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Abstract. We study the operator

St fix) = I-* f
Jo

30 Vfiy)

x-y
dy

on Lorentz spaces on K+ with respect to the measure 4X dx . This is related to

the harmonic analysis of radial functions on hyperbolic spaces. We prove that

this operator is bounded on the Lorentz spaces L29(R+ , 4X dx), 1 < q <

+00 , and it maps the Lorentz space L2 • ' (R+ , 4X dx) into a space that we call

WEAK-Z.2''(R+, 4xdx). We also prove that J? maps L'(R+ , 4X dx) into

WEAK-L'(R+ , 4X dx) + L2(M+ , 4X dx).

The radial part of the Haar measure on the three-dimensional hyperbolic

space has density (Sinh 2x)2 dx, the spherical functions are {¿sinh^cosh*} >

and for suitable radial functions one has a Fourier transform and an inversion

formula

fw=Cf{y)ksiZtsby^h2y^y^

f(x) = -L r°°/m    , °inA*      k2dk.
v 2n Jo k Sinh x Cosh x

(See [7].)
The Rth partial sums of the Fourier expansion of / are defined by

so that, by an explicit computation,

(.+00e.  .      1   r°° Sinh 2y sin R(x - y) .. .  ,
f{x) = ñJo      SxñbTx      x-y      f{y)dy

f(y)dy.

/o

j_ r+°° s

* Jo Sinh 2x       x + y
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This operator naturally leads to consider the Hubert transform

(Sinh2x)-177[/(y)Sinh2y](x) = -=±_ /+°° i^^l dy
n ainn ¿x Jo x — y

on R+ with the measure (Sinh2x)2i/x .

The local behavior of this operator can be studied using the theory of the

weights Ap , but, since the measure (Sinh2x)2tix has an exponential growth,

the Ap theory does not apply globally. Indeed, it can easily be seen that this

operator is bounded on LP(R+, (Sinh2x)2Jx) only if p = 2. However more

precise results can be obtained in terms of Lorentz spaces.

In this paper we study the related operator

on Lorentz spaces on R+ with respect to the measure 4X dx. In particular, we

prove the following result.

Theorem, (i) The operator %? is bounded on the Lorentz spaces L2'qiR+,4x dx),

1 < q < +oo.

(ii) JT is bounded from L2-l(R+ , 4X dx) into WEAK-L2 • ' (K+ , 4X dx).
(iii) ßt is bounded from Lx(R+,4xdx) into WEAK-LX(R+, 4Xdx)+

WEAK-L2-x(R+,4xdx).

The definition of the space WEAK- L2 • ' (R+, 4X dx) is a natural generaliza-

tion of the definition of the Lorentz spaces L2'q(R+ , 4X dx), and is given in

a moment. Here we only observe that if / has compact support in R+ and

j+oo 2yf(y) dy = I, then if x -» +oo, &f(x) ~ 2"*/(l + x). This is not a

function in L2- ' (R+ , 4X dx), but it belongs to f|g>i L2'q(R+, 4X dx) and it is

the typical example of function in WEAK- L2 • ' (R+ , 4X dx). In particular, this

example shows that the theorem is essentially sharp.

The plan of the paper is the following: the first section contains definitions

and some preliminary results on Lorentz spaces, and the second section is de-

voted to the proof of the theorem. In the final remark we briefly consider

Fourier integral expansions of radial functions on the hyperbolic space.

Definitions and preliminary results

Definition. Let (X, p) be a measure space. The Lorentz space LP'q(X, p),

0 < p < +00, 0 < q < +00, is the class of measurable functions with finite

quasinorm

liyil^       Í {q ¡o+°°mx £ X :\f(x)\> t}xlpf dt/t}1'"    ifí<+oo,

1 Sup/>0/MxeX:|/(x)|>01/p if<7 = +oo.

The Lorentz space Lp'q'r(X, p), 0 < p, q < +00, 0 < r < +00, is defined

by requiring that tp{x e X : \f(x)\ > t}xlp is in Lq-r(R+ , dt/t).

Let f**(t) = Sup^jj^, t~x JE l/l dp . For 1 < p < +00 , an equivalent defini-
tion of the spaces Lp'q(X, p) and Lp'q<r(X, p) is given by requiring that the

sequences {4>lpf**(4i)} belong to lq{L) and lq-'{L) respectively.
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We also recall that, for the real method of interpolation,

(L*-*(*, p),Lpi-q>iX, /*))*,, = Lp>qiX, p)    if i^ + !■ = £,
A)       Pi      />

(L* ■*>(*, a) , £'•*(*, /0),,r = L'>«<r(X, /z)    if i¿^ + |- = i.
#o        <7i      9

For the spaces LP>«(X, p) see [2, 3]; for IJ>-«-r{X, p) see [1].
Throughout the paper, instead of writing LP>*\°°{Xt p), we prefer to write

WEAK-L/'i(X,//). Also, we mainly work with the measure space

X = R+ and dp = 4X dx, and we are particularly interested in the space

WEAK- L2 • ' (R+ , 4X dx). As an example, useful in the sequel, the functions

2~x/(l + \x-k\), k = 0,l,..., are uniformly in WEAK-L2 ■ ' (K+, 4*<ix)

but not in L2- X(R+ , 4X dx). Indeed, it is easy to check that

( 2~x W)»/1      .     lf;-0'

\i + \x-k\)   [  }   Xí-'Rt&sh**  ifJ>°>
ii if;<o,

Further examples of functions in these spaces can be obtained by using the

following arguments.

Definition. To every sequence {ak} on N we associate the function T{ak} on

R+ defined by

T{ak}(x) = ak2~x   if[x] = k

( [x] denotes the integral part of x ).

To every function / locally integrable on R+ we associate the sequence T*f

on N defined by

T*f(k)= í + 2xf(x)dx.
Jk

Proposition, (i) The operator 3~ is bounded from lq(N),  0 < q < +oo, into
L2-q(R+,4xdx).

(ii) y is bounded from WEAK-/'(N) into WEAK-L2-'(R+ , 4X dx).
(iii) 3~* is bounded from L2>q(R+, 4X dx),  1 < q < +00, into lq(N).

Proof. Proof of (i). Since \\2~xX[k,k+i)(x)\\L2.q < c> with c independent of

k = 0, I, ... , the result holds if 0 < q < 1. Since the function 2~x is in
L2'°°(R+ , 4X dx), the result holds if q = +00 . By interpolation we obtain the

result if 1 < q < +00 .

Proof of (ii). Consider the sublinear operator

S{ak}(4J)=V[T{ak}r(4J).

By (i) S is bounded from lq(N), 0 < q < +00, into lq(1). Hence by
interpolation, S is bounded from /1-00(N) into WEAK-/'(Z).
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Proof of (iii). This follows from (i) and the fact that T* is the adjoint of

T.

Proof of the theorem

Proof of (i) and (ii). Let

*[0,2) ifk = 0,

X[k-x,k+2)   if/c=l,2,

(. Wk = Xr+ - <Pk ,

; <pk={

and decompose

MTf{x) = 2-x f
Jo

x 2yfiy)

x-y

A:>0 Jk *x-y

'Vk(x)     Wkiix]), v -_, f+1 (Wkjx) _ <Pki[x})\

¿Ó    A    U-y    M-M
rk+X

/     2VCy)rfy

2yf(y)dy

+ £2-
Vfc([*])

[x] - fc Jk

= s/f(x)+&f(x) + %'f(x).

Lemma A. The operator sf is bounded on Lp'q(R+ , 4X dx), 1 < p < +oo and

0 < q < +06.

Proof. Since the supports of the {cpk} are essentially disjoint, if 1 < p < +oc ,

r + OO

/      Wf(x)\
Jo

p4x dx<c
fk+2

V /      2<2-">x
tr^Jk-x

2yfjy)
x-y

dy dx

+°° xlk,k+x)iy)2yfiy)
x-y

I
*>o Jo       Jo

(■ + 00

<c£2<2-">* /      |z[t,/t+,)(jr)2VU)l"^
*>o ^

/•+oo

< c /       |/(J
7o

dy dx

(x)\p4xdx.

Hence sf   is bounded on  LP(R+, 4*úíx).   The boundedness on Lorentz

spaces follows by interpolation.

Lemma B. The operator 38 is bounded on L2,<?(R+, 4X dx),  1 < q < +oc.

Proof. We observe that

rk+X

\&f{x)\
k>a      Jk      v

¥k(x)     Wk([x])

x-y     [x] - k
2yf(y)dy

<-«->z£^m--
k>0

l+([x]-k)
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where T has been defined in the previous section, and {ßj} is the convolution

(in Z ) of the sequences {¿+l 2y\fiy)\dy} and {1/(1 + k2)} .

If the function / belongs to L2'q(R+ , 4X dx), 1 < q < +oo , then by (iii) of

the Proposition, the sequence {Jk+l 2y\f(y)\dy} is in /«(N). Hence also the

sequence {ßj} is in /9(N), and the lemma follows from (i) of the Proposition.

Lemma C. The operator W is bounded on L2>q{R+, 4X dx), 1 < q < +oo, and

from L2'xiR+,4xdx) into WEAK-L2>'(R+ , 4X dx).

Proof. As in the proof of the previous lemma we write

9 fix) = 2~x £ tttfx])^ Zf^k)dy = T{7j}ix),
k>0

rk+X
where {y,} is the Hubert transform (in Z) of the sequence {Jk     2y' f{y)dy}

A repeated use of the proposition completes the proof.

Parts (i) and (ii) of the theorem have been proven.

Proof of (iii). As in the proof of (i) and (ii) decompose

2yfjy)
x-y

XT fix) = 2~x f
Jo

dy

k>0 k * k>0 k '

= 3tf{x) + &f(x).

Lemma D. The operator &   is bounded from   Lx{R+,4xdx)   into  WEAK-
LxiR+,4xdx).

Proof. Let p denote the measure with density 4x dx and m the Lebesgue

measure on R+ . Then

p{x e R+ : \3>f(x)\ > t}

<^ p\x e[k - I, k + 2) :
k>0      K

< c^24kmlx eR+ :

rk+X

Jk

2yfjy)
x-y

dy >
2xt

k>0

pk+X

Jk
2yfjy)
x-y

dy >
2kt

<cE4
fkk+l\2yfiy)\dy ^    L+°°\fiy)\4ydyk Jk

k>0
2kt

<c-

Lemma E. The operator  If   is bounded from   LxiR+,4xdx)   into  WEAK-
L2'xiR+,4xdx).

Proof. Observe that

|«•/w|^ETT^^Ii^'l/W|2"','•
k>0 ' '     K
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and that the functions {2~x/(l + \x-k\)} are in WEAK-L2''(R+, 4* dx) with
norm bounded independently of k = 1,2,... . Also, if 0 < q < 1,

k>0

rk+X

[      \fiy)\2ydy    <{Y.2~k<"(X~q)\      i£ /      \f(y)\Vdy
Jk [k>0 J [k>0Jk

= {1 _ 2-^/(i-?)}9-i j^+°° |/0,)|4y rf3,J   .

Hence, since WEAK-L2''(R+, 4X dx) is q-noxxned for every 0 < q < 1 ,

then if the function / is in Lx (R+, 4X dx),

Y,2~x/il + \x-k\) [   \f(y)\2ydy
k>0 Jk

converges in WEAK-L2,1(R+ , 4x dx) and the lemma is proved.

The proof of the theorem is then complete.

Final remark

In the introduction we defined the partial sums operators of the Fourier ex-

pansions of radial functions on the three-dimensional hyperbolic space. In [6]

we proved that for every function / in

L3/2''(R+, (Sinh2x)2¿x)+ (J L2-q(R+, (Sinh2x)2¿x)
q<oo

the partial sums {S«/} converge almost everywhere to /. We proved this

result using an equiconvergence argument with cosine Fourier expansions, and

obtaining no information on the norm convergence of the partial sums {S¡if}.

Indeed, combining the techniques in [4] with those in this paper, it is not difficult
to prove the following.

Theorem. For suitable test functions let 5? be the maximal operator associated

to the partial sums {Sr} , S"f{x) = SupÄ>0 \Snf{x)\. Then:
(i) The operator 5^ is bounded on the Lorentz spaces L2-9(R+,(Sinh2x)2<ix),

1 < q < +oo.

(ii) The operator 5? is bounded from L2,1(R+, (Sinh2x)2i/x) into WEAK-
L2-'(R+, (Sinh2x)2dx).

(iii) The operator S? is bounded from L3/2''(R+, (Sinh2x)2ú?x) into
L3/2,oo(R+) (Sinn2x)2 ¿x) +WEAK-L2''(R+, (Sinh2x)2dx).

This result is sharp, and does not extend to nonradial functions. For related

results, see [5].

References

1. C. Berenstein and N. Kerzman, Sur la reiteration dans les espaces de moyenne, C. R. Acad.

Sei. Paris Sér. I Math. 263 (1966), 609-612.

2. J. Bergh and J. Löfström, Interpolation spaces, Springer-Verlag, New York and Berlin, 1976.

3. C. Bennett and R. Sharpley, Interpolation of operators, Academic Press, New York, 1988.

4. S. Chanillo, The multiplier for the ball and radial functions, J. Funct. Anal. 55 (1984),

18-24.



THE HILBERT TRANSFORM WITH EXPONENTIAL WEIGHTS 457

5. L. Colzani, The multiplier for the ball on Lorentz spaces, preprint.

6. L. Colzani, A. Crespi, G. Travaglini, and M. Vignati, Equiconvergence theorems for Fourier-

Bessel expansions with applications to the harmonic analysis of radial functions in euclidean

and non euclidean spaces (to appear).

7. T. Koornwinder, Jacobi functions and analysis on noncompact semisimple Lie groups, in

R. Askey et al.: Special functions: Group Theoretical Aspects and Applications, Reidel,

Dordrecht, 1984, pp. 1-85.

dlpartimento di matemática, universita' degli stud! di mllano, vla c. saldini 50,
20133, Milano, Italia


