set in Y.

Let p, q G Y with p ^ q. Then f~ (p) and /~ (q) are disjoint, closed,

connected subsets of X. Since X is rim-metrizable, there exists a closed metriz-

able set S in X which separates f~l(p) and /"'(<?) in X;i.e. X-S= UuV,

where U and V are disjoint open sets, and f~ (p) C U and /" (a) c V.

We shall show that f(S) is a metrizable closed set which separates p and #

in Y.

It is obvious that f(S) is closed and metrizable because X and Y are

compact spaces and S is closed in X, and / is a closed mapping. Suppose

that f(S) does not separate p and ^ in Y. Then X - f~x(f(S)) c UuV

is separated in X and there exists a quasi-component C of Y - /(S) such

that both /(C/) and f(V) intersect C. It follows that there exists a point

y G Y - /(S) such that /_l(y)nC/#0 and /"'(» n V / 0 (Whyburn [8,

Theorem 1.3, p. 137]). But f~X(y) is a continuum. Therefore /-1(y)nS/0.

This implies that y G /(S1) which is a contradiction. This proves the theorem.

Corollary 3.3. Let f:X-*[0, 1] be a mapping of a rim-metrizable continuum

X onto [0, 1 ]. Then the quotient space which is obtained as a result of the

monotone-light decomposition of f is metrizable.

Proof. Theorem 3.2 and Theorem 1.2 imply the result.

Theorem 3.4. Let X be a rim-metrizable continuum and let f: X —y Y be an

open mapping of X onto a space Y. Then Y is rim-metrizable.

Proof. Let y G Y and let N be an open neighborhood of y in Y. Then

f~ (y) c/_1(TV) where f~x(y) is compact and f~ (TV) is open. Since X is

rim-metrizable, there exists an open set U with a metrizable boundary such that

f~x(y) cU c Cl(U) c f~x(N). Since / is an open mapping, Bd(/(fJ)) c

f(Bd(U)) (Whyburn [8, Theorem 7.3, p. 147]). It follows that Bd(/( 17)) is
metrizable because f(Bd(U)) is metrizable. Hence one can find a basis of open

sets with metrizable boundaries for the topology of Y, and Y is rim-metrizable.

Theorem 3.5. Let X be a rim-metrizable continuum and let f: X —► Y be a

mapping of X onto a locally connected continuum Y. If f is pseudoconfluent

then Y is rim-metrizable.
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Proof. Let p, q e Y with p j= q . Then /~ (p) and f~X(q) are disjoint closed

subsets of X. Since X is rim-metrizable, there exists a closed metrizable set

S in I suchthat S separates f~ (p) from f~x(q) in X. We shall show that

f(S) separates p from q in Y.

Suppose that /(5) does not separate p from <? in Y. Since Y is locally

connected, there exists a connected open set C in Y such that p, q G C and

C1(C) n/(S) ^ 0, (Kuratowski [2, Theorem 1, p. 238]). Let K be an irre-

ducible continuum in C1(C) between p and q. Since / is pseudoconfluent,

there exists a componet L of f~x(K) such that /(L) = K. Since p, q £ K,

Lnf~x(p)¿0 and Ln/~'(#)#0. Thus Lr\S¿0. But /(L) n/(£) = 0
which is a contradiction. Hence /(S) separates p from q in Y. Since 5

is a closed metrizable subset of a compact space X, /(S) is metrizable. By

Lemma 3.1, Y is rim-metrizable.
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