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REAL ZEROS OF RANDOM ALGEBRAIC POLYNOMIALS
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(Communicated by Lawrence F. Gray)

Abstract. There are many known asymptotic estimates of the expected num-

ber of real zeros of algebraic polynomials with independent random coefficients

of equal means. The present paper considers the case when the means of the

coefficients are not all necessarily equal. The expected number of crossings of

two algebraic polynomials with unequal degree flows from the results.

1. Introduction

Let
n—l

rM = ¿2 aix' '
¿=o

where a0, a,,..., an_x  is a sequence of independent, normally distributed

random variables with variances one; let N(a, ß) be the number of real zeros of

T(x) in the interval (a, ß), where multiple roots are counted only once. Kac

[6] has considered the case when the means of the a^s (i — 0, I, ... , n - I)

are all zero and found that EN(-oo, oo), the mathematical expectation of

N(-oo, oo), is asymptotic to (2/n)log«.   Later Ibragimov and Maslova [4]

obtained the same asymptotic number of real roots for a case that includes the

results due to Kac [6, 7], Littlewood and Offord [8], and others. They consider

the case when the coefficients ai belong to the domain of attraction of normal

laws with zero mean. Their method allowed them [5] to show that if the means

of all the coefficients are equal but nonzero, then the expected number of real

roots asymptotically reduces by half. This remarkable reduction of the real roots

by half persists in the work of Farahmand [2, 3] when he studied the real roots

of the equation T(x) = K for any nonzero K .

Here we consider the case when the means of the coefficients are not all

necessarily equal.  The theorems show that in the interval (-1, 1), only the

means of the first n   coefficients, n = [n/k], where k > 1 is a constant, have

a decisive affect on the behavior of the polynomial, and only if these means are
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zero, nonzero bounded, or nonzero unbounded are different results obtained for

EN(-l, 1). While outside this interval the mean of the last n term dictates

the behavior of the polynomial. These results, of interest in their own right, are

important as they lead to the expected number of crossings of two polynomials

with different degrees. The set of equations

n-l n'-l

y = F(x) = ]T btx    and   y = Q(x) = ]£ CjXJ
;=0 j=0

represent two families of curves in the xy-plane. Then

/_. _.

F(x) - Q(x) = ¿ (bt - C¡)x' + ¿ btx'
<=o ,=„'

can be represented as ^m a¡x' where ai = (bi - c¡) for 0 < i < n - 1

and ai = bt for n < i < n - 1, which is, indeed, in the form of T(x).

Hence EN(-oo, oo) would be the expected number of crossings of F(x) with

Q(x) and consequently is only governed by the difference between means of b¡

and c¡ for 0 < i < n in the interval (-1, 1), and by the means of b¡ for

n < i < n — 1 outside this interval. The results are stated in the following:

Theorem 1. If the coefficients ax:, i = 0, 1, ... , n - 1, of T(x) are normally

distributed with variances one and means px and p2 for 0 </<«'- 1 and

n < i < n - 1, respectively, where n = n/k for k > 1 any constant such that

k = o(\/logn), then the expected number of real roots of T(x) = 0 satisfies

EN(-1, 1 ) ~ ( 1 /27t) log n   if px t¿ 0 bounded and p2 = o(ny),

and

EN(-oc, -1 ) + EN( 1, oo) ~ ( 1 /2n) log n   if p2 ^ 0 bounded and px = o(ny),

where y is any positive constant.

Theorem 2. If the coefficients ai are distributed according to the assumption of

Theorem I, then fork'   = o(\Jlogn - logpx/\/logn),

EN(-l,l)~(l/2n)log(n/p2x)

if px —> oo as n —» oo such that px = o(y/h~) and p2 = o(ny) and

EN(-oo, -l) + EN(l, oc)~(l/2n)log(n/p22)

if p2 —<■ oo as n -* oo such that p2 — o(^/ñ) and px = o(ny), where y is any

positive constant.

Theorem 3. Under the assumption of Theorem 1, for k — o(\/logn),

EN(-l, 1) ~ (l/7t)logH    if px = 0 andp2 = o(\fh~)
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and

EN(-oo, -1) + EN(l, oo) ~ (1/ft) log«    if p2 = 0 and px = o(y/h~).

Corollary. If the coefficients b¡ and c. of F(x) and Q(x) are normally dis-

tributed with means p2 and p'x, then the expected number of crossings of these

two polynomials comply with Theorem 1 to 3 with px = p2- p'x.

2.   A FORMULA FOR THE EXPECTED NUMBER OF REAL ROOTS

First we obtain a formula for the average number of real roots of the equation

T(x) = 0 under the assumptions of Theorem 1 or 2. Indeed, the result would

remain valid for Theorem 3 by letting px = 0. Let

0(/) = (27t)   1/2 f   exp(-y2/2)dy
J — OO

and

<K/) = <I>'(i) = (27:r1/2exp(-/2/2).

Then by using the expected number of level crossings developed by Cramer and

Leadbetter [1, p. 285], we obtain

(2.1)    EN(a,ß)= [ (B/A)(l-d2)XI2(p(kxIA)[2(p(r1) + r,{2^(r])-l}]dx,
Ja

where

A2 = \ar{T(x)},        B2 = Var{T'(x)},

6 = (AB)~[ Cov{T(x), T'(x)} ,        kx = E{T(x)} ,

k2 = E{T'(x)},    and   n = (1 - 62fX/2(k2 - B6kx/A)/B.

Since the coefficients of T(x) are independent normally distributed random

variables, we can easily show that

n —1 n—l n' — l n-l

xi = <"i Ylx'+h Hx' '    h = h Yl ix'~l + h H ix'~l '
i'=0 ,=„' i=0 ,=„'

n-l n-l
i .2   2¡-2
I  X

(=0                                   (=0

n-l ,-

C = Cov{T(jc) , T'(x)} = Y, ix2'~X,        r, = (A2k2 - Ckx)/A\jA2B2 - C2.
i=0
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Hence, from (2.1) and since <¡>(t) — 1/2 + (n)   '  erf(t/V2), we have the ex-

tension of the Kac-Rice formula [9]

EN(a ,ß)=f   \(A/nA2) exr){-(A2k\ + B2k] - 2Ckxk2)/2A2} dx
Ja

(2.2) + / (y/2/n)\A\ - Ckx\A~3 exp(-k2x/2A2)
Ja

X erf(\A2k2-Ckx\/AAy/2)jdx

Ix(a,ß) + L(a,ß),

say, where A2 = A2B2 - C2

3. Proof of Theorem 1

Observe that by virtue of the relation

n-l

T(x) =- x"~x Y^an_t_xx~l = x"~[T*(y),        y=l/x,
;=0

there corresponds to each zero of the polynomial T(x) in the interval (0,1)

(or (-1, 0)) a zero of the polynomial T*(x) on the half-line (1, oo) (or

(-oo, -1)). Let us interchange px and p2 and replace k by k/(k - 1) in

T*(x) ; and denote by A^* the number of real roots of such a polynomial.

Since the distribution of the latest polynomial is identical to that of T(x), we

have EN(0, 1) = EN*(l,oo) and EN(-l,0) = EN*(-oo, -1). Therefore

it suffices to determine the asymptotic behavior of EN(-l, 0) and EN(0, 1)

and use them to establish the values of EN(-oo, -1) and EN(l, oo). In

doing so we first consider the interval (0, 1). Let 0 < x < 1 - n , where

e = {log(log«y)/log«, r — y'k, and y = max{v , 10}. Then, since x" <

x    < exp(—n n     ) = n = n     , we can show

(3.1)
kx =/¿,(l -x" )/(l -x) + p2(x" -x")/(l -x)

= px/(l -x) + o{(px + p2)/kny ~ log«} ;

k2 = px{(l - x" )/(l - x)  - n x"    /(l-x)}

(3.2) + H{x" -x"-(\- x)(n'x"'~l - nx"-x)}/(l - x)2

= /i,/(l-x)  +o{(px+p2)/kny~ log«};

(3.3) A2 = (1 - x2")/(l - x2) = 1/(1 - x2) + o(l/kn2y'~X log«) ;

„2        ,       2n+2 2n   ,      2   ,   , 2   2n+2   ,   »   2   2n
B  = (-x       -x    +x  +l-nx       +2n x

(3.4) - n x "~  +2nx"    +2nx")(l-x)~

= (l+x2)/(l-x2)3 + o(l/k2n2y'~5logn);
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C = x(l-x2")/(l-x2)2-nx2"-X/(l-x2)

//i 2,2   ,      ,, „ 2   ly -2,     2    .
= x/(l - x )  + o(l/k n        log n).

Hence from (3.3)—(3.5), we can write

(3.6) A2= l/(l-x2)4 + o(l//c3«2y'_6log2«),

which together with (3.1 )—(3.5), give

(3.7) (A2k\ + B2k] - 2Ckxk2)/2A2

= p](l +x)/(l -x) + o{k (px +p2) log «/«y + }

and

(3.8) A/^2= l/(l-x2) + o(Â:/«2y'"2).

Therefore, using exp(u) = 1 + o(u) for all sufficiently small u, from (3.7) and

(3.8) and since y > 10, we can obtain

(3.9)
i— E_1

/,(0, l-n~X) = (l/n) [ [(l-x2)-'exp{-/z2(l+x)/(l-x)}
Jo

+ o{(px + p2) n~ }]dx

rl-n'-'

<(l/n) (l-x)exp{-2px/(l-x)}dx
Jo

< (l/2np2)exp(-2p2).

It so happens that for the range  1 - nE~   < x < 1  we cannot find out the

dominant terms for (3.1)—(3.5). But since

(3.10) A/^2<(2«-l)1/2(l-x)"1/2

for all sufficiently large n , we can write

(3.11) L(l-n~x,l)<(       (A/nA2)dx = o(y/klogn).
Ji-ne-'

To evaluate /2(0, 1), we notice that since j¿(kx/A) = A~ (k2A  - kxC), we

have

(3.12) /2(0, 1) < (2tt)"1/2 f exp(-u2/2)du < \ ,

where u = kx/A and £, = {pxn + p2(n -«')}/«. Hence from (3.9), (3.11), and

(3.12), we obtain

(3.13) EN(0, I) = o(y/klogn).
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In the following we find EN(-l, 0).  Let y = -x, then by using (3.7) and

(3.8) and since y > 10, we can obtain

(3.14)

/,(-l+ «*-', 0)= / [{l/7T(l-y2)}exp{-/i2(l-y2)/(l+y2)}
Jo

+ o{(px +p2)n~6}]dy.

From (3.14) and since px is bounded and e —► 0 as « —> oo , we have

i — s_l

lx(-l+ne-x,0)<(l/n) f 1/(1 -y2)dy

= (l/2ft){(l-e)log« + log(2-«£ ')}

< (1/2ft)log«+ 0.2.

Hence from (3.15) and by noticing that (3.11 ) would remain valid for x £ (-1,
e— 1

-1 + «     ), we obtain

(3.16) EN(-l,0)<(l/2n)logn + o(Vklogñ).

In order to obtain a lower estimate for EN(-l, 0) from (3.14) for k = 2/z,

and / = k( 1 - y) and all sufficiently large « , we can write

EN(-l,0)>Ix(-l+ne~X, -1)

> / {l/ft(l -y2)}exp{-2,i2(l -y2)/(l +y)2}dy
Jo

> (l/2ft) /     (l/t)exp(-t)dt
Jin'-'

{(1 -e)/2ft}log«-(l/2ft) /     {1 -exp(-t)}/tdt
Jkn'~l

ft)/

Jo
(l/2n)logn + o(k)

(3.17) JM

tin1

= (l/2ft)log«-(l/2ft) /       -exp(-/)}/^/ + o(>l«£"1)

since (k/n) —> 0 as « —» oo. Finally noticing that (3.12) remains valid for

-1 < x < 0, it together with (3.13), (3.16), and (3.17) gives the asymptotic

formula

EN(-l, l)~(l/2ft)log«,

which completes the proof of Theorem 1.

4. Proof of Theorem 2

If the assumption of px being bounded is relaxed and allowed to tend to

infinity as n —► oo such that px = o(s/h~), the inequalities in (3.9), (3.11),

(3.12), and hence (3.13) remain valid. In order to evaluate E(-l, 0) let k =
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2
px/4. Then from (3.14) and for all sufficiently large n , we can write

(4.1)

/,(-l + «£-', 0) < (1/ft) f       {1/(1 -y2)}exV{-k(l -y2)}dy
Jo

i— t_1

<(l/ft)/ (1 -y2)"'{l -k(l-y2)}dy
Jo

i_„'—i

< (1/ft) / [(1 -y2)"' -k/{l +k(l -y2)}]dy
Jo

<{(l- e)/2ft}[log« + log(2 - «£-1)]

-(l/2ft)(l + l/^2log/(1 + 1/A)l/2+1-"£"
(l + l/k)í/¿-l + nE

<(l/2n)log(n/p2) + 0.3.

Hence from (3.11), (3.12), and (4.1), we have

(4.2) EN(-l, 0) < (l/2n)log(n/p2x) + o(^/klogn).

To find a lower estimate of EN(-l, 0) from (3.17) we have

£/V"(-l,0)>{(l-e)/2ft}log«-(l/2ft) [ {l-exp(-t)}/tdt

<«> ,,- J°
+ (l/2n) {l-exp(-t)}/tdt.

Jo

Since (kne~ ) —> 0 as « -» oo, it follows that the last integral is (kne~ ]

o(k n E~ ). Also

(4.4)

/ {1 -exp(-í)}/í dt= /  {1 -exp(-t)}/t dt+ / {1 - exp(-t)}/tdt
Jo Jo Ji

< log k + 1

for all sufficiently large n . Then from (4.3) and (4.4) we have

EN(-l,0) > ( 1 /2ft) log(n/p]) -0.53,

which together with (4.1) completes the proof of Theorem 2.

5 . Proof of Theorem 3

For px = 0 from (3.8) we obtain

/,(0, i-nE-x) = Ix(-l + n-x,0)

r 1 — n

t5-1) =(l/n) (l-x2)~[dx + o(l/n)
Jo

~ (l/2ft)log«.
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Hence from (3.11), (3.12), (3.16), (3.17), and (5.1), we have the proof of

Theorem 3.
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