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ON THE STABLE RANK OF H*®
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ABSTRACT. We prove that if f;, f are corona data and f; is the product of
finitely many interpolating Blaschke products, then there exist corona solutions
81, & Wwith g~ ! ¢ H(D). This provides a partial result in the direction
of proving the stable rank of the algebra of bounded analytic functions on the
open unit disc is one.

1. INTRODUCTION

Let A be a commutative ring with identity. An n-tuple a € A" is said to
be unimodular if there exists b € A" such that >, b;a; = 1. We denote the
set of unimodular elements of A" by U,(A4). An element a € A" is said to be
reducible if there exists x;, ..., X,—; € A such that

(a1 +x10n, a2+ X2an, ..., An—1 + Xp—1an) € Up_1(A).

We define the stable rank of A, denote by sr(A4), to be the least n — 1 with the
property that every a € U,(A) is reducible.

The notion of stable rank has been useful in studying problems relating to
the structure of commutative Banach algebras (see [1]) and recently some work
has been done on calculating the stable rank of various algebras of analytic
functions. In [6] it is shown that the disc algebra has stable rank 1 and thereby
answered a question raised by Rieffel in [9] in which a related concept, the
topological stable rank is introduced. It is defined whenever A is a Banach
algebra by tsr(A4) = min{n : U,(A4) isdense in 4"} . Rieffel leaves open whether
sr(A) = tsr(4) and points out that if A4 is the disc algebra then tsr(4) = 2.
However, in [4] it is shown that whenever A is a unital C*-algebra, sr(4) =
tsr(A) .

In [1] it is conjectured that the stable rank of the algebra of bounded analytic
functions on the unit disc is 1; that is every (f;, f2) € U,(H*®(D)) is reducible
to an element of (H*(D))~!, the invertible elements of H>(D). Equivalently,
via the corona theorem, this means given fi, f, € H*(D), |fi|+|f2|>d >0,
there exists g € (H®(D))™', g € H®(D) such that fig, + /g, = 1. The
purpose of this paper is to provide a partial result in this direction. Before
stating our theorem we require some definitions.
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We denote by H> the algebra of bounded analytic functions on the unit
disc D ={z:|z| < 1} equipped with the supremum norm. A(D) denotes the
disc algebra, that is A(D) = H*(D)N C(D). A sequence {z,;} C D is called a
Blaschke sequence if 3°;(1 —|zj|) < oo and the bounded analytic function

is called a Blaschke product. A Blaschke sequence {z;} for which every in-
terpolation problem f(z;) = a;, {a;} € [*° has a solution f € H* is called
an interpolating sequence and the corresponding Blaschke product is called an
interpolating Blaschke product. It is not known whether the set of interpolating
Blaschke products are dense in the set of Blaschke products. A positive answer
to this question implies sr(H>°) = 1 (see corollary below). The theorem we
prove is the following:

Theorem 1. Let fi, f» € H>®(D) with inf,cp max(|f,(z)|, |fa(z)]) = J > 0.
If fi is the product of finitely many interpolating Blaschke products, then there
exists g € (H®(D))™!, g, € H*®(D) such that figi+ g =1.

The existence of gy, g2 € H®(D) with fig, + g = 1 follows from
Carleson’s corona theorem (see [3, Chapter VIII]). However the proofs of the
corona theorem do not give g, € (H*(D))~!. If f; is the finite product of
interpolating Blaschke products, it is not too difficult to obtain g, € H*(D),
g2 € (H®(D))~!. See[7, Corollary 3.5]. Theorem 1 is proved in [1, 6] under the
assumption that f;, f, € A(D). This has been extended to the case f, € A(D),
f>» € H®(D) in [2] by first showing that it suffices to assume fij(z) = z. We
note that this is then a special case of Theorem 1. More generally, Laroco [8]
has shown that sr(H*>) =1 if log f; can be boundedly analytically defined on
{z :|f2(2)| < ¢} for some & > 0. It is also shown in [8] (Theorem 3.6) that in
proving the reducibility of a general corona pair (f;, f,) we can assume f; is
a Blaschke product. Combining Theorem 1 with some of the results in [8], we
have the following corollary, which was shown to me by L. Laroco.

Corollary. If every Blaschke product can be uniformly approximated by interpo-
lating Blaschke products, then st(H*(D)) =1.

Proof of Corollary. Let (f1, f2) € Uo(H*®(D)), which we require to show is
reducible. The hypothesis of the corollary and the proof of Theorem 1.1 in [§]
show that the set {BA: B is an interpolating Blaschke product, & € (H>®(D))~!}
is dense in H*(D). Consequently, by Corollary 1.2 in [8] there exists interpo-
lating Blaschke products B;, B, and A, hy € (H*(D))™! such that

(1) f[B]hl-l-szzhz= 1.

We now utilize the proof of Theorem 3.6 in [8]. Equation (1) implies (B, f;) €
U,(H*(D)) and so by Theorem 1 is reducible to (H°°(D))~!; that is there exists
g1 € (H®(D))~!, g € H*(D) such that B, + g, f, = g . Substituting into (1)
gives

fi(gr — &2L)h + fLBrhy = figih + fi(Bahy — fig2h1) = 1
and g h, € (H®(D))™! asrequired. O
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2. PROOF OF THEOREM 1

In proving Theorem 1 it is convenient to work in the upper halfplane R} . We
denote by H>°(Rj), or simply H, the algebra of bounded analytic functions
on R} . In R} the Blaschke product with zeros {z,} is

0 2

z—z 14z
=Ha,,( _") where a, = ' '2’|.

o Z—7Zp 1+ 2z

Denote by
&(B) = inf H

k#n
and by p(z, w) = |(z — w)/(z — w)| the pseudo-hyperbolic distance between
z,weRy. If zeRj, r>01let D(z,r)={w € R}: p(z,w) <r}. A
Carleson cube in Rj is a cube of the form Q = {(x,y): xo < x < xo+ h,
0 <y < h}, and we denote its length by /(Q). A measure u on R} is called
a Carleson measure if |u|(Q) < CI(Q) for all Carleson cubes Q. Carleson’s
interpolation theorem states that the following are equivalent:

1) {z;} is an interpolating sequence in R ;

(2) there exists n > 0 such that infy [, p(z;, zx) 21> 0;

(3) there exists a > 0 such that for all j # k, p(z;, zx) > a, and the
measure du = 5 1=z jl)dz; , is a Carleson measure where J, denotes the
Dirac measure at z (see [3, Chapter VII]).

Finally, if E C R} we denote by E* the set {x: x + iy € E for some y}.

Lemma 1. Let fi,..., fu, g € H®. If (fi,8) € Uy(H®), 1 <i< N and
each (fi, g) is reducible to (H*)~! then (I].., fi, &) is reducible to (H*)™!

Proof. The hypothesis of the lemma implies there exist k; € H®, h; € (H*)™!
such that f; + k;g = h;. Then []_,(fi + kig) = II;_, ki, which implies
(IT~, fi) + kg =1\, h: for some k € H® and [];_, h; € (H®)"!. O

A consequence of Lemma 1 is that we need only prove Theorem 1 for inter-
polating Blaschke products.

n

Lemma 2. Let 0 < ng < 1. Then there exists o = uo(1o), 0 < no < 1 such that
Jorall 0 < p < pgy there exists A = A(u) such that if B(z) is an interpolating
Blaschke product with zeros {z;} and inf,[]; 4, p(2k, 2n) 2 1Mo, then

(1) {z:|B(2)| < u} €U, D(zn, A) and

(i1) D(zn, A)ND(zy,A) =2 forall k #n.

Furthermore A(u) may be chosen so that lim,_,oA(u) =

Proof. The proof of this result for the unit disc is contained in the proof of
Lemma 4.2 in [5]. The result for RJ follows by a conformal map. O

Lemma 3. Let {z;},> bean interpolating sequence with inf, [Mkyn P25 20) =
n>0.1If p(z, zx) <n/3, then ], 4 p(z, zx) > n/3.

Proof. The triangle inequality for the metric p implies

@ I1 otz 2 2 [T 22012 20

n#k n#k

p(z, zk)p (Zn, z)
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Let B(z) be the Blaschke product with zeros {p(zx, zn)}nzk - Note that the
right-hand side of (2) is B(p(z, zi)) while B(0) =], p(zk, zx) . Schwarz’s

lemma implies
|B(p(z, zi)) = B(O)| p(z, zk)
I1-B(p(z, z))B(O)] ~ "

|B(0)| — p(z, 2)
1B(p(z, zi))l 2 —2 p(z, zi)

Hence by (2) we have [[, . p(z, z2) >n/3. O

and hence,

n
>3

Lemma 4. Let B(z) be an interpolating Blaschke product with zeros {z;} and
let 6(B) = inf, [];,, P(2k, zn). Then B has a factorization B = B\B, such
that 6(Bj) >3(B)'/?, j=1,2.

Proof. See Corollary 1.6 in Chapter X of [3]. O

Lemma 5. Let B(z) be an interpolating Blaschke product with zeros {z;} and
suppose 6(B) > 0. Then if Q is a Carleson cube and zy € Q, Sz, > 31(Q),

then |
S v <5 (log 557 ) 1@).

ZjEQ
J#k

Proof. This result is contained in the proof of Lemma 2 [7, p. 267]. O
We also need a version of Theorem 1.1 in Chapter VIII of [3].

Lemma 6. Let du = hdxdy be a Carleson measure on R , where h € C*(RY)
and supph N R, C {z:|z| < R} for some R > 0. Then there exists u €
C(R;) N C'(R}) such that Ou = h and sup,cg|u(x)| < C where C depends
only on supg |u|(Q)/1Q|.

Proof. For z € R, , define

F(z)=%//kz+ Ch(_C)Zdudv, C=u+tiv.

Then since # has compact support, F € C (ﬁ;). Also, F € C!(R}) since
F is convolution of a function in C*°(R?\{0}) with a function in C*°(RJ).
Also note that F € Cy = {f € C(R): limy_,1 f(x) = 0}. The argument that
OF = h is essentially the same as the corresponding argument in [3, p. 319].
To obtain the solution u, use the duality argument in [3, p. 321], observing
that the dual of Cy/ConN H*® is H! (see [7, p. 193]). O

We prove Theorem 1 with fi(z) = B(z), where B(z) is an interpolat-
ing Blaschke product with zeros {z,}. Let §y = infzeR; max(|B(z)|, | f2(z)])
and we can assume without loss of generality that || f3]lcc < 1. With 7y =
infy, [y 4, P(zk s zn) in Lemma 2, choose 0 < u; < o so that 4; = A;(u1) <
do/8 . Also choose 1 > 1y so that 100 log 1/ < 1/32 and note that n > 3/4.
Now choose u> < u; so that A, = Ay(u2) < min(u,/2, 4,/2, n/20). The
constants 1, i, 42, A1, A2 depend only on dy and 7.
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Using Lemma 4, factor B into interpolating Blaschke products By, ..., B,
such that for each B, J(B;) > n. By Lemma 1, it suffices to prove Theorem
1 for each of the factors B;,..., B,. Select one factor and denote it by B
and its zeros by {z;}. Observe that infzeR; max(|B(z)|, | f2(z)]) > do. Now
let r > 0 be small. Let B,(z) denote the finite Blaschke product with zeros
{z;} where Sz; > (4/dp)r and |z;| < 1/r. Denote these zeros by z,, ..., zx.
Also let f; ,(z) = fo(z + ir). Then B,(z), f,,(z) € H*({y > -r}) and
lim, 0 B,(z) = B(z), lim,0 f2,,(z) = f2(z) uniformly on compact subsets of
R . We claim that

inf max(|B,(2)|, | f2,,(2)]) > us -
ZER;

Indeed, if |f2,,(z)] < u1 < o, then |B(z + ir)] > dp. This implies that
p(z+ir,zy) > 0, 1 < i < N. Now D(z,,d) is the Euclidean disc
{z:|z - c| < R} where

2
c=x,,+i<1+§0)yn and R=l02)/n-

1- 62

A calculation then shows that dist(0D(z,, &), 0D(z,, do/2)) > (J0/3)yn >
r. Hence p(z +ir, z,) > dp implies p(z, z,) > d/2 > A1, 1 <n < N.
By Lemma 2 this implies |B,(z)| > u;. Suppose now |B,(z)| < u;. Then
p(z +ir, z,) < Ay < dp/2 for some z,. A similar calculation to the above
shows then that z + ir € D(z,, &) and hence |B(z + ir, z,)| < dp. Thus
|fa(z + ir)] > dp > 1. We now denote B,, f, , by B and f, respectively.
By using a normal families argument it suffices to prove Theorem 1 for B and
/> provided we show that the upper and lower bounds for g, and the upper
bound for g, depend only on Jy and 7g.

The proof of Theorem 1 consists of constructing to each z;, 1 < j < N
regions T;, T;, T; C T; C R, satisfying the following properties:

(i) D(zj, ) C T; and TF = D(z;, 24p)*.

ii) The region R\7; is simply connected and for each z € §+\T-
2\ 2\

oo (23)| <
J

where C is independent of j.

(iii) There exists & = &(dg, 7o), 0 < & < 1 such that {z € R, : |f3(2)| <
eynTj=2, I<j<N.

(iv) TjnTy =2, j#k and

dist(Tj\D(z;, 242) , Ti\D(zx , 242)) = C (S0, to) min(y;, ¥¢) -

(V) There exists ¢; € C*(R;), 0< ¢, <1, ¢;=1o0on T;, ¢; =0 on T¥,
a¢ j € L°°(§;) , and such that for any Carleson cube Q,

/ /Q B6,|dx dy < Cmin(l(Q), y;)

for some absolute constant C .
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Before constructing the above regions, we show how Theorem 1 is established.
Properties (i) and (ii) imply that on i;\j}' we can define an analytic branch
of log(a;((z — 2,)/(z — Z;))) with

o (o (52))

Denote this branch by log;(;((z — z;)/(z — Z;))) . Define

F = exp (jzz:]d’jlogj (ai (j:g)))

R,

5)s IFllo < C. Now let

1 — 1 N _ zZ—2zj

Then h € C*(R;) since 9¢; # 0 only if z € J(T;\T;) and in this case
by (iii), |f2(z)| > €. Since there are finitely many zeros, we see also that
supph NR, C {z:|z| < R} for some R > 0. Also, the measure |k|dxdy is
a Carleson measure on R} . To see this, let Q = {(x,y):x0 < x < xo +/,
0 < y < I} be any Carleson cube in R} . If Sz; > 3/ then D(z;, 24)NQ =2.
Consequently, by (iv) there are at most C T‘j’s corresponding to points z;,
Sz, > 31 for which T;NQ # &. If $z; <3/ and T;NQ # @, then z; is
contained in the cube Q' = {(x, ¥): xo—2/ <x <xp+3/, 0 <y < 5l}. Thus

//thldxdyS%//le5¢jldxdy
<c ¥ //Q|5¢j|dxdy+C ) /[Q|5¢,~|dxdy

(3)

and note that F € C(

Q‘Zj<3l 3‘2,‘231
T,nQ#o T,nQ#2
<CY y+C Y Q). by
z;€Q’ Sz;>31
T;NQ#®
< CUQ)+ClQ)
<ClQ),

where C depends only on Jy and 7. Hence by Lemma 6, there exists u €
C(R;) N C!(R}) such that

1

4 du=h=—-——0F
(4) =F
and sup,cg |u(x)| < C(do, Mo) . Now define

& = Ee“fz-

B
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We first note that e*“2 € C(R;) and on {x =0}, |e¥*“2| < C(dy, no) . Now if
z € D(zj, A;) for some z; then F(z) =a;((z - z;)/(z—Z;)) and by Lemma
3, since p(z, zj) <A, <n/3, we have
p(Z, Zj) 1
1< <
T B T Tlkgs P(25 2k)

<3
n
and hence,
1 _IF@)

(5) C(do, mo) ~ |B(z)]

If z ¢ UD(zj, 4), then by Lemma 2, |B(z)| > up and by (3), |F(z)| > C,
and so we again have (5) for z ¢ (JD(z;, A2). (5) now extends by continuity

to R}L Thus g, gl“ € C(ﬁ;), g1 is bounded on Ry and so on {x =0},
(6) 1/C(do, no) < |&1(x)| < C(do, o) -

Also by (4), g; is analytic on R, and so by (6) and the maximum principle
applied to g, g;', we have for all z € R}

1/C(d0, m0) < 181(2)] < C(do, Mo)-

< C(60 > '10) .

Now define
g2 = (1= Fetf)
and note that giB + g,/ =1 forall z € R}. If Ifg(Z)l > ¢, g is clearly
bounded while if 0 < |f;(z)| < €, then by (iii) z ¢ (JT;, which implies F =1
and so
&= %(l —e"f)—» —u as f, - 0.

Hence g € C(R;), maxcer|g2(x)| < C(o, M), and by (4), g is analytic
on Ry . Also g is bounded on RJ so applying the maximum principle gives
ll&2lloc £ C(dg, 1o) . Theorem 1 now follows from a normal families argument.

Before constructing the regions 7;, T; we require the following lemma, the
proof of which is given in Theorem 3.2 in Chapter VII of [3].

Lemma 7. Let f(z) be a bounded analytic function on {y > —r} with ||f|lc <
1. For0O< B <1, 0<y<1 thereexists a =a(f,y), 0<a< 1 such that for
any cube Q in {y > —r} with base on {y = —r}, supr, |f(2)| > B implies
{z € Q: |f(2)| € a}*| < yI(Q). Here T(Q) denotes the top half of Q, that is
T(Q)={z€Q:Sz>3(Q)-r}.

We first construct the regions 7, 7; corresponding to a fixed zero z; of
B, and without loss of generality, we assume z; belongs to the top half of
the unit cube Qp = {(x,y):0<x <1, —r <y < 1-r}, which we think
of as being dyadic. The construction we use is very similar to the first part
of the corona construction described in Chapter VIII of [3]; the assumption
zj € T(Qo) implies supzg,|f2(z)| > u; and so Qp is a case I cube in the
construction described in [3].

Using Lemma 7, choose N € N so that whenever Q is a cube in {y > —r}
with base on {y = —r} and suprg, |/2(z)| > w1, we have

(7) {z € Q: 1A2(2)| < 27| < (2/16)(Q).-
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We can assume N is sufficiently large so that 2-¥=3) < 4, . For each dyadic
cube Q C Qp with base on {y = —r}, partition T(Q) into 22¥-! dyadic
squares S;. Let

R(Qo) =S, € Qo: S;NR; # 2, inf 13(2)l <27}

Then if ¢ = 2-¥V+D) |

{z € Qo: |2(2)] < 2¢} € Z(Qo),
while by Schwarz’s lemma, if z, w € S; C #(Qp) then

1£2(2) = fo(w)| < 627V,

which implies
sup |fa(z)] < 2N
z€%(Qo)

and hence by (7)

(8) % (Q0)*| < A2/16.

Now let Q;, O, denote the two cubes in {y > —r}, base on {y = —r}, and
each having a common vertex at z;. Note that 1/2 < /(Q;) <1, i=1,2
and since n > 3/4, Q; and Q, contain no other zeros in their respective
top-halves. Now by Lemma 5,

> ID(zi, 422)*1 <20 Y Aoy < 100,1210g1 <A

2 €Q) 2 €Q) 32
k#j k#j
Similarly
o A
S ID(zk, 40" < 22
32
zx €0
k#j
and hence,
o A
9) S DGz, dh)' <
16
€ V0Q,
k#j
Also if z; ¢ Q1UQ;, Sz <1, then
(10) D(zj, 44)* N D(zy, 42)" = 2.

Now since |(0D(zx, 42) N Qo)*| > A2/4, (8)-(10) imply there exists wy =
Xo + iyo € 0D(zj, A;) N Qp such that the vertical line x = xo is disjoint from
both #(Qp) and U{D(zx, 442): Szx < 1} and such that w, lies above no
other point on dD(z;, A;)UQy with this property. In particular, the line x = x
is contained in cubes S; not contained in %#(Qy). Since r > 0 we have

min{/(S)): S;NR; # &, S; ¢ #(Qo)} >0

and hence, there exists x; # xo on {y = 0} NdQp such that if x, is between
Xxo and x; then the vertical line x = x; is disjoint from %#(Qp). Let

po = 3 min{2|xo — xi|, A2y1, ... , Aayn}
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and choose x3 between Xy, and x; so that |xg — x3] = po. Assume without
loss of generality that xo < x3. Define

Tj ={ze€ ﬁ;: Xo < R(z) < x3, there exists w; € D(z;, 24;) such that
S(z) < S(w1)}UD(z;, 247)

and
T;={zeT;: dist(z, dT\{x =0} ndT;) > Lpo}.

Standard arguments give ¢; € Cg°(§§) ,0<9¢;<1,¢9;=1o0nT;, ¢; =0
on T¢, |0¢j| < C/po, and such that if Q is any Carleson cube in RJ, then

/ /Q 36,1 dx dy < Cmin((Q), ;)

for some absolute constant C .

Repeat the construction for each of the remaining zeros z;, and it remains
only to verify properties (iii) and (iv). In verifying (iii) we can assume z;
is the zero considered above. If z € Tj\D(zj, 24;) then z ¢ F#(Qo) and
hence |f2(z)| > €. If z € D(z;, 24;) then |B(z)| < 24; < u;. This implies
|2(2)] > wy > 2-(¥=3 > ¢ and (iii) follows. To prove (iv), suppose that T}, T}
are the regions corresponding to z; and zj, and we can assume y; > y; . For
convenience we assume z; is the zero considered in the construction above.
First, 1, < %11 implies D(z;, 2A;)ND(zy, 242) = @ by Lemma 2. D(z;, 24;)
is a Euclidean disc with center

it ( +4,12)
S 423

Hence y; > y, implies Sc; > ¢, . Since T = D(z;, 242)*, this implies
D(zj, 24;)N Ty = . Thus T‘, N T, = 2 follows from the second part of (iv),
which we now prove. If z € T}\D(z, , 24;) then z is at a distance < %lzyk
from a vertical line that is disjoint from D(zy, 44;). Together with the fact
that T} = D(z; , 24,), this implies dist(z, Tk) > C(do, no)yr and (iv) now
follows.

This completes the proof of Theorem 1.
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